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Abstract. In this note, we briefly recall braid actions on a category of matrix
factorizations [7] and a bimodule category of deformed Webster algebras of type
A1 [5] using categorical Howe dualities.

1. Quantum Howe dualities

Quantum group version of GLm-SLn Howe duality (via sln-web) is studied by
Cautis-Kamnitzer-Morrison (skew case) [2] and Rose-Tubbenhauer (symmetric case)
[8]. The commuting actions of Uq(glm) and Uq(sln) on the skew-symmetric product∧N(Cn

q ⊗ Cm
q ) gives us the following representation,

U̇q(glm) →
⊕

s=(s1,...sm)∈{0,1,...,n}m
t=(t1,...tm)∈{0,1,...,n}m

|s|=|t|=N

HomUq(sln)(∧s,∧t),

where U̇q(glm) is Lusztig’s idempotent form and ∧s = ∧s1(Cn
q )⊗ · · · ⊗ ∧sm(Cn

q ).
The hom space HomUq(sln)(∧s,∧t) can be represented by MOY graph

a
a a b

a+b ba

a+b

with all labels between 0 and N .
Cautis, Kamnitzer and Morrison defined a map from Lusztig’s idempotent form

U̇q(glm) to
⊕

s=(s1,...sm)∈{0,1,...,n}m
t=(t1,...tm)∈{0,1,...,n}m

|s|=|t|=N

HomUq(sln)(∧s,∧t). The precise definition omittes



here. The generators E+i1λ and E−i1λ of the idempotent form map as follows.

E+i1λ 7→
kn ki+2

ki+1−1 ki+1

ki−1 k1ki+1 ki

1

E−i1λ 7→
kn ki+2

ki+1+1 ki−1

ki−1 k1ki+1 ki

1

Similarly, we have the commuting actions of Uq(glm) and Uq(sln) on the symmet-
ric product SymN(Cn

q ⊗ Cm
q ). The Uq(glm)-Uq(sl2) duality gives us the following

representation,

U̇q(glm) →
⊕

s,t∈(Z≥0)
m

|s|=|mathbft|=N

HomUq(sl2)(Sym
s, Symt),

where Syms = Syms1(C2
q)⊗ · · · ⊗ Symsm(C2

q).

2. Khovanov-Lauda-Rouquier algebra

Categorified quantum group (KLR algebra, quiver Hecke algebra) is introduced by
Khovanov-Lauda and Rouquier independently [4] . Categorified quantum glm, de-
noted by U(glm), is the 2-category whose objects are: glm weights λ = (λ1, ..., λm) ∈
Zm, 1-morphisms are formal direct sum of sequences of Ei and Fi (i = 1, ...,m− 1)
and 2-morphisms are generated by the following diagrams (up to shift grading)

λ+ αi λ

i

: Ei1λ → Ei1λ
λ− αi λ

i

: Ei1λ → Ei1λ

λ

i j

: EiEj1λ → EjEi1λ λ

i j

: FiFj1λ → FjFi1λ

λ

i

: 1λ → FiEi1λ λ

i

: 1λ → EiFi1λ

λ

i

: FiEi1λ → 1λ λ

i

: EiFi1λ → 1λ

subject to some relations. See [4, 9] in detail.

3. Categorification: skew case

A matrix factorization is introduced by Eisenbud for studying an isolated singu-
larity. Let R be a commutative ring. A matirx factorization with potential P ∈ R is
a 2-cyclic chain composed of free R-modules M0, M1 and chain maps f0 :M0 →M1

and f1 :M1 →M0 satisfying f1f0 = P IdM0 and f0f1 = P IdM1 . Khovanov-Rozansky
constructed a categorification of MOY graph labbled with one 1 [6]. The author



and Wu independently defined a categorification of general MOY graphs. See [11]
in detail.
Theorem 3.1 (Khovanov-Rozansky, Wu, Yonezawa [6, 11]). We have a categorific-
ation of MOY graphs in a homotoy category of matrix factorizations.

