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One of the methods of studying the topology of manifolds is, to use functions
which have good properties (about singularities), which is called Morse theory.
The theory has been useful in studying the manifolds. Recently, a generalization
of Morse theory is actively studied; we take general Euclidian spaces or more
generally, general manifolds as the target (Let the dimensions of the targets be
lower than those of the sources.). In the theory maps which we generlize Morse
functions, whose singularities are also good, are essential. So it is important
to study about such maps including maps called stable maps. Stable maps exist
plentiful when the pairs of dimensions are good (As a special case, the pairs of low
dimenions are good. See [1].). However, it is very difficult to construct examples
of such good maps whose singularities are clear except trivial ones (See section 6
of [2], for example.).
In [3] we introduce two kinds of basic operation called pasting, cutting, which

are useful when we construct new stable maps from a few ones, and we also
introduce an operation called surgery as a combination of a cutting and pasting
in [4]. In this article we only consider very simple surgeries. Even by simple
surgeries, we can construct a lot of good maps from a few examples.
Now, in singularity theory, it is important to classify maps modulo equivalence

relations and we can introduce equivalence relations naturally from the operation,
called an S(L) equivalence.

In this article, we study about stable maps the cases that pairs of dimensions
are (3, 2) or (4, 3), both of which are higher versions of the case (2, 1), which is
in the region of classical Morse theory. The operations are defined for any pairs
of dimensions, and in low dimensions, there appears theory of knots and low
dimensional manifolds.

1. Preliminaries
Definition 1.1 Let M1, M2, N1, N2 be C∞ manifolds and f1 : M1 → N1,
f2 : M2 → N2 be C∞ manifolds. We say f1 and f2 are C∞ equivalent if there
exist Φ, a C∞ diffeomorphism from M1 to M2 and a C∞ diffeomorphism from N1

to N2 such that the following diagram holds.

M1
Φ−−−→ M2yf1

yf2

N1
φ−−−→ N2

From now on, let us denote as the followings.
m,n ∈ N and m > n
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M , Mi (i ∈ N); closed connected m-dimensional C∞ manifolds
N , Ni (i ∈ N); connected n-dimensional C∞ manifolds without boundaries
f : M → N , fi : Mi → Ni; C

∞ maps
S(f); the set of all singular points of a C∞ map f
C∞(M,N); the space of all C∞ maps from M to N , whose topology is C∞

Whitney topology.
Diff∞(M)(Diff∞(N)); the space of all C∞ diffeomorphisms on M (N) (with C∞

Whitney topology.)
Let πm,n : Rm → Rn be a natural projection and π(m,m−1),n be the restriction on
the unit sphere Sm−1 ⊂ Rm.

Definition 1.2 If there exists an open neighborhood of f in C∞(M,N) and
every map in the neighborhood and f are C∞ equivalent, we say f is C∞ stable.

In a word, if the singularities don’t change when we deform a map only a little,
we say the map is C∞ stable.
In this article, we call C∞ stable maps stable maps.

Fact 1.1 Stable maps exist plentifully if a pair of dimensions of source and target
manifolds is good. Especially, pairs of low dimensions are good (See [1], for
example.).

Now singuarities of stable maps are good(See [1].). Let us omit precise explana-
tions on singularities.
In this article, there appear the following three types.

1. fold(the simplest)

2. cusp(the second simplest)

3. swallowtail(the third simplest)

More precisely, fold points are natural generalizations of singularities of Morse
functions. Fold types are not unique and the simplest type is called definite fold
type, which corresponds to a local maximum or minimum of Morse functions.

Definition 1.3 1. If all of singular points of f are fold, we say f is a fold
map.

2. If all of singular points of f are definite fold, we say f is a special generic
map.

Proposition 1.1 If f is a fold map, S(f) is a (n − 1)-dimensional C∞ closed
submanifold of M and f |S(f) is a C∞ immersion.

The followings are known. In the followings, a C∞ immersion with normal cross-
ings appears but let us omit the definition (See [1].).

Theorem 1.1 1. Let f be a fold map. f |S(f) is a C∞ immersion with normal
crossings ⇔ f is stable.



2. If n = 1 and f is stable, f is a fold map.

3. If n = 2 and f is stable, Singular points of f are all fold or cusp.

Theorem 1.2 ([5],[6]) 1. If (m,n) = (3, 2), types of singular points of stable
maps are all fold or cusp and there exist stable fold maps.

