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Goeritz matrix
In 1933, L.Goeritz introduced an integral matrix associated 
to a knot diagram, which is now called a Goeritz matrix, 
and proved that the absolute value of the determinant of 
the matrix gives an invariant of a knot. 



Def. (Goeritz matrix)
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 : a knot diagram with a checkerboard 
coloring.  
Assign  or  to each of the crossings of  
as in the right, which we call the Goeritz index. 

D

+1 −1 D

+1-1For the shaded regions of , we 
set variables .  

 := the sum of the Goeritz 
indices for the crossings where the 
shaded regions corresponding to 
the variables  and  ( ). 

D
X1, …, Xn

cjk

Xj Xk j ≠ k

Then the matrix  defined 
by the following is called the 
Goeritz matrix of . 

G = (gij)

D
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Goerits matrix

D
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[Lamey-Silver-Williams]: that the Goeritz matrix is 
closely related to the Dehn coloring of knots. 

Known facts

Theorem [Traldi]: The solution space of the 
equations defined by (unreduced) Goeritz 
matrix is isomorphic to the linear space 
consisting of the Dehn colorings for a knot. 



Dehn coloring matrix
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: an oriented knot diagram with  
complementary regions .  
Set variables  corresponding 
to .  
At each crossing of , we consider 
the equation , 
where the variables correspond to 
the regions;

D m
R1, …, Rm

Z1, …, Zm
R1, …, Rm

D
Zi + Zj − Zk − Zl = 0

We call the system of such 
equations the Dehn 
coloring equations for .  
The Dehn coloring matrix 
is defined as the 
coefficient matrix of the 
Dehn coloring equations. 

D
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D

Dehn coloring equations

Dehn coloring matrix
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Theorems
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(I) There exists an (explicit) algorithm to construct a 
Goerits matrix from a Dehn coloring matrix for a knot 
diagram (together with Goerits indexes informations).

(II) There exists an (explicit, algebraic) algorithm to 
construct a Goerits matrix from a Dehn coloring 
matrix for a prime knot diagram (up to sign).



Example
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Dehn coloring matrix

Fix the first row, and suitably 
multiply  to the rows 3, 7, 8 
and sum them up so that the 
entries from 6-th to 10-th 

columns are all 0. 

±1



Example
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Repeatedly, performing the same procedure: 
Always we can do it uniquely up to sign ! 

(modify to be symmetric)

Goerits matrix (LHS)



Thank you 
for your 
attention.

[ad.]
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