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Abstract

Naimi–Pavelescu determined the number of nonsplittable links in a recti-
linear spatial graph of K3,3,1 by using oriented matroid theory [16]. In this
talk, we determine the number of nontrivial knots and nonsplittable links
in a rectilinear spatial graph of K3,3,1 and Q7 in the Petersen family under
some conditions by a topological way.

1. Introduction
Let G be a finite graph. An embedding f of G into the 3-dimensional Euclidean space
R3 is called a spatial embedding of G, and the image f(G) is called a spatial graph of G.
Let G be a graph and γ a subgraph of G which is homeomorphic to a circle. Then γ is
called a cycle of G. We denote the set of all cycles of G by Γ(G). If a cycle γ contains
exactly k edges then γ is called a k-cycle of G. We denote the set of all k-cycles of
G by Γk(G). Moreover, we call a pair of two disjoint cycles of G a cycle pair of G.
We denote the set of all cycle pairs of G by Γ(2)(G). If a cycle pair λ consists of a
p-cycle and a q-cycle, then λ is called a (p, q)-cycle pair of G. We denote the set of
all (p, q)-cycle pairs of G by Γp,q(G). For a cycle γ (resp. a cycle pair λ) of G and a
spatial graph f(G), f(γ) (resp. f(λ)) is none other than a knot (resp. 2-component
link) in f(G). Namely, a spatial graph generally contains various knots and links as
the spatial subgraphs.

Example 1.1. Let f(K6) be the spatial graph of K6 as illustrated in Fig. 1.1. Then
f(γ) ∼= 31 for γ = [153426] ∈ Γ6(G), and f(λ) ∼= 221 for λ = [135] ∪ [246] ∈ Γ3,3(G),
where we denote each of knots and links by using its label in Rolfsen’s table [15].

Figure 1.1: An example of spatial graph and cycle

The set of the seven graphs as illustrated in Fig. 1.2 is called the Petersen family.
For a spatial graph of a graph in the Petersen family, the following theorem is known.
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Theorem 1.2. (Conway–Gordon [3], Sachs [18]) Let G be a graph in the Petersen
family. For any spatial embedding f of G, it holds that∑

λ∈Γ(2)(G)

lk(f(λ)) ≡ 1 (mod 2), (1.1)

where lk denotes the linking number.

Theorem 1.2 also implies that each of the graphs in the Petersen family is intrin-
sically linked, that is, for any spatial embedding f of a graph in the Petersen family,
there exists a cycle pair λ ∈ Γ(2)(G) such that f(λ) is a nonsplittable 2-component
link. It is known that a graph is intrinsically linked if and only if the graph contains a
graph in the Petersen family as a minor [17], where a graph H is a minor of a graph
G if there exists a subgraph G′ of G such that H is obtained from G′ by contracting
some of the edges.

Figure 1.2: Petersen family

Let G be a graph and f a spatial embedding of G. Then we say that f is rectilinear
if every spatial edge of f(G) is a straight line segment in R3. Fig. 1.3 illustrates
two rectilinear spatial graphs of K6. A rectilinear spatial graph appears in polymer
chemistry as a mathematical model for chemical compounds, and the types of knots
and links contained in it are strongly restricted. So we are interested in the behavior
of the nontrivial knots and links in a rectilinear spatial graph.

Figure 1.3: Rectilinear spatial graphs of K6

Since a knot or link in a rectilinear spatial graph with n vertices consists of at most
n straight line segments, it is also closely related to the stick number s(L) of a link (or
a knot) L, that is the minimum number of edges in a polygon which represents L. The
following are fundamental results on stick numbers for knots and 2-component links.

Proposition 1.3. (Crowell–Fox [4], Negami [11], Adams et al. [1], Mater [10])



( 1 ) If K is a nontrivial knot, then s(K) ≥ 6.

( 2 ) s(L) = 6 if and only if L ∼= 31, 0
2
1 or 221.

( 3 ) s(L) = 7 if and only if L ∼= 41 or 421.

2. Known facts
In particular for K6 in the Petersen family, the following is known.

Theorem 2.1. (Hughes [5], Huh–Jeon [6], Nikkuni [12]) Every rectilinear spatial graph
f(K6) contains at most three 221. In particular,

( 1 ) f(K6) contains exactly one 221 if and only if f(K6) does not contain a nontrivial
knot.