By the facts that the hom space HomUq(sln)(∧s,∧t) is represented by MOY graphs
and this theorem, we have the following corollary.
Corollary 3.2. The hom space HomUq(sln)(∧s,∧t) can be categorified using a homo-
toy category of matrix factorizations.
Conclusion (1) Lusztig’s idempotent form U̇q(glm) is categorified using a diagram-
matic category U(glm) given by Khovanov-Lauda, Rouquier [4, 9]. (2) MOY graph
in HomUq(sln)(∧s,∧t) is categorified using the homotopy category of matrix factoriza-
tions HMF(Pt−Ps) given by Khovanov-Rozansky in the case when s = t = (1, ..., 1)
[6], the author and Wu in general (cf. [11]).

U̇q(glm) //
⊕

s∈{0,1,...,n}m
t∈{0,1,...,n}m

|s|=|t|=N

HomUq(sln)(∧s,∧t)

=⇒ categorified

=⇒ categorified

U(glm)
∃ functor? //____________

⊕
s∈{0,1,...,n}m
t∈{0,1,...,n}m

|s|=|t|=N

HMF(Pt − Ps)

Question 3.3. Can we construct a functor from U(glm) to HMF?
Theorem 3.4 (Mackaay-Yonezawa [7]).
There exists a functor Γn : U(glm) → HMF. The functor Γn maps objects to poten-
tials of matrix factorizations, 1-morphisms to matrix factorizations and 2-morphisms
to morphisms of matrix factorizations.

4. Categorification: symmetirc case

Webster defined a family of algebras Tλ categorifying an arbitrary tensor product
Vλ1 ⊗Vλ2 ⊗ · · · ⊗ Vλk

of irreducible representations of the quantum group associated
to a semisimple Lie algebra g [10]. Here we are primarily interested in the case when
g = sl2, so that an arbitrary tensor product forms Syms.

Conclusion (1) Lusztig’s idempotent form U̇q(glm) is categorified using a diagram-
matic category U(glm) given by Khovanov-Lauda, Rouquier [4, 9]. (2) In the case
when g = sl2, the symmetric tensor product Syms is categorified a family of algebras
Ts given by Webster [10].

U̇q(glm) //
⊕

s,t∈(Z≥0)
m

|s|=|t|=N

HomUq(sl2)(Sym
s, Symt)

=⇒ categorified

=⇒ categorified?

U(glm)
∃ functor? //____________

⊕
s,t∈(Z≥0)

m

|s|=|t|=N

(Ts, Tt)-bimod ?



Question 4.1. Can we construct a 2-category categorifying HomUq(sl2)(Sym
s, Symt)

and a functor from U(glm) to the 2-category?

Khovanov, Lauda, Sussan and the author studied deformations in the context of
sl2 with the aim of categorifying the hom space HomUq(sl2)(Sym

s, Symt). We need
a deformed Webster algebra W (s, n) getting a functor, where n is a non-negative
integer [5]. Here, we recall the deformed Webster algebra of type A1.

Let m ≥ 0 be an integer. For a sequence of non-negative integers s = (s1, ..., sm),
let Seq(s, n) be the set of all sequences i = (i1, ..., im+n) in which n of the entries are
b and si appears exactly once and in the order in which it appears in s. Denote by
ij the j-th entry of i and denote by Is the set {si|1 ≤ i ≤ m}.

Let Sm+n be the symmetric group on m+n letters generated by simple transpos-
itions σ1, . . . , σm+n−1. Each transposition σj naturally acts on a sequence i. Note
that if i ∈ Seq(s, n) it is not always the case that σj.i ∈ Seq(s, n).

