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Abstract
In this artical, we recall some known results for the relation be-

tween bridge numbers of links and the minimal numbers of meridian
generators of link groups, and introduce a new result obtained by a
joint work of the author with Professor Michel Boileau.

1. Introduction
An n-bridge sphere of a link L in S3 is a 2-sphere which meets L in 2n points
and cuts (S3, L) into n-string trivial tangles. Here, an n-string trivial tangle is
a pair (B3, t) of the 3-ball B3 and n arcs properly embedded in B3 parallel to
the boundary of B3. It is known that every link admits an n-bridge sphere for
some positive integer n. We call a link L an n-bridge link if L admits an n-bridge
sphere and does not admit an (n− 1)-bridge sphere. We call n a bridge number
of the link L and denote it by b(L).

If a link admits an n-bridge sphere, then it is easy to see that its group
π1(S

3 \ L) can be generated by n meridians. This implies that the minimal
number of the meridians needed to generate the group π1(S

3 \ L) is less than or
equal to b(L). We denote by w(L) the minimal number of the meridian generators
of π1(S

3 \ L).
S. Cappell and J. Shaneson [12, pb 1.11], as well as K. Murasugi, have asked

if the equality b(L) = w(L) holds for any link L in S3. Some partial answers are
given by M. Boileau and H. Zieschang [6], M. Rost and H. Zieschang [16] and M.
Boileau and B. Zimmermann [7]. We recall their results in Section 2. We recall
the definition of arborescent links in Section 3 and give an outline of the proof
for the following theorem in Section 4.

Theorem 1 ([1]) Let L be an arborescent link. Then b(L) = 3 if and only if
w(L) = 3.

We remark that Cappell and Shaneson’s question is related with the ques-
tion whether or not the Heegaard genera of 3-manifolds is same as the rank of
their fundamental groups. For the latter question, it is known that there are
some counter-examples (see [2, 4, 5] for example). Namely, there exist manifolds
such that the ranks of their fundamental groups are smaller than their Heegaard
genera. However, no counter-examples are known for the former question so far.

We also remark that if we replace w(L) with the rank of the link group
π1(S

3 \ L) then we can easily find examples where the differences between the
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two numbers are arbitrarily large (see Remark 5).

2. Preliminaries
The unknotting theorem has been proved due to Dehn’s lemma proved by Pa-
pakyriakopoulos [14] (see [15, Chapter 4] for example). This implies that b(L) = 1
if and only if w(L) = 1. Hence, we may assume that L is not the unknot in the
quesion by Cappell and Shaneson.

The first answer to the question is given by Boileau and Zieschang [6]. More
precisely, they proved the following theorem (see [6] or Section 3 for notation).

Theorem 2 (1) Let L = m(0|e; (α1, β1), (α2, β2), . . . , (αr, βr)) be a Montesinos
link with r ≥ 3. Then w(L) = b(L) = r.

(2) Let L = m(−g|e; (α1, β1), (α2, β2), . . . , (αr, βr)) (g ≥ 1) be a generalized
Montesinos link. Then

(i) For r ≥ 2, we have w(L) = b(L) = g + r.

(ii) For r = 1, we have w(L) = b(L) = g + 1 if α1e − β1 = ±1, and w(L) =
b(L) = g + 2 otherwise.

(iii) For r = 0, we have w(L) = b(L) = g+1 if e = ±1, and w(L) = b(L) = g+2
otherwise.

The answer was unknown for the case where g = 0 and r ≤ 2, that is, L is a
2-bridge link, in the above theorem. However, it is completed due to the following
theorem by Boileau and Zimmermann [7].

Theorem 3 A link L in S3 is a 2-brideg link if and only if the group π1(S
3 \ L)

is generated by two meridians.

They obtained the above theorem by proving that L is a 2-bridge link if ane
only if its “π-orbifold group” is a dihedral group.

On the other hand, Rost and Zieschang [16] proved the following theorem.

Theorem 4 For a torus link L = T (p, q) of type (p, q), we have

b(L) = w(L) = min(p, q).

We remark that it was already known by Schubert [17] that b(T (p, q)) =
min(p, q).