( 2 ) f(K6) contains exactly three 221 if and only if f(K6) contains exactly one 31.

On the other hand, Naimi–Pavelescu showed the following result for P7 = K3,3,1 in
the Petersen family.

Theorem 2.2. (Naimi–Pavelescu [16]) The number of nonsplittable 2-component links
in a rectilinear spatial graph f(P7) is 1, 2, 3, 4 or 5. In particular,

( 1 ) If f(P7) contains odd number of nonsplittable 2-component links, then all non-
splittable 2-component links are 221.

( 2 ) If f(P7) contains even number of nonsplittable 2-component links, then exactly
one nonsplittable 2-component link is 421 and the rest are 221.

Note that they showed Theorem 2.2 by applying oriented matroid theory (initially
with the aid of computer), and there is no mention of the nontrivial knots contained
in f(P7). In our current research, we could determine the number of nontrivial knots
and nonsplittable 2-component links in a rectilinear spatial graph of P7 under some
conditions by a topological way. And, we also could determine the number of nontrivial
knots and nonsplittable 2-component links in a rectilinear spatial graph of Q7 under
some conditions by similar way. Let us state our main results in the next section.

3. Main results
First, we introduce some notations which are needed to state our main results. Let G
be a graph and H a subgraph of G. Let f be a spatial embedding of G. Then for a
knot K and a 2-component link L, we define

np(K,H) = ♯{γ ∈ Γp(H) | f(γ) ∼= K}, np,q(L,H) = ♯{λ ∈ Γp,q(H) | f(λ) ∼= L}.

In particular, we denote nk(K,G) and np,q(L,G) by nk(K) and np,q(L), respectively.
Note that both P7 and Q7 contains the subgraph which is isomorphic to K3,3 as

illustrated in Fig. 1.2. Though there are other such subgraphs of P7 and Q7, we denote
this subgraph specifically by K3,3. In general, let H be a subgraph of a simple graph
G and f a rectilinear spatial embedding of H. Then it is folklore that there exists a
rectilinear spatial embedding f ′ of G such that f ′|H = f . By combining this fact with
Theorem 2.1, we have that every rectilinear spatial graph of K3,3 contains at most one
31. Thus we have the following.



Proposition 3.1. Let G be P7 or Q7 and f(G) a rectilinear spatial graph of G. Then
we have n6(31, K3,3) ≤ 1.

Now let us state our first main theorem.

Theorem 3.2. For any rectilinear spatial embedding of P7, we have the following.

( 1 ) If n7(41) = 0 and n6(31) = 0, then (n7(31), n3,4(2
2
1), n3,4(4

2
1)) = (0, 1, 0), (1, 3, 0)

or (3, 3, 1).

( 2 ) If n7(41) = 0 and n6(31) = n6(31, K3,3) = 1, then (n7(31), n3,4(2
2
1), n3,4(4

2
1)) =

(3, 3, 0) or (4, 5, 0).

All of the rectilinear spatial graphs f0(P7), f1(P7) and f3(P7) illustrated in Fig. 3.1
satisfy n7(41) = 0 and n6(31) = 0, and realize (n7(31), n3,4(2

2
1), n3,4(4

2
1)) = (0, 1, 0), (1, 3, 0)

and (3, 3, 1), respectively. On the other hand, both of the rectilinear spatial graphs
g3(P7) and g4(P7) illustrated in Fig. 3.2 satisfy n7(41) = 0 and n6(31) = n6(31, K3,3) =
1, and realize (n7(31), n3,4(2

2
1), n3,4(4

2
1)) = (3, 3, 0) and (4, 5, 0), respectively.

Figure 3.1: Rectilinear spatial graphs f0(P7), f1(P7) and f3(P7)

Figure 3.2: Rectilinear spatial graphs g3(P7) and g4(P7)

Next, let us state our second main theorem.

Theorem 3.3. For any rectilinear spatial embedding of Q7, we have the following.

( 1 ) If n7(41) = 0 and n6(31) = 0, then (n7(31), n3,4(2
2
1), n3,4(4

2
1)) = (0, 1, 0), (1, 3, 0)

or (3, 3, 1).

( 2 ) If n7(41) = 0 and n6(31) = n6(31, K3,3) = 1, then (n7(31), n3,4(2
2
1), n3,4(4

2
1)) =

(0, 3, 0).



