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Closed, connected, orientable 3-manifolds

For this talk, let M be a closed, connected, orientable
3-manifold.



Theorem (Kneser, 1927)
Given M there is a set of embedded spheres, such that M
decomposes into pieces that are either not connect sums or
S1 × S2.

Theorem (W. Thurston 1979-1981 + Perelman 2004)
Given M with no separating spheres, there is a collection of
separating tori such that M decomposes into {Mi} such that
after filling S2 boundary components with 3-balls, each of the
Mi
∼= X/G with G ⊂ Isom(X ) and X of the form:
S3 E3 H2 × R Sol

S2 × R Nil ˜PSL(2,R) H3

Seifert fibered Non-Seifert fibered



Dehn Surgery
A Dehn surgery along a single curve γ in M involves removing
a regular neighborhood of γ and gluing in a torus via a
boundary homeomorphism.

M
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On the level of groups, Dehn surgery is a homomorphism from
π1(M − n(γ))→ π1(M − n(γ))/〈〈γ〉〉.
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From S3 to M

Theorem (Lickorish 1962,Wallace 1960)
For every closed, orientable 3-manifold M, there is a set of
embedded curves in S3 that form a n component link L such
that M ∼= (S3,L, ~α).

Main Question: When is M surgery along a knot?
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The Big Dehn Surgery graph

Idea of W. Thurston: Let B be a graph with a vertex vM for each
closed orientable 3-manifold M. Two vertices vM and vN if there
exist a Dehn surgery α along a (framed) knot K in N that yields
M or M = (N,K , α).

We say N,N ′ are path length n or pL(N,N ′) = n if the shortest
path in B between N,N ′ has exactly n edges.

Example
pL(RP3#RP3,S3) = 2.
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Group weight

A non-trivial group G is weight n if G/〈〈r1, r2, .., rn〉〉 is trivial and
no smaller set is.
Alternatively, a group G is weight n if G is the normal closure of
n elements. (The trivial group is weight 1 by convention.)

Example
If L is an n-component link, w(π1(S3 − L)) = n.

Example
w(π1(RP3#RP3)) = 2.
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w(π1(M)) = 2

Theorem (Howie, 1991)
If M = L(p1,q1)#L(p2,q2)#L(p3,q3), then w(π1(M)) = 2.
(Note: if pi are pairwise relatively prime, then H1(M) is cyclic.)

Proposition (H-Walsh)
There are hyperbolic 3-manifolds with cyclic homology and
weight 2 fundamental groups.
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Proposition (H-Walsh)
There are hyperbolic 3-manifolds with cyclic homology and
fundamental groups of weight at least 2.

Proof Idea: Drill out a null-homoptic hyperbolic knot K from
M = L(p1,q1)#L(p2,q2)#L(p3,q3) (see Boileau, Boyer, Wang)



Proof (Continued).
ΓK = π1(M − K ), then π1(M) = ΓK/〈〈µ〉〉 with
〈µ, λ〉 = π1(∂(M − n(K )))

If Mp,q = (M,K ,p/q) =, π1(Mp,q) = ΓK/〈〈µpλq〉〉.

So π1(Mp,q) � π1(M)
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The main question revised

Main Question: When is M surgery along a knot?

Is weight 1 enough?

No, Gordon-Luecke showed P3#P3 not surgery along a knot in
S3.

Is geometric and weight 1 enough?
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Doig’s elliptic manifolds

Theorem (Doig 2012)
There are infinitely many elliptic manifolds with cyclic homology
that are not surgery along a knot in S3.

By Kutzko (1976), these manifolds have weight 1 fundamental
groups.
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Hyperbolic examples

Theorem (H-Walsh)
There are infinitely many hyperbolic manifolds {Mn} such that
pL(Mn,S3) = 2 and w(π1(Mn)) = 1.

Proof Sketch: Use Doig’s Recipe.

What we need (Ingredients): A set of L− spaces with fixed
homology and large correction terms.



Hyperbolic examples

Theorem (H-Walsh)
There are infinitely many hyperbolic manifolds {Mn} such that
pL(Mn,S3) = 2 and w(π1(Mn)) = 1.

Proof Sketch: Use Doig’s Recipe.

What we need (Ingredients): A set of L− spaces with fixed
homology and large correction terms.



Ingredients
By Greene & Watson, Mn the double branched covers of the
knots K−10n,10n+3 are L-spaces with H1(Mn) = Z/25Z and
correction terms going off to −∞.

Figure: The Kanenobu knots Kp,q



Doig’s recipe

All coming from the L-space condition:

1. If Mn = (S3,K ′,25/q), then 25/q ≥ 2g(K ′)− 1.
2. Also, K ′ is fibered with Alexander polynomial having

coefficients ±1 or 0.
3. The each correction term of Mn differs from each

correction term for L(25,q) by a function bounded by
C25 ∗ g(K ′) for some fixed constant C25.

So for all but at most finitely many Mn, pL(Mn,S3) ≥ 2.
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w(π1(Mn)) = 1

π1(Mn) = 〈a1,a2,a3,a4|b1,b2,b3,b4〉 with

b1 = (a−1
1 a2)10na−1

4 a2
1,

b2 = a−1
2 a3(a−1

2 a1)10na−2
2 ,

b3 = (a−1
4 a3)10n+3a−1

3 a2a−2
3 , and

b4 = a1a4(a−1
3 a4)10n+3a2

4.

Notice: π1(Mn)/〈〈a1〉〉π1(Mn) is trivial.
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(a) We drill out to
two crossing re-
gions to produce
a tangle with two
cusps

(b) Then we fill
as above

(c) Isotope the
arc connecting
the end points
of the q tangle
region

(d) Remove the
q crossings to re-
veal a two cross-
ing diagram of
the unknot

Finally, the hyperbolicity of all but at most finitely many of Mn
follows from Thurston’s Hyperbolic Dehn Surgery Theorem.
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5 or 8 geometries

Theorem (H-Walsh)
If M is a closed, connected orientable 3-manifold with an S3,
S2 × R, E3, Nil or Sol geometric structure, then pL(M,S3) ≤ 5.



Small Seifert fibered spaces

Lemma
If M is small Seifert fibered space, then pL(M,S3) ≤ 2.
Proof Use rational tangle replacement on a Montesinos link of
length 3.



K∞ subgraphs

The set of manifolds {(M,K ,p/q)} form a K∞ subgraph of B

Question
Do all K∞ subgraphs arise this way?

Proposition (H-Walsh)
There are K∞ subgraphs of B such that the vertex set is not of
the form {(M,K ,p/q)} for all M.
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Questions

Question
Is Aut(B) non-trivial?

Question
Let B̄ be the complex formed by adding 2 cells to B, between 3
in manifolds that come from surgery on a common 1-cusped
manifold. Is B̄ δ-hyperbolic? Is B̄ simply connected?
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Thank you!


