32 equivalence relations on knot projections
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BRTH | @ knot projection (2B 1) 5, H 5 X 1172 Reidemeister move RI, strong RII,
weak RIL, strong RII, weak RII & W/ FMMEREGEZ 2T (2° =328D)&EX 5, TN

50 Y OFRERBAFR U T, LORMERRFRARZ S22 E L, FMERBERIZEZ S 21
R IR 2 2 & &m0 L7z [10].

Definition 1.
BRI D knot projection IZHWT, HgI 7z RI, RIL RIL 2D X 5 IZEHKET 5,

RI RII ZZ \z{ RIT /(Qk
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o ZHWT, IRD32:ED OFRMERERZEET 5,
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(1) 0

(2) | { RI, strong RI, weak RIl, strong RIl, weak RII }
(3) | { RI, strong RN, weak RI, strong RII, }
(4) | { RI, strong RI, weak RI, weak RII }
(5) | { RI, strong RI, strong RII, weak RIT }
6) | { RI, weak RIl, strong RII, weak RIl }
(7) | { RI, strong RI, strong RII, }
(8) | { RI, strong RI, weak RIT }
9) | { RI, weak RI, strong RII, }
(10) | { strong RII, weak RI, weak RIT }
(11) | { strong RIl, weak RI, strong RII, weak RII }
(12) | { strong RI, weak RI, strong RII, }
(13) | { strong RII, strong RII, }
(14) | { strong RI, strong RII, weak RIl }
(15) | { strong RI, weak RII }
(16) | { weak RI, strong RII, }
(17) | { weak RI, strong RII, weak RIT }
(18) | { strong RI, }
(19) | { weak RIL, }
(20) | { strong RI, weak RI, }
(21) | { weak RIL, weak RII }
(22) | { strong RII, weak RII }
(23) | { strong RII, }
(24) | { weak RIT }
(25) | { RIL }
(26) | { RI, strong RI, }
@27 | { RIL, weak RIL !
(28) | { RI, strong RI, weak RI, }
(29) | { RI, strong RII, }
(30) | { RI, weak RII }
(31) | { RI, strong RII, weak RIT }
(32) | { RI, weak RII, weak RIT  }
Y OFEREMRN, BRD 21 EICWET S L Z2mT,




(3) 1&. B®D K 51T strong RI, strong RIT & HAWT weak RIT % 4E&d 5 Z & H3HY
kBHDT, (2) LAMETHD, FKIZ, (4) ~9) 5 (2) LFEMETHZ Z LRE D,

\A/ strong RII strong RIII strong RII /i,\

el =. : =.

e ltaetliaen T lieellaeet

weak RIII

(10) ~ (32) D 23EY &, KDL SIZ2212H1F 3,
(A) RI & (25) ~ (32) D8IED
(B) RI & £\ (10) ~ (24) D 1538

(A) RI &% (25) ~ (32) M8iEY

Definition 2. ([4], [9], [10])
(1) P % 1b T reduced (2 L7266 D% PI" L&T,
(2) P % 1b, strong 2b T reduced (ZL72H D% P LXKT,
(3) P % 1b, weak 2b T reduced (ZL726 D% P & KT,
(4) P % 1b, 2b T reduced iZUL7zH D% P2 L KT,
(5) P % strong 2b T reduced IZU7zH D% P* KT,
(6) P % 2b T reduced IZU726H D% P LXKT,
(7) P % weak 2b T reduced (ZU726 D% P2 LRT,

...........



Fact 1. ([4, 5], [9], [10], [13]) BAR. = (3BKHIM Y P —2 KT LIZT 5,
(1) P, B, P RITHOED = P NP”
(2) Py, P, 2 RI, strong RI TH OV E D — P = P
(3) P1, P, 7 RI, weak RI TV &5 «— P“" = P,""
(4) P, P, " RI,RI TH OV &S «— P = P
(5) Py, P, 7 strong RI TH D &5 <= P> = P>"
(6) P, P, WRI THOVAED — P¥ =R~
(7) P, P,  weak RI T D &S « P> = B>

Fact 2. ([11])
Py 28 ®D (a), (b), (c), (d) #&E T, P, P, % RI, strong RIl T Y H > = P, &
Py 1T 00, 31 ZABRME connectd sum L7726 DTH 5,