All of the rectilinear spatial graphs f0(Q7), f1(Q7) and f3(Q7) illustrated in Fig. 3.3
satisfy n7(41) = 0 and n6(31) = 0, and realize (n7(31), n3,4(2

2
1), n3,4(4

2
1)) = (0, 1, 0), (1, 3, 0)

and (3, 3, 1), respectively. On the other hand, the rectilinear spatial graph g0(Q7) il-
lustrated in Fig. 3.4 satisfies n7(41) = 0 and n6(31) = n6(31, K3,3) = 1, and realizes
(n7(31), n3,4(2

2
1), n3,4(4

2
1)) = (0, 3, 0).

Figure 3.3: Rectilinear spatial graphs f0(Q7), f1(Q7) and f3(Q7)

Figure 3.4: Rectilinear spatial graph g0(Q7)

4. Idea of the proof of Theorem 3.2
In this section, we introduce the idea of the proof of Theorem 3.2. For a rectilinear
spatial graph f(P7), O’Donnol showed the following.

Theorem 4.1. (O’Donnol [14]) For any spatial embedding f of P7, it holds that

2
∑

γ∈Γ7(P7)

a2(f(γ))− 4
∑

γ∈Γ6(K3,3)

a2(f(γ))− 2
∑

γ∈Γ5(P7)

a2(f(γ)) =
∑

λ∈Γ3,4(P7)

lk(f(λ))2 − 1.

Note that the following congruence can be obtained from Theorem 4.1 by taking
the modulo two reduction on both sides, that is the case of G = P7 in Theorem 1.2:∑

λ∈Γ3,4(P7)

lk(f(λ)) ≡ 1 (mod 2). (4.1)

In addition, by Theorem 4.1 and Proposition 1.3 (1), we have the following for
rectilinear spatial graphs of P7.

Theorem 4.2. For any rectilinear spatial embedding f of P7, it holds that

2
∑

γ∈Γ7(P7)

a2(f(γ))− 4
∑

γ∈Γ6(K3,3)

a2(f(γ)) =
∑

λ∈Γ3,4(P7)

lk(f(λ))2 − 1. (4.2)



Let λi and λj be two distinct (3, 4)-cycle pairs of P7. Then the subgraph H = λi∪λj

of P7 is isomorphic to one of the graphs as illustrated in Fig. 4.1 (a), (b) or (c). We say
that H is a Λ-subgraph of P7, and H is of type a (resp. type b, type c) if it is isomorphic
to the graph as in Fig. 4.1 (a) (resp. (b), (c)). We denote the set of all Λ-subgraphs
of type a (resp. type b, type c) by Λa (resp. Λb, Λc).

Figure 4.1: Λ-subgraphs of P7

Let f(P7) be a spatial graph of P7 and Λ a Λ-subgraph of P7. We can see that there
uniquely exist exactly three edges p, q and r such that the graph D4 is obtained from
Λ by contracting these three edges, where D4 is the graph as illustrated in the left side
of Fig. 4.2. Then there exists the natural injective map Ψ : Γ(D4)∪Γ(2)(D4) → Γ(Λ)∪
Γ(2)(Λ). Note that we can obtain the spatial graph f̄(D4) from f(Λ) by contracting
three spatial edges f(p), f(q) and f(r). Now let us introduce an invariant of a spatial
graph g(D4) in general as follows. Let ω : Γ(D4) → Z be the map defined by

ω(γ) =


1 if γ = ei ∪ ej ∪ ek ∪ el and i+ j + k + l is even,

−1 if γ = ei ∪ ej ∪ ek ∪ el and i+ j + k + l is odd,

0 γ ∈ Γ2(D4).

(4.3)

Then for a spatial embedding f of D4, we define an integer αω(f) by

αω(f) =
∑

γ∈Γ(D4)

ω(γ)a2(f(γ)) (4.4)

and call it the α-invariant of f . Then the following formula is known.

Theorem 4.3. (Taniyama–Yasuhara [19]) Let f be a spatial embedding of D4. We
denote (2, 2)-cycle pairs (e1 ∪ e2)∪ (e5 ∪ e6) and (e3 ∪ e4)∪ (e7 ∪ e8) of D4 by λ and λ′,
respectively. Then it holds that

αω(f) = lk(f(λ))lk(f(λ′)). (4.5)

Example 4.4. Let f(D4) be a spatial graph as illustrated in the right side of Fig. 4.2.
Then f(D4) contains exactly one nontrivial knot K = f(e2 ∪ e4 ∪ e6 ∪ e8) that is a
trefoil knot. Since ω(e2 ∪ e4 ∪ e6 ∪ e8) = 1 and a2(K) = 1, we have αω(f) = 1. On the
other hand, we also have lk(f(λ)) = lk(f(λ′)) = 1.