2. If (m,n) = (4, 3) and M is orientable, types of singular points of stable
maps are all fold or cusp or swallowtail and there exist stable maps whose
singular points are all fold or cusp.

2. Surgeries on stable maps and equivalent classes of maps
In this section, we introduce an operation called surgery and study maps which

we can get by surgeries.
In this article, we consider a special type of surgeries which we introduce in [4].

Definition 2.1 Let P be a compact n-dimensional C∞ closed submanifold in-
cluded in the set of all regular values of f .

Then f−1(P ) is a m-dimensional C∞ closed submanifold and M can be re-
garded as M := (M − Intf−1(P ))

∪
id∂f−1(P )

f−1(P ) and N can be regarded as

N = (N − IntP )
∪

id∂P
P .

Now let Φ ∈ Diff∞(∂f−1(P )) and φ ∈ Diff∞(∂P ) map each connected compo-
nent into the same one on the boundaries. If the diagram below holds, we can de-
fine f |M−Intf−1(P )

∪
Φ,φ f |f−1(P ): (M−Intf−1(P ))

∪
Φ f−1(P ) → (N−IntP )

∪
φ P

and we say this operation the surgery on f by (Φ, φ).

∂f−1(P )
Φ−−−→ ∂f−1(P )yf |∂f−1(P )

yf |∂f−1(P )

∂P
φ−−−→ ∂P

By this operation, we can often get a lot of manifolds and maps (sometimes
not).

Let us consider about P . Let P be connected; P := Dn and P := Sk ×Dn−k

(n > k > 0) are easiest. We study these cases in [4].
In this article, let us consider the case that P := S1 × D2 (n = 3). If N is

connected, closed and orientable, then we do Dehn surgeries on the target. If
m = 4, we can get the following by surgeries.

Theorem 2.1 (K) Let ν ∈ Ω4.
There exists a family of stable maps from connected, closed and orientable

C∞ 4-dimensional manifolds into connected, closed orientable 3-dimensional C∞

manifolds {fλ : Mλ → Nλ}λ∈Λ such that the followings hold.

1. There exists λ0 such that Mλ0 ∈ ν (We orient Mλ0 properly and consider
the oriented cobordism classs which it belongs.).



2. Modulo types of differentiable structure {Nλ} contains all of connected closed
3-dimensional C∞ manifolds and Nλ1 6= Nλ2 (as differentiable manifolds)
for all λ1 6= λ2.

3. If λ1 6= λ2, then fλ1 and fλ2 are not equivalent。

4. For any pairs of maps, fλ1 and fλ2, there exists a connected, closed and ori-
entable 3-dimensional C∞ manifold Nλ1,λ2 and C∞ embeddings ei : Nλi

→
Nλ1,λ2(i = 1, 2), and, e1 ◦ fλ1 and e2 ◦ fλ2 are, (if the source manifolds are
oriented properly,) oriented bordant.

For the proof, we use operations in [3], [4] and an example of stable maps in
section 6 of [2].
This theorem is an example which shows that we can get a lot of stable maps

from a few stable ones by surgeries.

3. Equivalence relations on maps which we can introduce
naturally from surgeries
It is important to consider equivalence classes of maps from the viewpoint of

global singularities.

Example 3.1 C∞ equivalence; we regard two maps whose singular points and
singular values are globally same as same.

In this section, we introduce two equivalence relations based on surgeries.

Definition 3.1 f1 and f2 are S equivalent.
⇔
We can get a stable map C∞ equivalent with f2 by a surgery on f1. If f1 and f2
are S equivalent, we denote by f1 ∼s f2.

We can introduce an weaker equivalence relation on maps which belong to a class
consisting of maps with good singularities.

Definition 3.2 If f satisfies the followings, we say the location of singularities
of f is good.

1. S(f) can be seen as C∞ closed submanifolds in M .

2. We can define R(f(S(f))), a regular neighborhood of f(S(f)) uniquely.

Example 3.2 The locations of singularities of stable maps which appear in this
article are good.

Definition 3.3 Let the locations of singularities of f1 and f2 be good.
Then
f1 and f2 are L equivalent.
⇔
f1 |S(f1): S(f1) → IntR(f1(S(f1))) and f2 |S(f2): S(f2) → IntR(f2(S(f2))) are



C∞ equivalent and there exists a C∞ diffeomorhism φ : IntR(f1(S(f1))) →
IntR(f2(S(f2))) such that the following holds.

