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Abstract. A diagram of a 2-knot is regular if it has no branch points. The regular triple point
number of a 2-knot K is the minimal number of triple points for all regular diagrams of K, and
denoted by t0(K). It is known that t0(K) is even and t0(K) 6= 2 for any K. The aim of this paper
is to prove t0(K) 6= 4 for any 2-knot K.

1. Introduction

In classical knot theory, the crossing number of a knot is one of the fundamental quantities which
present the complexity of a knot, where the crossing number c(k) of a knot k is the minimal number
of crossings for all possible diagrams of k. It is well known that c(k) = 0 if and only if k is the trivial
knot, that there is no knot k with c(k) = 1, 2, and that c(k) = 3 if and only if k is the trefoil knot.

In 2-knot theory, we have a similar quantity called the triple point number: A 2-knot is a 2-sphere
embedded in R4 smoothly, which is presented by a diagram under a projection onto R3. Such a
diagram have triple points and branch points, and the triple point number t(K) of a 2-knot K is the
minimal number of triple points for all possible diagram of K.

Compared with the crossing number, t(K) = 0 does not mean that K is the trivial 2-knot. In
fact, Yajima [7] proves that t(K) = 0 if and only if K is a ribbon 2-knot. In particular, there are
infinitely many 2-knots with t(K) = 0. On the other hand, the second author proves in [4, 5] that
there is no 2-knot K with t(K) = 1, 2, 3. In this sense, it is important to characterize the family of
2-knots with t(K) = 4. The 2-twist-spun trefoil knot is such an example with t(K) = 4. For the
characterization, we will divide the set of 2-knot diagrams with four triple points into two classes with
respect to whether a diagram has branch points or not.

We say that a 2-knot diagram is regular if it has no branch points. It is known that every 2-knot is
presented by a regular diagram (cf. [3]). Therefore it is natural to introduce the triple point number
restricted to regular diagrams; that is, the regular triple point number of a 2-knot K is the minimal
number of regular diagrams of K, and denoted by t0(K).

The regular triple point number is always even [1]. We see that t0(K) = 0 if and only if K is a
ribbon 2-knot and that there is no 2-knot K with t0(K) = 2. In fact, the inequality t(K) ≤ t0(K) ≤ 2

induces t(K) = 0. In [6], Shima and the second author prove that the 2-twist-spun trefoil knot satisfies
t0(K) = 8. The aim of this paper is to prove the following.

Theorem 1.1. There is no 2-knot K with t0(K) = 4.
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2. Preliminarlies

In this section, we review the fundamental definitions on a diagram of a 2-knot. Refer to [1, 2] for
more details.

A 2-knot is a 2-sphere embedded in R4 smoothly and it is connected. Throughout this paper, we
assume that all 2-knot is oriented. Let π : R4 → R3 be a projection of R4 onto R3. By a slight
perturbation of a 2-knot K if necessary, we may assume that every point of π(K) is a regular point,
a double point, an isolated triple point, or an isolated branch point.

At a triple point, there are three intersecting disks which are called top, middle, and bottom sheets
with respect to the hight function of projection. To indicate such crossing information, we divide the
middle and bottom sheets into two and four pieces along the curve of double points, respectively. See
Figure 1.

The obtained surface is called a diagram of K. In particular, a diagram is regular if it has no branch
points. It is known that every 2-knot has a regular diagram.
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Figure 1. A triple point of a diagram

The double point set of a regular diagram D is the set of double points and triple points of D,
and denoted by Γ(D). The double point set Γ(D) is regarded as a graph in R3 with 6-valent vertices
corresponding to triple points. If the edge e of Γ(D) which incidents to a triple point T is transverse
to the top (resp. middle or bottom) sheet at T , then we label the edge e near T with the letter “t”
(resp. “m” or “b”) as shown in Figure 2.
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Figure 2. Labels of edges near a triple point

There is another description of a double point set Γ(D). By connecting diagonal pair of edges of
Γ(D) at every triple point, Γ(D) is regarded as a union of circles in R3. Such a circle is called a double
point circle. If a double point circle has no triple points on it, then it is called simple. We remark
that double point circles pass through every triple point three times. See Figure 3.