Definition 4.2. Let k be a field of characteristic p > 0 and let W (s, n) be the algebra
over k generated by e(i), where i ∈ Seq(s, n), xj, E(d)j, where 1 ≤ j ≤ m+n, d ≥ 1,
and ψℓ, where 1 ≤ ℓ ≤ m + n − 1, satisfying the relations below. For convenience,
we use the notation E(0)j = 1.

e(i)e(j) = δi,je(i)

E(d)je(i) = e(i)E(d)j

E(d)je(i) = 0 if ij = b

E(d)je(i) = 0 if d > ij = 1

xje(i) = e(i)xj

xje(i) = 0 if ij = 1

ψje(i) = e(σj(i))ψj

ψje(i) = 0 if ij, ij+1 ∈ Is

xjxℓ = xℓxj

E(d)jxℓ = xℓE(d)j

E(d)jE(d
′)ℓ = E(d′)ℓE(d)j

ψjxℓ = xℓψj if ℓ 6= j and ℓ 6= j + 1

ψjE(d)ℓ = E(d)ℓψj if ℓ 6= j and ℓ 6= j + 1

ψjE(d)j = E(d)j+1ψj

E(d)jψj = ψjE(d)j+1

ψjψℓ = ψℓψj if |j − ℓ| > 1

xjψje(i)− ψjxj+1e(i) = δij ,ij+1
e(i) unless ij ∈ Is and ij+1 ∈ Is

ψjxje(i)− xj+1ψje(i) = δij ,ij+1
e(i) unless ij ∈ Is and ij+1 ∈ Is

ψ2
j e(i) =


0 if ij = ij+1 = b,∑ij

d=0(−1)dE(d)jx
ij−d
j+1 e(i) if ij = 1, ij+1 = b,∑ij+1

d=0(−1)dx
ij+1−d
j E(d)j+1e(i) if ij = b, ij+1 = 1,

(ψjψj+1ψj − ψj+1ψjψj+1)e(i)

=

{ ∑
d1+d2+d3=ij+1−1(−1)d3xd1j E(d3)j+1x

d2
j+2e(i) if ij+1 = 1, ij = ij+2 = b,

0 otherwise,

Remark 4.3. Let I be the two sided ideal generated by {E(d)j, e(i)|1 ≤ j ≤ m +
n, d ≥ 1, i1 = b}. The quotient algebra W (s, n)/I is the Webster algebra of type A1.

Theorem 4.4 (Khovanov-Lauda-Sussan-Yonezawa [5]).
There exists a functor Ψk : U(glm) → Bim(k), where

Bim(k) =
⊕

s,t∈(Z≥0)
m

|s|=|t|=N

(W (t, k),W (s, k))-bimod



5. Applicaiton of these functors

A categorical braid group action on U is defined by Cautis-Kamnitzer [1]. Cautis
and Kamnitzers work extended the foundational work of Chuang and Rouquier [3]
where sl2 categorification was developed.

Consider the formal unbounded complexes of U(glm)

Ti1s = E (si+1−si)
i 1s → E (si+1−si+1)

i F (1)
i 1s〈1〉 → · · · → E (si+1−si+j)

i F (j)
i 1s〈j〉 → · · ·

for si+1 ≥ si

1sT
′
i = · · · → 1sE (j)

i F (si+1−si+j)
i 〈−j〉 → · · · → 1sE (1)

i F (si+1−si+1)
i 〈−1〉 → 1sF (si+1−si)

i

for si+1 ≥ si

These complexes satisfy braid group relations [1]. Applying the functors from U(glm)
to the category of matirx factorizations and the bimodule category of deformed web-
ster algebras to the unbounded complexes, we have the following corollary.

Corollary 5.1. (1) The bounded complexes Γn(Ti1λ),Γn(1λT
′
i) is a braid group ac-

tion on the category of matrix factorizations as a functor from Kb(HMF(Pλ)) to
Kb(HMF(Psiλ)).
(2) The bounded complexes Ψk(Ti1s),Ψk(1sT

′
i) is a braid group action on the bimod-

ule category of deformed Webster algebras as a functor from Kb(W (s, k)-mod) to
Kb(W (sis, k)-mod).
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