Now for a spatial embedding f of P7 and a Λ-subgraph Λ, we define α(f |Λ) ∈ Z by

α(f |Λ) =
∑

γ∈Γ(D4)

ω(γ)a2(f(Ψ(γ))). (4.6)



Figure 4.2: The graph D4 and the spatial graph f(D4)

Note that for any λ ∈ Γ(Λ)∪Γ(2)(Λ), we have f(λ) ∼= f̄(Ψ−1(λ)). Then it follows from
Theorem 4.3 that

|α(f |Λ)| =
∣∣∣ ∑
γ∈Γ(D4)

ω(γ)a2(f(Ψ(γ)))
∣∣∣ = ∣∣∣ ∑

γ∈Γ(D4)

ω(γ)a2(f̄(γ))
∣∣∣

= |lk(f̄(Ψ−1(λi)))lk(f̄(Ψ
−1(λj)))|

= |lk(f(λi))lk(f(λj))|. (4.7)

On the other hand, for a rectilinear spatial embedding f of P7, by checking the weight
of each of the cycles, we have

|α(f |Λ)| =
∣∣∣ ∑
γ∈Γ7(Λ)

a2(f(γ))−
∑

γ∈Γ6(Λ)
x/∈γ

a2(f(γ))−
∑

γ∈Γ6(Λ)
x∈γ

a2(f(γ))
∣∣∣ (4.8)

if Λ ∈ Λa ∪Λb, and

|α(f |Λ)| =
∣∣∣ ∑
γ∈Γ7(Λ)

a2(f(γ)) +
∑

γ∈Γ1
6(Λ)

a2(f(γ))−
∑

γ∈Γ−1
6 (Λ)

a2(f(γ))
∣∣∣ (4.9)

if Λ ∈ Λc, where Γε
6(Λ) = {γ ∈ Γ6(Λ) | ω(Ψ−1(γ)) = ε} and ε = ω(Ψ−1(γ′)) for any

γ′ ∈ Γ7(Λ).
From now on, we show a part of the proof of Theorem 3.2 (1).

A part of the proof of the Theorem 3.2 (1). Let f be a rectilinear spatial embedding
of P7 satisfying n7(41) = 0 and n6(31) = 0. Then by Proposition 1.3, only 31 is a
nontrivial knot in f(P7) and we have

n7(31) =
∑

γ∈Γ7(P7)

a2(f(γ)). (4.10)

In addition, again by Proposition 1.3, only 221 and 421 are nonsplittable links in f(P7).
Then by Theorem 1.2 and ♯Γ3,4(P7) = 9, we have

1 ≤
∑

λ∈Γ3,4(P7)

lk(f(λ))2 ≤ 33. (4.11)

Then by (4.11), Theorem 4.2 and (4.10), we have

0 ≤ n7(31) ≤ 16. (4.12)



On the other hand, for any Λ-subgraph of P7, by (4.8) and (4.9) we have

|α(f |Λ)| =
∣∣∣ ∑
γ∈Γ7(Λ)

a2(f(γ))
∣∣∣ = ♯{γ ∈ Γ7(Λ) | f(γ) ∼= 31}. (4.13)

Note that |α(f |Λ)| ̸= 4 for any Λ of type c because the number of the 7-cycles is two.
Now, we show only n7(31) ̸= 2. Assume that n7(31) = 2. Then, by (4.2), we

have that
∑

λ∈Γ3,4(P7)
lk(f(λ))2 = 5 and thus (n3,4(2

2
1), n3,4(4

2
1)) = (5, 0) or (1, 1). If

(n3,4(2
2
1), n3,4(4

2
1)) = (5, 0), then by (4.7), there exist exactly ten Λ-subgraphs such

that |α(f |Λ)| = 1, and |α(f |Λ)| = 0 for others. Then we have∑
Λ∈Λa∪Λb∪Λc

∑
γ∈Γ7(Λ)

a2(f(γ)) = 1 · 10 = 10. (4.14)

