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Abstract
We introduce the link volume, a 3-manifold invariant designed

to measure how efficiently a 3-manifold can be seen as the branched
cover of S3, and discuss some of its basic properties.

This note is an informal introduction to the link volume; original results are
stated without proof in the last section. We thank the organizers of the meeting,
Kazuhiro Ichihara and Kimihiko Motegi, for their hospitality during the conference
and for the opportunity to present our work. We thank Ryan Blair, Tsuyoshi
Kobayashi, Kimihiko Motegi, and Hitoshi Murakami for helpful conversations.

1. The Foundation: Alexander’s Theorem
As with many talks in this conference, our story begins with a construction due
to Alexander. In our case it is not the Alexander polynomial; rather, it is the
following:

Theorem 1.1 (Alexander [1]). Let M be a closed, orientable, triangulated n-
manifold. Then M is a finite sheeted branch cover of Sn.

Before proving this theorem, we explain the terms involved:

Definition 1.2. Let M be an n-manifold and f : M → Sn a map. We say that
f is a branched cover if there exist B ⊂ Sn, a set of codimension 2, so that

F |M\f−1(B) : M \ f−1(B)→ Sn \B

is a cover. B is called the branched set of f . The branched cover is called finite
sheeted if F |M\f−1(B) is finite to one or, equivalently, f is finite to one.

Conversely, suppose M is a finite sheeted branch cover of Sn. We claim that
M closed and oreintable. It is easy to see that M must be closed. Let γ ⊂M be a
closed curve. Since the codimension of the branch set is 2, by transversality we nay
assume that γ is disjoint from f−1(B). Since F |M\f−1(B) : M \ f−1(B)→ Sn \B
is a cover and Sn is orientable, γ is an orientation preserving curve. For the
remainder of this note, M is assumed to be a closed orientable manifold.

We now describe the proof of Alexander’s theorem. Let TSn be the triangulation
of Sn given as the double of the n simplex (see Figure 1 for the case n = 3). We
color the vertices of TSn using the colors {0, . . . , n} (note that TSn has exactly
n+ 1 vertices). Let T ′M be a triangulation of M and let TM be its first barycentric
subdivision. Then TM has n+ 1 types of vertices: vertices of T ′M , centers of edges
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of T ′M , centers of faces of T ′M , and so on until centers of n-cells of T ′M . A vertex of
TM that corresponds to the center of a k-cell on T ′M is colored k. By construction
of the barycentric subdivision, if two vertices have the same color then they are
not connected by an edge.

Figure 1: colored 3-simplex

We are now ready to construct f . We map every vertex of M to the unique
vertex of Sn that has the same color. We then extend this map to edges of M ,
mapping every edge to the unique edge bounded by vertices with the same colors.
Continuing in this way, after extending the map to the k − 1 skeleton (for k < n),
we extend the map to the k skeleton in a way that is consistent with the vertex
coloring.

After extending the map to the n − 1 skeleton, we wish to extend it to the
n-simplexes. Let T be an n-simplex of M ; note that T has n + 1 vertices, and
all colors appear on its boundary. The given triangulation of Sn has two n-
simplexes,and the two are colored the same. So the coloring does not help us
decide to which of them we should map T . We map T to the unique n-simplex of
Sn so that the map is orientation preserving. This completes the construction of
f .

Let B = T (n−1)
Sn be the n − 1-skeleton of TSn . By construction, f−1 is the

n− 1-skeleton of M . It is easy to see that

F |M\f−1(B) : M \ f−1(B)→ Sn \B

is a cover, proving Alexander’s theorem.

2. More facts about branched coverings: dimension 3
Alexander’s proof has an interesting feature: it shows that the branch set is
independent of M , that is, for any n there exists B ⊂ Sn so that any n-manifold
M is the cover of Sn branched over B; concretely, we can take to be T (n−2)

Sn , the
n− 2 skeleton of the n- simplex. We call a branch set with this property universal.
Unfortunately, the n − 2 skeleton of the n-simplex is not a sub manifold of Sn

(even in dimension 3).
From this point on, we only assume that M is 3 dimensional. Alexander in

his original 1923 paper claimed without proof that the branch set can be taken to
be an embedded sub manifold, that is, a link. Mark Fieghn [3] proved Alexander
right, although the proof is not quite as easy as Alexander suggests. However,
this comes at a price: the branch set depends on the manifold M .

What more can we do? Hilden [4] and (independently) Montesinos [8] showed
the following:



Theorem 2.1. Every closed orientable 3-manifold is the 3-fold, simple branched
cover of S3, branched along a knot.