Fact 3. ([11])
fEAR 212K B P D trivializing number % tr(P) &3, ¢r(P) (. RI, weak RII IZ
BVWTAETH B,

Fact 4. ([7])
P @ canonical genus % g(P) &3K3, ¢r(P) — 2g(P) I& RI, weak RI, weak RII IZ$
WTAETH S,

Fact 1 ~ 4 ZHAWT, (25) ~ (32) 2D XS IZHHEHT 52 LK S,

Case Formulae Key Fact
(25) RI 8] # [T | [3:] # [T] | [41] # [T] | [34] # [44] | Fact 1 (1)
(26) RI, strong RI [8p] # [T] | [31) # [T] | [4] =[T1] | [51] # [T] | Fact 1 (2)
(27) RI, weak RII 8] # [T | [3:] = [T] | [4:] # [T] | [5:] = [T] | Fact 1 (3)
(28) RI, RI [8r] # [T] | 31 =[T] | 1] =[T] | [5a] = [T7] | Fact 1 (4)
(29) R, strong RII Br] #[T] | Bi) =[T] | W] # [T] | [5a) #[T] | Fact 2
(30) RI, weak RII [8r] # (1] | [Bi) # [T] | [4] # [T] | [3:] = [41] | Fact 3
(31) RI, RIT 8] = [T] [74] = [T]
(32) | RI, weak RII, weak RII | [8¢] = [T] [74) # [T Fact 4
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Proposition 1.
P R R 2R DRz 0rlk, weak RIL strong RIL, weak RII iZHWTAZETH 5,

(B) RI &£\ (10) ~ (24) D158 Y
Proposition 1 £ D, RO K S5122DIT431F 5,
(a) strong RI 2 &L (10) ~ (15), (18), (20) D 8@ H
(b) strong RI & & £ 7\ (16), (17), (19), (21) ~ (24) O 7389

(B) (a) strong RII Z&% (10) ~ (15), (18), (20) D 8&EY
(10) ~ (12), (13) ~ (15) XZENZNFAETH 5.,

Fact 5. ([1], [14])
Arnold invariant J¢ (P) 13 strong RI, strong RII, weak RIl TAZTH 5,

Fact 1,5 2T, (10) ~ (15), (18), (20) 2D & 5124583 5 Z L ik 3,

Case Formulae Key Fact
(10), (11), (12) RI, RII o =3 =3,
(13), (14), (15) | strong RI, RIT | » #3; =34 | Facth
(18) strong RII o #£3) #£3, | Fact 1 (5)
(20) RI o =3 #£3, | Fact 1 (6)

31 3A

(B) (b) strong RI =& X7\ (16), (17), (19), (21) ~ (24) O 7&Y

oo

Remark 1. (cf. [12])
PIZEEDORAEZZDIF7-& &, KD &S 7% region % coherent region &5, LED
P X, MEOMITHIZL ST coherent region 2474 < & H208T,
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Theorem 1.
coherent region 2 5. FUHDIEB AL, WD E D% ZNE N coherent odd region,
coherent even region & \9,
(1) P 7% coherent odd region % &L 0 E £\, weak RI, strong RIT 1235 W T
RETH 5,
(2) P %* coherent even region &L E £ WL, weak RI IZBWTAZETH 5,

Proof of Theorem 1.
(1) weak RI (ZHWT, D z,y DFEIEAY coherent odd region 7 5 NIAZETH
%, £72. a,b,c,d TV T N coherent region TlE7\, strong RII IZHWT, W
B coherent 78 3BT D, TNLKD, RIN, (2) IZDODVWTHREKRTH S,
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Fact 6. ([7])
Pz & % DlF, Seifert smoothing U7z & & D circle DELE X, weak RI, weak RII
IZEWTAZETH S, circle DELE X, P DRIZDMIFHITIE L 570,

><Seifert smoothing> <
Fact 7.