Note that for any γ ∈ Γ7(P7), there uniquely exists a triple of Λ-subgraphs of type a,
b and c sharing γ. Since n7(31) = 2, we have∑

Λ∈Λa∪Λb∪Λc

∑
γ∈Γ7(Λ)

a2(f(γ)) = 2 · 3 = 6. (4.15)

(4.15) contradicts (4.14). Thus we have (n3,4(2
2
1), n3,4(4

2
1)) ̸= (5, 0). We can see

(n3,4(2
2
1), n3,4(4

2
1)) ̸= (1, 1) in the same way. Thus we have that n7(31) ̸= 2.

In the remaining parts of Theorem 3.2 (1), and also in Theorem 3.2 (2), Theo-
rem 3.3, we can give a proof by showing a contradiction one by one except the cases
appearing in the main theorems.

5. Prospects for future researches
As we saw in Theorem 2.2, the number of nonsplittable links in a rectilinear spatial
graph f(P7) is 1, 2, 3, 4 or 5. On the other hand, according to Theorem 3.2, if n7(41) = 0
and n6(31) − n6(31, K3,3) = 0, then the number of nonsplittable links in f(P7) is
1, 3, 4 or 5. This implies that if the number of nonsplittable links in f(P7) is 2, then
n7(41) ̸= 0 or n6(31) − n6(31, K3,3) ̸= 0. In addition, for a rectilinear spatial graph
f(Q7), according to Theorem 3.3, if n7(41) = 0 and n6(31)− n6(31, K3,3) = 0, then the
number of nonsplittable links in f(Q7) is 1, 3 or 4. This implies that if the number of
nonsplittable links in f(P7) is 2 or 5, then n7(41) ̸= 0 or n6(31)− n6(31, K3,3) ̸= 0.

Example 5.1. Let f(P7) and g(P7) be rectilinear spatial graphs of P7 as illustrated
in Fig. 5.1. Then we can see that f(P7) contains exactly two nonsplittable links
f([745] ∪ [1236]) ∼= 221 and f([725] ∪ [1436]) ∼= 421, and g(P7) also contains exactly two
nonsplittable links g([716]∪ [4325]) ∼= 221 and g([732]∪ [1456]) ∼= 421. On the other hand,
we also can see that f([716325]) ∼= f([716345]) ∼= 31 and g([723416]) ∼= g([732165]) ∼=
31. Thus in both cases we have n6(31) − n6(31, K3,3) ̸= 0. Note that f(P7) and g(P7)
are not ambient isotopic because they have the different numbers n6(31, K3,3).

Example 5.2. Let f(Q7), g(Q7) and h(Q7) be rectilinear spatial graphs of Q7 as
illustrated in Fig. 5.2. Then we can see that f(Q7) contains exactly two nonsplittable
links f([645] ∪ [2371]) ∼= 221 and f([164] ∪ [2375]) ∼= 421, g(Q7) contains exactly five
nonsplittable links g([124]∪ [5736]), g([234]∪ [5716]), g([236]∪ [5714]), g([146]∪ [5237])
and g([346] ∪ [5217]) all of which are 221, and h(Q7) contains exactly five nonsplittable
links h([324]∪ [1756]), h([326]∪ [1457]), h([346]∪ [1257]), h([126]∪ [3457]) and h([265]∪



Figure 5.1: f(P7) and g(P7)

[3417]) all of which are 221. On the other hand, we also can see that f([237564]) ∼=
f([237164]) ∼= 31, g([5714236]) ∼= 41 and h([342617]) ∼= h([345716]) ∼= 31. Thus in any
cases we have n7(41) ̸= 0 or n6(31)− n6(31, K3,3) ̸= 0. Note that g(Q7) and h(Q7) are
not ambient isotopic because h(Q7) does not contain 41.

Figure 5.2: f(Q7), g(Q7) and h(Q7)

Therefore the next task is to investigate the cases of n7(41) ̸= 0 or n6(31) −
n6(31, K3,3) ̸= 0.

Problem 5.3. List all possible quintuplets (n7(41), n7(31), n6(31), n3,4(2
2
1), n3,4(4

2
1)) for

rectilinear spatial graphs of P7 and Q7. In particular, find the maximum number of
nonsplittable 2-component links contained in a rectilinear spatial graph of Q7.
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