Figure 3. A double point circle

The double decker set of D, denoted by Λ(D), is the preimage of the double point set Γ(D) by the
restricted projection π|K : K → R3; that is, Λ(D) = (π|K)−1

(
Γ(D)

)
. The preimage of a double point

circle C is a pair of immersed circles in K. They are called upper and lower decker circles with respect
to crossing information, and denoted by C and C, respectively. See Figure 4. If an upper/lower decker
circle has no crossings on it, then it is called simple. The union of upper (or lower) decker circles is
called the upper (or lower) decker set.

upper decker circle

double point circle

lower decker circle

Figure 4. Upper/lower decker circles

Recall that a 2-knot K and its regular diagram D are assumed to be oriented. The orientation of a
sheet in D is described by an normal vector v such that the triple (v, v1, v2) matches the orientation
of R3, where (v1, v2) presents the orientation of D. We orient each double point circles such that
(vu, vl, v) matches the orientation of R3, where vu and vl are orientation normals to the upper and
lower sheets, respectively, and v is the vector tangent to the circle. See Figure 5.

The sign of a triple point T is defined as follows. Let vt, vm, and vb be the normal vectors to the
top, middle, and bottom sheets at T , respectively. We say that T is positive if (vt, vm, vb) matches
the orientation of R3, and otherwise negative. We denote by ε(T ) the sign of T . See Figure 6.

For a regular diagram D, let R(D) denote the set of connected regions of R3 \D. We say that a
map ν : R(D) → Z is an Alexander numbering if ν(R′) = ν(R) + 1 holds for any adjacent regions R

and R′ on both sides of a sheet whose normal vector points from R to R′. The integer ν(R) is called
the Alexander number of a region R with respect to a fixed Alexander numbering. It is known that an
Alexander numbering for D is uniquely determined up to an integer; that is, for any two Alexander
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Figure 5. The orientations of curves
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Figure 6. The signs of a triple point

numberings ν and ν′, there is an integer a such that ν′(R) = ν(R)+ a for any R ∈ R(D). See the left
of Figure 7, where the Alexander numbers are indicated by boxed integers.
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Figure 7. Alexander numbering for a diagram

Along an edge e of Γ(D) as a graph, there are four regions admitting the Alenxander numbers n,
n+ 1, n+ 1, and n+ 2 for some n ∈ Z. The Alexander number of the edge e is defined to be n, and
denoted by ν(e) = n. Similarly, at a triple point T , there are eight regions admitting the Alexander
numbers from n to n + 3 for some n ∈ Z. The Alexander number ν(T ) of T is defined to be n. See
Figure 7 again.

By the definitions as above, the double point set Γ(D) is regarded as a graph with 6-valent vertices
such that

• every edge is oriented with an Alexander number,
• every 6-valent vertex is signed with an Alexander number, and
• every edge incident to a 6-valent vertex has a label t, m, or b near the vertex.

If a triple point T is positive with ν(T ) = n, then there are six edges, say e1, . . . , e6, incident to T

whose Alexander numbers, labels, and orientations are as described in Table 1, where “in” (or “out”)



means that the edge is oriented towards (or away from) T . See also Figure 8. We remark that if T
is negative, then the Alexander numbers and labels are the same but the orientations are opposite in
the table.

Table 1. An Alexander numbers, labels, and orientations of e1, . . . , e6

ε(T ) = +1 e1 e2 e3 e4 e5 e6

Alexander number n n+ 1

label t m b t m b
orientation in out in out in out
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Figure 8. The six edges incident to a triple point

For a regular diagram D of a 2-knot K, we denote by t(D) the number of triple points of D.
The regular triple point number of K is defined to be the minimal number of t(D) for all possible
regular diagrams D presenting K, and denoted by t0(K). We say that D is minimal if it satisfies that
t(D) = t0(K).

