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One of the important operations describing the relationships between 3-manifolds
is given by Dehn surgery. This is an operation to create a new 3-manifold from
a given one and a given knot in the following way: Take an open tubular neigh-
borhood of the knot, remove it, and glue a solid torus back.

In terms of Dehn surgery on knots, we here introduce a distance between pairs
of 3-manifolds. Furthermore, by considering the surgery on hyperbolic knots,
another distance function is also defined, and we report the study of its restriction
on the set of lens spaces. For convenience, we set

M :=

{
orientation preserving homeomorphism type

of connected closed orientable 3-manifold

}
Then, for a pair [M ], [M ′] ∈ M, we set

d([M ], [M ′]) := min

n

∣∣∣∣∣∣∣
[M ] = [M0] → [M1] → · · · → [Mn] = [M ′],

where [Mk] ∈ M for 1 ≤ k ≤ n, and

Mk is obtained from Mk−1 by Dehn surgery on a knot.


This function d is well-defined from the following theorem.

Fact (Lickorish [2], Wallace [4]). The function d : M × M → Z≥0 is well-
defined. That is, for any pair [M ], [M ′] ∈ M, there exists a finite sequence
[M ] = [M0], [M1], · · · , [Mn] = [M ′] ∈ M such that Mk is obtained from Mk−1 by
Dehn surgery on a knot.

Next we consider Dehn surgery on hyperbolic knots, that is, the knots with
exteriors admitting complete hyperbolic metric of finite volume. In fact, for
[M ], [M ′] ∈ M, we set

dH([M ], [M ′]) := min

n

∣∣∣∣∣∣∣∣∣
[M ] = [M0] → [M1] → · · · → [Mn] = [M ′],

where [Mk] ∈ M for 1 ≤ k ≤ n, and

Mk is obtained from Mk−1

by Dehn surgery on a hyperbolic knot.


The function dH is also well-defined from the following fact.

Fact (Kawauchi (c.f. [1])). dH : M×M → Z≥0 is well-defined. That is, for any
pair [M ], [M ′] ∈ M, there exists a finite sequence [M ] = [M0], [M1], · · · , [Mn] =
[M ′] ∈ M such that Mk is obtained from Mk−1 by Dehn surgery on a hyperbolic
knot.

Furthermore, Kawauchi showed the following:



Fact (Kawauchi (c.f. [1])). For [M ], [M ′] ∈ M,

dH([M ], [M ′]) =

{
1 or 2 if d([M ], [M ′]) = 1

d([M ], [M ′]) otherwise

Here we will concentrate on the set of lens spaces. We here call a 3-manifold
L with Heegaard genus at most one (i.e., constructed by gluing two solid tori) a
lens space. (Thus, in this talk, we say that S3, S2 × S1 and RP 3 are all lens
spaces.) Lens spaces are already classified completely by Reidemeister [3]. In
fact, they are parametrized by paris of coprime integers, say type (p, q). Now we
set

L := {orientation preserving homeomorphism type of lens space}
By definition, it is clear that d([L], [L′]) = 1, and it follows from the above

fact that dH([L], [L′]) ≤ 2 for any [L], [L′] ∈ L. So consider the question: For
which [L], [L′] ∈ L, dH([L], [L′]) = 1? About this question, we have the following
results.

Theorem 1. For every [L] ∈ L, there exist an infinite family [L1], [L2], · · · ∈ L
such that dH([L], [Lk−1]) = 1 for any i.

Theorem 2. For every N > 0, there exists a pair [L], [L′] ∈ L of types (p, q) and
(p′, q′) such that dH([L], [L′]) = 1 and |p − p′| = N .

Next we consider the restricted distance function on the set L.

Definition. For [L], [L′] ∈ L, we set

dH([L], [L′])L := min

n

∣∣∣∣∣∣∣∣∣
[L] = [L0] → [L1] → · · · → [Ln] = [L′],

where [Lk] ∈ L for 1 ≤ k ≤ n

Lk is obtained from Lk−1

by Dehn surgery on a hyperbolic knot.


Recall that if dH([L], [L′]) = 1, then dH([L], [L′])L = 1 by definition; however,

if dH([L], [L′]) = 2, then dH([L], [L′])L ≥ 2 in general. Consider the question: For
which [L], [L′] ∈ L, dH([L], [L′]) = dH([L], [L′])L = 2. About this question, we
found the following examples.

Example. (computer-aided)

• dH([S3], [S2 × S1]) = dH([S3], [S2 × S1])L = 2.

• dH([S3], [RP 3]) = dH([S3], [RP 3])L = 2.
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(1935), 102–109.

4. A.H. Wallace, Modifications and cobounding manifolds, Canad. J. Math. 12 (1960), 503–
528.


