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・Two pseudo Goeritz matrices of a virtual link(1/2)
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D : virtual link diagram
A semi-arc of D
:= an arc of D between two classical crossing

or loop without classical crossing of D

The first (or second) local region index
of D
:= a numbering of local regions of R \D

around a classical crossing depicted as in
figure.
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・Example of the local region indices
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D : virtual knot diagram as in figure

The labeling
of region indices of D are given as in figure.

3



・The pseudo Goeritz matrices of a virtual link(2/2)

a1 · · · ar : semi-arcs of D
The first (or second) pseudo Goeritz matrix :

G1(D) (or G2(D)) =

p11 · · · p1r
... ...
pr1 · · · prr



pij =


the sum of indices of local regions between semi-arcs

ai and aj (i ̸= j)

−
∑
k,k ̸=i

pik (i = j)
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・Theorem

Theorem [N. Kamada]

The torsion invariant of G1(D) (or G2(D)) is an invariant of
virtual links.
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・Example of two torsion invariants

D

Two Goeritz matrices of D are given
by the followings.

G1(D) =

 2 −1 0 −1
−1 2 −1 0
0 −1 2 −1
−1 0 −1 2

 ⇒

0 0 0 0
0 4 0 0
0 0 −1 0
0 0 0 0


G2(D) =

 0 −1 0 1
−1 2 −1 0
0 −1 0 1
1 0 1 −2

 ⇒

0 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0


Thus the torsion invariants of G1(D) and G2(D) are
(4, 0) and (0, 0).
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・A twisted link

bar

twisted link diagram

A twisted link diagram
:= a virtual link diagram,

possibly with bars on arcs

The twisted link
:= an equivalence class of a twisted link

diagram under General Reidemeister move
and twisted Reidemeister move

Mario O Bourgoin, Twisted link theoryTwisted link theoryTwisted link theory , Algebr.
Geom. Topol. 8 (2008), no. 3, 1249-1279.
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・Twisted Reidemeister move

Ⅰ

Ⅱ

Ⅲ

Twisted Reidemeister move

the local transformation
as in the picture
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・Map f1 and f2

f1: {twisted link diagrams} → {virtual link diagrams}

f2: {twisted link diagrams} → {virtual link diagrams}
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・Example and main result

D   1f (D)   2f (D)

Main result

D : a twisted link diagram
The torsion invariant of G1(f1(D)) (or G2(f2(D))) is an
invariant of twisted links.
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・Example(1/2)

D   1f (D)   2f (D)

The torsion invariant of G1(f1(D)) is (24,0).

The torsion invariant of G2(f2(D)) is (0,0).
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・Example(2/2)

380

381

Remark� �
The multivariable polynomial invariant of 380
and 381 are
−(A4 + 1)(A10 − A6 − A4 + A2 + 1)A4.
Their JKSS invariants are 0.� �� �
The torsion invariant of G2(f2(380)) is (4,4).
The torsion invariant of G2(f2(381)) is (12,12).� �

N. Kamada, S. Kawata, K. Okubo, A. Shimizu,
A table of twisted knots with crossing number 3A table of twisted knots with crossing number 3A table of twisted knots with crossing number 3
, to appear. 12



・Outline of proof of our theorem(1/2)
� �
If a twisted link diagram D′ is equivalent to D as a
twisted link, then f1(D) (or f2(D)) is equivalent to
f1(D

′) (or f2(D
′)) under general Reidemeister move,

twisted Reidemeister move and Kauffman flype (or
switch flype).� �

Kauffman flype Switch flype
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・Outline of proof of our theorem(2/2)

Theorem [N. Kamada]

If a virtual link diagram D′ is obtained from a virtual link
diagram D by a Kauffman flype (or switch flype) , then
the torsion invariant of G1(D) (or G2(D)) coincides to
that of G1(D

′) (or G2(D
′)).
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・Property of our invariant(1/3)

� �
If a twisted link diagram D′ is obtained from a twisted
link diagram D by a Kauffman flype (or switch flype) ,
then the torsion invariant of G1(f1(D)) (or G2(f2(D)))
coincides to that of G1(f1(D

′)) (or G2(f2(D
′))).� �
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・Example of property

D1

D2

Remark� �
・The twisted link diagramD1 is obtained from a twisted
link diagram D2 by a Kauffman flype.
・The invariant of D1 and D2 are
−A12M(A4 + 1)[A4(A2 + 2)− (A4 + 1)d1]
and −A12M(A4 + 1)(A10 + A8 + A6 − 1).� �� �
The torsion invariant of G1(f1(D1)) and G1(f1(D2)) is
(4,0).� �

N.Kamada, On twisted knotOn twisted knotOn twisted knot
, Knot theory and its applications, 313-325, Contemp.
Math., 670, Amer. Math. Soc., Providence, RI, 2016. 16



・Property of our invariant(2/3)
� �
If a twisted link diagram D′ is obtained from a twisted
link diagram D by transformation as follow, then the
torsion invariant of G1(f1(D)) (or G2(f2(D))) coincides
to that of G1(f1(D

′)) (or G2(f2(D
′))).� �

D D'
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・Example of property

D'

D

Remark� �
・The twisted link diagram D is obtained from a twisted
link diagram D′ by the ealier transformation.
・The invariant of D and D′ are
(A4+1)[(A4+1)2d21−2A4(A4+1)d1−A4(A8−A4+
1)]A−18M and −(A4 + 1)(A12 + A4 − 1)A−18M� �� �
The torsion invariant of G2(f2(D)) and G2(f2(D

′)) is
(0,0).� �

N. Kamada, S. Kawata, K. Okubo, A.
Shimizu, A table of twisted knots with crossing number 3A table of twisted knots with crossing number 3A table of twisted knots with crossing number 3
, to appear. 18



・Property of our invariant(3/3)

Remark� �
If a virtual link diagram D̃ is a double covering diagram
of a twisted link diagram D, then the torsion invariant of
G1(f1(D)) (or G2(f2(D))) coincides to that of G1(D̃)

(or G2(D̃)).� �
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Thank you for your attention !

20