Remark 5 It can be easily seen that π1(S
3 \ T (p, q)) has a group presentation

〈a, b | ap = bq〉,

that is, the rank of π1(S
3 \T (p, q)) is 2. Hence, for any positive integer n, we can

find infinitely many (torus) links the difference between its bridge number and
the rank of its group is n.
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Figure 1: n = 5, a0 = 0, a1 = 2, a2 = 3, a3 = 3, a4 = 2, a5 = 3 and β/α = 31/50.
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3. Arborescent links
A (3,1)-manifold pair is a pair (M,L) of a compact oriented 3-manifold M and
a proper 1-submanifold L of M . By a surface F in (M,L), we mean a surface F
in M intersecting L transversely. Two surfaces F and F ′ in (M,L) are said to be
pairwise isotopic (isotopic, in brief,) if there is a homeomorphism f : (M,L) →
(M,L) such that f(F ) = F ′ and f is pairwise isotopic to the identity. We call
a (3,1)-manifold pair a tangle if M is homeomorphic to B3. A trivial tangle
is a (3,1)-manifold pair (B3, L), where L is the union of two arcs embedded in
the 3-ball B3 which bounds disjoint disks with arcs on the boundary of B3. A
rational tangle is a trivial tangle with its boundary fixed. A well-known fact
is that rational tangles correspond to rational numbers, called the slopes of the
rational tangles. For example, the rational tangle of slope β/α can be illustrated
as in Figure 1, where α, β are defined by the continued fraction

β

α
= −a0 + [a1,−a2, . . . ,±am]

:= −a0 +
1

a1 +
1

−a2 +
1

· · ·+ 1

±am

together with the condition that α and β are relatively prime and α ≥ 0. Here,
the numbers ai denote the numbers of right-hand half twists.

A Montesinos pair is a (3,1)-manifold pair which is built from the pair in
Figure 2 (1) or (2) by plugging some of the holes with rational tangles of finite
slopes. We say that a Montesinos pair is trivial if it is homeomorphic to a ratio-
nal tangle or (S, P ) × I, where S is a 2-sphere, P is the union of four distinct
points on S and I is a closed interval. A Montesinos link is a link obtained by
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Figure 3: b = 3.

Figure 4:

plugging the remaining holes of a Montesinos pair in Figure 2 (1) with rational
tangles of finite slopes, as shown in Figure 3. Unless otherwise stated, we assume
that β/α is not an integer, that is, α > 1. The above Montesinos link is de-
noted by L(−b; β1/α1, . . . , βr/αr). (We note that this is denoted by the symbol
m(0|b; (α1, β1), (α2, β2), . . . , (αr, βr)) in [6].) An arborescent link is a link in S3

obtained by gluing some Montesinos pairs in their boundaries as in Figure 4.

Bonahon and Siebenmann [8] established a theory to decompose a link into
simpler pieces in a canonical way. This decomposition consists of two steps.
The first step is just the torus decomposition of the knot exterior. The second
step is a decomposition by “Conway spheres”. To state the result, we need to
introduce some notation. A Conway sphere in (M,L) is a 2-sphere in Int(M) or
in ∂M which meets L transversally in 4 points. A Conway sphere F is said to
be pairwise-compressible if there is a disk D in M \ L such that D ∩ F = ∂D
and ∂D does not bound a disk in F \ L. Otherwise, F is said to be pairwise-
incompressible. A Conway sphere F is said to be ∂-parallel if F splits M into two
parts M1 and M2 such that for one of which, say M1, we have a homeomorphism
(M1,M1 ∩ L) ∼= (F, F ∩ L) × [0, 1]. We say that a (3,1)-manifold pair (M,L) is
Conway-simple if there does not exist a pairwise-incompressible, non-∂-parallel
Conway sphere in Int(M) for (M,L). We sometimes call the pair (F, F ∩ L) a
Conway sphere and denote it by (S2, P ).

A link L in S3 is said to be simple if S3 \L do not contain an essential torus.
Bonahon and Siebenmann established the characteristic decomposition theorem
for simple links ([8, Theorem 3.4]). The following theorem is a corollary of the
characteristic decomposition theorem for simple arborescent links.

Theorem 6 Let L be an arborescent link in S3, which is simple. Then there is
a 2-manifold F ⊂ S3 which is unique up to pairwise isotopy of (S3, L) and has
the following properties.
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(1) The components of F are pairwise-incompressible Conway spheres, no two
of which are pairwise isotopic in (S3, L).

(2) Each component N of the 3-manifold obtained from S3 by splitting along
F gives a Montesinos pair (N,L ∩N).