P ORI, strong RII, weak RI THRZETH 5,

Thereom 1, Fact 1, 3, 6, 7 Z H\WT. (16), (17), (19), (21) ~ (24) ZIRD X SiZ5
Y95 Z Ltk s,

Case Formulae Key Fact

(16) | weak RIl, strong RIl | © =3; =34 | 8z # 25 Theorem 1 (1)
(17) weak RII, RIT o =3, =34 |8 =23

(19) weak RI o =31 #34 | 8¢ # 8¢ Fact 1 (7)
(21) | weak RIl, weak RIl | © =31 # 34 | 8 = 8¢ Fact 6
(22)

(23)

(24)

RIT 0 7&31:3,4 8F:8G Fact 7
strong RII o #31=34 | 8g # 8¢ | Fact 7, Theorem 1
weak RII © #£ 31 #34 Fact 3




00 & D Q&

BLE& D, 32380 OFRMEREMRIK XD 2180 ORMER-RICRET 5.,

Case ESPUE R
(1) 0
(2) | { RI, strong RI, weak RIl, strong RIl, weak RII } 7]
(11) | { strong RIl, weak RII, strong RII, weak RII } [14]
(14) | { strong RI, strong RII, weak RIl } Fact 5
(16) | { weak RII, strong RII, } Theorem 1 (1)
(17) 1 { weak RI, strong RII, weak RI } [1]
(18) | { strong RI, } Fact 1 (5), [10]
(19) | { weak RII, } Fact 1 (7), [10]
(20) | { strong RII, weak RI, } | Fact 1(6), [4, 5]
(21) | { weak RII, weak RIT } Fact 4, 6
(22) | { strong RII, weak RIT } Fact 7
(23) | { strong RII, } Fact 5, 7
(24) | { weak RII } Fact 3 ~ 7
(25) | { RI, }| Fact1 (1), [4, 5
(26) | { RI, strong RI, } Fact 1 (2), [9]
(27) | { RI, weak RII, } Fact 1 (3), [9]
(28) | { RI, strong RI, weak RI, } | Fact 1 (4), [4, 5]
(29) | { RI, strong RII, } Fact 2, [6], [11]
(30) | { RI, weak RII } | Fact 3, 4, [4, 5], [11]
(31) | { RI, strong RII, weak RIT } (3], [8]
(32) | { RI, weak RII, weak RIT } Fact 4, [7]

IS 21 DO RMERIGRD &, KD & S 7 pre-order 23515, #RD NHID FAE
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{RI, RI, RIT}

{RIL RI} {RI, weak RIl, weak RII} {RI, RII} {RI, RIT}

{RI} ] {strong RI[} {weak RI'} {strong RII'} {weak RII'}

S 3

1]
2]

[10]
[11]

[12]
[13]
[14]

V1. Arnol’d, Topological invariants of plane curves and caustics, American Mathematical
Society, Providence, RI, 1994.

R. Hanaki, Trivializing number of knots, J. Math. Soc. Japan 66 (2014), 435-447.

T. Hagge and J. Yazinski, On the necessity of Reidemeister move 2 for simplifying
immersed planar curves. Knots in Poland III. Part I1I, 101-110, Banach Center Publ.,
103, Polish Acad. Sci. Inst. Math., Warsaw, 2014.

N. Ito and Y. Takimura, (1, 2) and weak (1, 3) homotopies on knot projections, J. Knot
Theory Ramifications 22 (2013), 1350085, 14pp.

N. Ito and Y. Takimura, Addendum: (1, 2) and weak (1, 3) homotopies on knot projec-
tions. J. Knot Theory Ramifications 23 (2014), no. 8, 1491001, 2 pp.

N. Ito and Y. Takimura, Sub-chord diagrams of knot projections, Houston J. Math. 41
(2015) no. 2, 701-725.

N. Ito and Y. Takimura, Strong and weak (1, 2, 3) homotopies on knot projections,
Internat. J. Math. 26 (2015) 1550069 (8 pages).

N. Ito and Y. Takimura, On a nontrivial knot projection under (1, 3) homotopy, Topology
Appl. 210 (2016), 22-28.

N. Ito and Y. Takimura, Strong and weak (1, 2) homotopies on knot projections and
new invariants, Kobe J. Math., 33 (2016), 13-30.

N. Ito and Y. Takimura, Thirty-two equivalence relations on knot projections, preprint.

N. Ito, Y. Takimura, and K. Taniyama, Strong and weak (1, 3) homotopies on knot
projections, Osaka J. Math. 52 (2015) 617-646.

R. Shinjo and K. Tanaka, private communication.
M. Khovanov, Doodle groups, Trans. Amer. Math. Soc. 349 (1997) 2297-2315.
H. Whitney, On regular closed curves in the plane. Compositio Math. 4 (1937), 276-284.