1. There exists a C∞ diffeomorphism Φ from S(f1) to S(f2) such that the
diagram holds.

S(f1)
Φ−−−→ S(f2)yf1|S(f1)

yf2|S(f2)

R(f1(S(f1)))
φ−−−→ R(f2(S(f2)))

2. If we restrict φ on ∂R(f1(S(f1))), regard it as a C∞ diffeomorphism onto
∂R(f2(S(f2))) and denote the set consisting of the connected components of
the former by {C1

1 , · · · , C
p
1} and the latter by {C1

2 , · · · , C
p
2} so that φ(C l

1) =
C l

2 holds.
Under the notations, the following holds.

Let A be an arbitary subset of {1, · · · , p}.
There exists a connected component of N1 −R(f1(S(f1))) whose

boundary is the disjoint union of elements in C1 ⊂ {C1
1 , · · · , C

p
1} such that

A = {k | Ck
1 ∈ C1}.

⇔
There exists a connected component of N2 −R(f2(S(f2))) whose

boundary is the disjoint union of elements in C2 ⊂ {C1
2 , · · · , C

p
2} such that

A = {k | Ck
2 ∈ C2}.

We say the two components here correspond with respect to φ.

If f1 and f2 are L equivalent, we denote by f1 ∼l f2

Example 3.3 If f is a fold map and f |S(f) is a C∞ immersion which has normal
crossings, then the location of f is good. As a special case, if f is a stable fold
map, then the location of f is good.

Corollary 3.1 Two maps are S equivalent and the locations of them are good.
⇒ They are L equivalent.

It is not so easy to find two maps which are L equivalent but not S equivalent.

4. Examples of surgeries, S and L equivalence classes
In the previous sections, we introduce surgeries on maps and equivalence relations
based on them. Now there occur some basic problems.

Problem 4.1 1. Are two maps S (L) equivalent?

2. On a given manifold, does there exist a map in a given class?

From now on, we introduce some answers to the problems though we do not
answer each problem independently.



4.1. The case (3, 2)

Let (m,n) = (3, 2). At first, let P be a 2-disc in the set of regular values and x ∈
P . Then f−1(P ) is a solid tori. We can regard them as a tubular neighborhood
of a link f−1(x) in M , too.

Theorem 4.1 ([7]) M is a graph manifold. ⇔ For every C∞ 2-manifold without
its boundary N , there exists a stable fold map f such that f |S(f) is an embeddding.

Corollary 4.1 Let f : M → N be a stable map such that f |S(f) is an embedding
and x ∈ P ,

1. We cannot get hyperbolic manifolds by any Dehn surgeries along f−1(x) ∈
M .

2. We can regard M = (M−Int(f−1(P )))
∪

id∂f−1(P )
f−1(P ). If Φ ∈ Diff(∂f−1(P ))

satisfies the following diagram,

∂f−1(P )
Φ−−−→ ∂f−1(P )yf |∂f−1(P )

yf |∂f−1(P )

∂P
id∂P−−−→ ∂P

then on M ′ = (M − Int(f−1(P )))
∪

Φ f−1(P ) there exists a map f ′ : M ′ →
N such that f ′ ∼s f

Now, Let P be a compact 2-dimensional C∞ manifold included in the set of
regular values.

Definition 4.1 Let f : M → N be a stable map. If it satisfies the following, we
say f is paralell.

Let R(f(S(f))) be a small regular neighborhood of f(S(f)). Then
N −R(f(S(f))) is a disjoint union of connected surface and for each connected
component S, f−1(S) is a tkS

1 bundle over S. We assume that f−1(S) is a
disjoint union of k S1 bundle over S.

By the way, for every connected surface S having its non-empty boundary,H2(S,Z) ∼=
{0}, so f−1(S) is a disjoint unions of trivial S1 bundle over S if f is pararell. Let
P be a compact connected submanifold in S. Then by the surgery, the target
does not change; only the isotopy classes of diffeomorphisms on the connected
components of the boundary ∂N(f(S(f))) change.
Through these observations we can get the following theorem.