In order to understand this theorem we need to discuss branched covers a little
more. Let f : M → S3 be a cover with branch set B. Since the codimension of B is
2, S3\B is connected. Therefore, any two points p, q ∈ S3\B, |f−1(p)| = |f−1(q)|
(where | · | denotes the number of points). We call this number the degree of the
cover. A cover of degree p is also called a p-fold cover. This explains the term
3-fold.

A p-fold branched cover is determined by the branch set B, and a homomor-
phism ρ : π1(S

3 \ B) → Sp, where Sp is the symmetric group on p letters. The
homomorphism describes how we glue the sheets of the cover. In our setting B
is a link and therefore π1(S

3 \B) is generated by meridians. If the permutation
associated with every meridian is a transposition the cover is called simple.

Exercise 2.2. Prove that no connected manifold M is a simple 3-fold cover of
S3 branched along the figure eight knot.

Fix the branch set B and a number p. Finite generation of π1(S
3 \ B) and

finiteness of the symmetric group shows that only finitely many manifolds are
covers of S3 branched along B of degree at most p. Thus, in a way, fixing the
branch set is inefficient. Nevertheless, the following result of Thurston is striking:

Theorem 2.3 (Thurston [9]). There exist a universal link.

Hilden–Lozano–Montesinos [6] and [5] improved this, and showing that many
universal knots exist. In particular, they showed that the figure eight knot is
universal.

3. The link volume: definition and basic facts
In the end of the previous section we said that the figure eight knot is universal.
This shows, in particular, that any manifold M is covers S3 with hyperbolic branch
set. From now on, we only consider covers with hyperbolic branch set. We use the
notation M

p→ S3, L to denote a p-fold cover with branch set L. The complexity
of this cover is then defined to be pVol(S3 \ L). The link volume measures the
complexity of 3-maniflds and is defined as follows:

Definition 3.1. The link volume of a 3-manifoldM , denoted LinkVol(M), is the

infimum of the complexities of all covers (of all possible degrees) M
p→ S3, L, that

is:

LinkVol(M) = inf{pVol(S3 \ L)|M p→ S3, L;L hyperbolic}.

The following are easy observations about the link volume:

1. The infimum is obtained.

2. There exists L̃ ⊂M so that LinkVol(M) = Vol(M \ L̃).

3. If M is hyperbolic then Vol(M) < LinkVol(M).



4. There exist infinitely many manifolds with link volume less than 8.

We prove these observations in the same order:

1. Fix M , and denote LinkVol(M) by V . By Cao and Meyerhoff [2] the smallest
volume hyperbolic knot is the figure eight knot, whose volume is a little
over 2. Hence if M

p→ S3, L is a cover with pVol(S3 \ L) close to V , then

p ≤ V/2. For p = 1, . . . , V/2, the minimum of {pVol(S3 \ L)|M p→ S3, L} is
obtained since hyperbolic volumes are well ordered. The first observation
follows.

2. Let f : M
p→ S3, L be a cover that realizes LinkVol(M), and let L̃ = f−1(L).

Then f |M\eL : M \ L̃→ S3 \ L is an unbranched p fold cover. Since S3 \ L
is a hyperbolic manifold, so is M \ L̃. Then Vol(M \ L̃) = pVol(S3 \ L) =
LinkVol(M).

3. With the notation of the previous point, since M is obtained from M \ L̃ by

Dehn filling, Vol(M) < Vol(M \ L̃) = LinkVol(M).

4. Considering the double covers of S3 branched along twist knots, we obtain
manifolds of link volume at most twice the volume of the twist knot. Twists
knots are obtained by filling the Whitehead link, and hence all have volume
less than the volume of the Whitehead link compliment. Finally, since twist
knots are all 2-bridge knots, we know that their branched covers are all
Seifert fibered spaces; it is easy to see directly that they form infinitely many
distinct manifolds.

4. The link volume: some open questions
The link volume is a new invariant and not much is known about it. Here are
some open questions:

1. Calculate LinkVol(M). This seems like a very hard question, but it maybe
worth thinking about: some of the steps needed to solve this question require
developing algorithms that are interesting in their own right.