(3) When any component is omitted from F , property (2) fails.

Let M2(L) be the double branched covering of S3 branched over an arborescent
link L. Then it is known that M2(L) is a graph manifold. Moreover, due to
the following proposition proved in [11], the characteristic decomposition of an
arborescent link is “almost” same as the image of the JSJ decomposition of M2(L).

Proposition 7 Let L be a 3-bridge arborescent link which is not a Montesinos
link.

(1) If L is non-simple (i.e., S3 \ L contains an essential torus), then L is
equivalent to the link in Figure 5 (1) for some n 6= 0.

(2) If L is simple and has a trivial characteristic decomposition, then L is
equivalent to the link in Figure 5 (2). In this case, the double branched covering
M2(L) of S3 branched over L is a Seifert fibered space P 2(0; β1/α1, β2/α2), which
contains a separating essential torus.

(3) If L is simple and has a nontrivial characteristic decomposition, then the
pre-image of the family of Conway spheres in M2(L) is a family of separating tori
and gives the (nontrivial) JSJ decomposition of M2(L).

4. Outline of proof of Theorem 1
If b(L) = 3 for a link L in S3, we have w(L) ≤ 3. Since b(L) = 2 if and only if
w(L) = 2 by Boileau and Zimmermann [7], w(L) must be 3. Hence, in the rest of
this paper, we give a rough idea to prove the converse when L is an arborescent
link.

Assume that L is an arborescent link and assume that w(L) = 3. Let M =
M2(L) be the double branched covering of S3 branched over L and τL the covering
transformation. Note that M is a graph manifold.

If M is a Seifert fibererd space, then L is a generalized Montesinos link or a
Seifert link (cf. [10]). Here, we call a link L in S3 a Seifert link if S3 \L admits a
Seifert fibration. When L is a generalized Montesinos link, we have b(L) = 3 by
Boileau and Zieschang [6]. When L is a Seifert link, we can see by using a result
by Burde and Murasugi [9] that L is a torus link or the union of a torus knot
T (2, n) (for some n ∈ Z) and its core. We have b(L) = 3 by Rost and Zieschang



[16] in the former case, and we can directly see that L is a 3-bridge link in the
latter case.

In the rest of this paper, we assume that M is not a Seifert fibered space,
that is, M is a graph manifold which admits a nontrivial JSJ decomposition. We
prove that b(L) = 3 as follows.

Step 1 We show that L is hyperbolic.

This can be seen by using a characterization of non-hyperbolic arborescent
links by Bonahon and Siebenmann [8] (cf. Proof of Proposition 7 [11]). More
precisely, we can prove that a non-hyperbolic arborescent link L with w(L) = 3
must be a (generalized) Montesinos link. Thus we assume that L is a hyperbolic
link in the rest of the proof.

Step 2 We show that the Heegaard genus of M is 2 and that τL induces an
inversion of π1(M), namely, there are generators g1 and g2 of π1(M) such that
τL(gi) = g−1

i (i = 1, 2).

For 3 meridian generators for π1(S
3\L), we construct the generators g1 and g2

of π1(M) such that τL(gi) = g−1
i (i = 1, 2) by using an argument on the π-orbifold

group of L. Then, by [3, Proposition 23], it follows from the fact that M is a
graph manifold that the Heegaard genus of M is 2.

Step 3 We show that τL is hyper-elliptic on each JSJ torus and preserves each
JSJ piece and each singular fiber.

The first assertion can be seen by using the fact that the image of each JSJ
torus by the covering projection cannot be an essential torus in S3 \ L since we
may assume by Step 1 that L is hyperbolic. The second assertion can be obtained
directly from [3, Proposition 20]. The last assertion can be seen by showing that
the image of M by τL cannot be S3 if τL exchange some singular fibers. More
precisely, we prove that M must be a connected sum of lens spaces under the
assumption.

Step 4 We construct a genus-2 Heegaard surface of M whose “hyper-elliptic in-
volution” is τL.

We use the characterization of genus-2 3-manifolds admitting nontrivial JSJ
decompositions by Kobayashi [13] to construct a genus-2 Heegaard surface of M
which has τL as its “hyper-elliptic involution”. Then the image of the Heegaard
surface in the quotient of M by τL is a 3-bridge sphere of L, which means b(L) = 3.
This completes the proof of Theorem 1.
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