3. Proof of Theorem 1.1

By definition, Theorem 1.1 is equivalent to the following.

Theorem 3.1. Let D be a regular diagram of a 2-knot with four triple points. Then D is not minimal.

Let Γ0(D) and Λ0(D) denote the subsets obtained from Γ(D) and Λ(D) by removing the simple
circle components, respectively. To prove Theorem 3.1, we assume that there is such a minimal
diagram D. Let T1, . . . , T4 be the triple points of D. We first divide the proof into the following three
cases with respect to the connectivity of Γ0(D) and Λ0(D). We remark that if Λ0(D) is connected,
then so is Γ0(D).

(i) Λ0(D) are connected.
(ii) Γ0(D) is connected and Λ0(D) is disconnected.
(iii) Γ0(D) is disconnected.

In particular, if Γ0(D) is connected, we have the following.

Lemma 3.2. Suppose that Γ0(D) is connected. Then there is an integer n such that
(i) ν(T1) = ν(T2) = ν(T3) = ν(T4) = n, or
(ii) ν(T1) = ν(T3) = n+ 1 and ν(T2) = ν(T4) = n



with ε1 = ε2 = +1 and ε3 = ε4 = −1 up to a permutation of T1, . . . , T4.

Proof. Recall that for a triple point with Alexander number n, the Alexander numbers of six edges
incident to the triple point are three n’s and three (n + 1)’s. Therefore there are at least two triple
points whose Alexander numbers are minimal and maximal, respectively. Since Γ0(D) is connected,
we have the two cases (i) and (ii) as shown in Figure 9. �
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Figure 9. Two cases for Γ0(D)

If Γ0(D) is disconnected, we have the following. Since the proof is similar to that of Lemma 3.2,
we omit it.

Lemma 3.3. Suppose that Γ0(D) is disconnected. Then there are integers m and n such that
(i) Γ0(D) has two connected components M and N such that M contains T1 and T3 and N

contains T2 and T4,
(ii) ν(T1) = ν(T3) = m, ν(T2) = ν(T4) = n, and
(iii) ε1 = ε2 = +1, ε3 = ε4 = −1

up to a permutation of T1, . . . , T4.

Therefore Theorem 3.1 splits into the following four propositions.

Proposition 3.4. Let D be a regular diagram of a 2-knot with four triple points T1, . . . , T4. Assume
that Λ0(D) is connected and

ν(T1) = ν(T2) = ν(T3) = ν(T4) = n

with ε1 = ε2 = +1 and ε3 = ε4 = −1 for some n. Then D is not minimal.

Proposition 3.5. Let D be a regular diagram of a 2-knot with four triple points T1, . . . , T4. Assume
that Λ0(D) is connected and

ν(T1) = ν(T3) = n+ 1 and ν(T2) = ν(T4) = n

with ε1 = ε2 = +1 and ε3 = ε4 = −1 for some n. Then D is not minimal.



Proposition 3.6. Let D be a regular diagram of a 2-knot with four triple points T1, . . . , T4. Assume
that Γ0(D) is connected, Λ0(D) is disconnected, ε1 = ε2 = +1, and ε3 = ε4 = −1. Then D is not
minimal.

Proposition 3.7. Let D be a regular diagram of a 2-knot with four triple points T1, . . . , T4. Assume
that Γ0(D) has two connected components M and N such that M contains T1 and T3, N contains T2

and T4,
ν(T1) = ν(T3) = m, and ν(T2) = ν(T4) = n

with ε1 = ε2 = +1 and ε3 = ε4 = −1 for some m and n. Then D is not minimal.

In their proofs, by assuming that D is minimal, we will induce a contradiction.
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