2. Characterize the set {L̃ ⊂ M |∃M → S3, branched over L, and L̃ is the
preimage of L}.

3. Do there exist hyperbolic manifolds M1, M2 with Vol(M1) = Vol[M2] and
LinkVol(M1) 6= LinkVol(M2)?

4. Do there exist hyperbolic manifoldsM1, M2 with LinkVol(M1) = LinkVol(M2)
and Vol(M1) 6= Vol(M2)?

5. The following question was suggested to us by Hitoshi Murakami. First
note that if N

q→M an unbranched cover then LinkVol(N) ≤ qLinkVol(M).
How good is this? Even for q = 2, this is not clear.



5. Statements of two results and one cunjecture.
Out first result is about manifolds of bounded link volume. This result relies on,
and is analogous to, a fundamental result of Jørgensen and Thurston. Jørgensen
and Thurston showed that the set of manifolds of bounded hyperbolic volume (say,
of volume less than V ) are constructed by Dehn filling a finite set of manifolds.
These manifolds are sometimes called parents manifolds. Moreover, Jørgensen
and Thurston prove that there is Λ > 0 so that every parent manifold can be
triangulated using at most ΛV tetrahedra. For a proof and detailed explanation
of Jøregensen and Thurston’s theorem, see [7]. Using this we prove:

Theorem 5.1. There exists a universal constant Λ > 0 so that for every V > 0,
there is a finite collection {φi : Xi → Ei}nV

i=1, where Xi and Ei are complete finite
volume hyperbolic manifolds and φi is an unbranched cover, and for any cover
M

p→ S3, L with pVol(S3 \ L) < V the following hold:

1. For some i, M is obtained from Xi by Dehn filling, S3 is obtained from Ei

by Dehn filling, and the following diagram commutes (where the vertical
arrows represent the covering projections and the horizontal arrows represent
Dehn fillings):

Ei

Xi

?
-S3, L

?

/φi /φ

M-

2. Ei can be triangulated using at most ΛV/p tetrahedra (hence Xi can be
triangulated using at most ΛV tetrahedra).

This seems like a very strong constraint on manifolds of small link volume. It
leads us to conjecture:

Conjecture 5.2. Generically, the link volume is much bigger than the hyperbolic
volume.

As stated, this conjecture is vague. It can be interpreted in many ways, for
example:

1. For any C > 0, there exists M , so that LinkVol(M)− Vol(M) > C.

2. For any C > 0, there exists M , so that LinkVol(M)/Vol(M) > C.

3. There exists V > 0, so that for any C > 0, there exists M , with Vol(M) < V
and LinkVol(M) > C.

Since the volume of hyperbolic manifolds is bounded below by a positive
number, (1) above is stronger than (2), and (3) is stronger still. Although it is
really (3) that we are interested in, we wish to emphasize that all are open.

Finally, we discuss a theorem about Dehn surgery. In order to state this
theorem, we need a few definitions. The first definition concerns slopes on the



boundaries of manifolds. It assigns a number, called the depth, to such slope.
The depth can only be defined once a meridian and longitude are chosen on each
boundary component.

Definition 5.3. Let T be a torus. A slope on T is the isotopy class of a simple
closed curve. After Choosing basis for H1(T ), that is, two simple closed curves µ
and λ on T that intersect once, α can be represented as a rational number p/q
(possibly, 1/0). The depth of α is the length of the shortest continued fraction
expansion of p/q, denoted depth(α) (we define depth(1/0) = 1).

Let X be a compact onrietable manifold so that ∂X consists of n tori, say
T1, . . . , Tn. Suppose that a basis was chosen for H1(Ti) for each i. A multislope α
is a choice of slope on each Ti; we write α = α1, . . . , αn. Then the depth of α is
Σn

i=1depth(αi).

We note that the depth can be understood in terms twisting about µ and λ,
and so has a direct topological interpretation.

The final definition is standard, and we paraphrase it here:

Definition 5.4. Let X be a manifold, ∂X = T1 . . . , Tn tori, and α = α1, . . . , αn a
multisolpe. Attaching n solid tori to the components of ∂X, so that the boundary
of the meridian disks of the solid tori are identified with α is called Dehn filling
along α; the closed manifold is denoted X(α).

We are now ready to state our second theorem:

Theorem 5.5. Given a compact orientable manifold X with ∂X = T1, . . . , Tn

tori, and a a choice of basis for H1(Ti) for each i, there exists A, B > 0, so that
for any multislope α,

LinkVol(X(α)) < Adepth(α) +B.

This completes the presentation of our results. We tried to keep this note
informal, so the reader could understand the motivation and statements of the
results, and hope the reader found it interesting. As can be seen, the current
state of knowledge is quite poor, and we have raised many more questions than
answered. The proofs will appear elsewhere.
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