Theorem 4.2 (K) Let f1 : M1 → N1 and f2 : M2 → N2 be paralell and satisfy
f1 ∼l f2. If Euler numbers of any pairs of corresponding components with respect
to φ in Definition 3.3 are same, then f1 ∼s f2.



4.2. The case (4, 3)

Let (m,n) = (4, 3).

Definition 4.2 Let f : M → N be stable. In the case (3, 2), we introduced a
class of maps called pararell. In (4, 3) case, we introduce some classes too.

1. If f satisfies the following, we say f is pararell.

Let R(f(S(f))) be a small regular neighborhood of f(S(f)). Then
N −R(f(S(f))) is a disjoint union of connected 3-dimensional

submanifolds of N and for each connected component S, f−1(S) is a tkS
1

bundle over S. We assume that f−1(S) is a disjoint union of k S1 bundle
over S.

2. If the self-intersection number of each connected components of S(f) is 0,
we say the location of singular points of f are trivial.

Example 4.1 1. Let f be stable. If N − R(f(S(f))) is a disjoint union of
finite numbers of D3 and S2 × [0, 1], then f is paralell.

2. If f is stable, S(f) is connected and f |S(f) is an C∞ embedding, then the
location of singular points of f is trivial.

Then the following holds.

Theorem 4.3 (K) Let N1, N2 be orientable and f1 : M1 → N1, f2 : M2 → N2

be stable.

1. Let us assume that the followings hold.

(a) f1 |S(f1) and f2 |S(f2) are C∞ embeddings.

(b) S(f1) and S(f2) consist of disjoint union of S2 of the same number.

(c) The locations of singular points of f1 and f2 are trivial.

(d) f1, f2 be paralell.

(e) f1 ∼l f2.

Then f1 ∼s f2.

2. Let us assume that the followings hold.

(a) f1 and f2 are special generic.

(b) S(f1) and S(f2) consist of disjoint union of S2 of the same number.

(c) The locations of singular points of f1 and f2 are trivial.

Then not only f1 ∼l f2 but also f1 ∼s f2.

We omit the proof.

Example 4.2 Let f be a stable special generic map such that S(f) ∼= S2. Then
f ∼s π(5,4),3 : S

4 → R3 and f ∼l π(5,4),3 : S
4 → R3



5. Further applications
One of the good applications is, to distinguish diffeomorphism types of C∞ 4-
manifolds.

Theorem 5.1 ([8],[9],[10]) Let (m,n) = (4, 3) and M be orientable.

1. Let π1(M) ∼= {0}.
For all orientable N , there exists a special generic map f : M → N .
⇔
M is diffeomorphic to S4, or a connected sum of finite S2 × S2’s or a
conncted sum of finite S2 × S2’s and a non-trivial S2 bundle over S2.

2. For all orientable N , and every map f , there exists a cusp point.
⇔
The intersection form of M is isomorphic to ±(1) or (the minus of) the
2× 2 unit matrix (if oriented).

Remark 5.1 By Theorem 1, we don’t need to consider swallowtail types; we
need to consider only fold and cusp.

Fact 5.1 It is also known that there exist two homeomorphic C∞ 4-manifolds,
one of which admits special generic maps into any C∞ 3-manifolds and the other
does not (See [11], for example.).

These facts shows that we can classify C∞ 4-manifolds by noticing whether we
can eliminate a type of singularities or not, and diffeomorphism types and types
of singular points are closely related.

Problem 5.1 How about (singular) fibers of stable maps? If we notice not only
singular points but also (singular) fibers of stable maps, we may classify more
precisely.

In fact, the following is known.

Theorem 5.2 ([7]) Let (m,n) = (3, 2) and M is orientable.
M is a graph manifold ⇔ There exists a simple stable fold map f : M → N .

Remark 5.2 By theorem 1, if the pair is (3, 2), there always exists a stable fold
map. So types of singular points cannot classify the manifolds.

This means that by noticing a type of fibers called simple, we can get graph
manifolds; The class of graph manifolds is an important class of closed orientable
3-manifolds. See [7].

We don’t know if there exists a pair of homeomorphic 4-manifolds, on one of
which there exists a map which belongs to a given class and on the other not.
Moreover



Problem 5.2 How about S and L equivalence classes?
⇒ Is there a pair of homeomorphic 4-manifolds, on one of which there exists a
map which belongs to a given class and on the other not.
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