
ON THE MAXIMAL NUMBER OF EXCEPTIONAL SURGERIES

市原 一裕 (KAZUHIRO ICHIHARA)

Abstract. The famous Hyperbolic Dehn Surgery Theorem says that each hy-

perbolic knot admits only finitely many Dehn surgeries yielding non-hyperbolic

manifolds. Concerning the maximal number of such exceptional surgeries, it is

conjectured that they are at most 10 for each knot. In this article, recent author’s

works on the conjecture are reported.

1. Introduction

As a consequence of the famous Geometrization Conjecture raised by W.P. Thurston

in [25], all closed orientable 3-manifolds are classified into; reducible (i.e., contain-

ing essential 2-spheres), toroidal (i.e., containing essential tori), Seifert fibered (i.e.,

foliated by circles), or hyperbolic manifolds (i.e., admitting a complete Riemannian

metric with constant sectional curvature −1). See [23] for a survey.

The recent Perelman’s works [19, 20, 21], where he announced an affirmative

answer to this Geometrization Conjecture, is now going to become acceptable. Thus,

in this article, we will assume that the above classification of closed orientable 3-

manifolds can be affirmatively achieved.

Beyond the classification, one of the next directions in the study of 3-manifolds

would be to consider the relationships between 3-manifolds. One of the important

operations describing such relationships must be Dehn surgery. That is an operation

to create a new 3-manifold from a given one and a given knot (i.e., an embedded

simple closed curve) in it as follows: Take an open tubular neighborhood of the knot,

remove it, and glue a solid torus back. This gives an interesting subject to study;

because, for instance, it is known that any pair of closed orientable 3-manifolds are

related by a finite sequence of Dehn surgeries on knots. It was proved by Lickorish

[17] and Wallace [26] independently.
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Another motivation to study Dehn surgery comes from the following famous fact,

now called the Hyperbolic Dehn Surgery Theorem, due to W.P. Thurston [24]: On

a hyperbolic knot (i.e., a knot with hyperbolic complement), all but finitely many

Dehn surgeries yield hyperbolic 3-manifolds. In view of this, such finitely many

exceptions are called exceptional surgeries. Then It is natural to ask: How many

exceptional surgeries can occur on each knot?

Concerning this question, C.McA. Gordon conjectured that:

Conjecture ([15, Problem 1.77]). There exist at most 10 exceptional surgeries on

each hyperbolic knot.

As far as the author knows, the sharpest known bound is “12”, which is obtained

as a corollary of the so-called “6-theorem”, which will be explained later, given by

Agol [5] and Lackenby [16] independently.

We remark that, if we does not assume the Geometrization “Theorem”, then the

best known is; at most 60, given by Hodgson and Kerckhoff [13].

In this article, some recent results obtained by the author are reported.

2. Results

Let us start with recalling fundamental terminologies. See [22] in details for

example. As usual, by a slope, we mean an isotopy class of a non-trivial unoriented

simple closed curve on a torus. The distance ∆(γ1, γ2) between two slopes γ1, γ2

is defined as the minimal intersection number between the representatives of the

slopes.

Then Dehn surgery on a knot K is characterized by the slope on the periph-

eral torus of K which is represented by the simple closed curve identified with the

meridian of the attached solid torus via the surgery.

Then the following could be a step toward answering Gordon’s Conjecture:

Theorem 1 ([14]). Let µ be any slope for a hyperbolic knot K. Then there are at

most 10 exceptional surgeries on K along slope γ with ∆(µ, γ) ≤ 1.

This can be proved by elementary geometric arguments based on two ingredients:

The “6-theorem” given by Agol [5] and Lackenby [16] and Adams’s works [2, 3] on

the length of the shortest slope for hyperbolic knots. These will be explained later.

Also see [4] for a survey.



When K is a knot in the 3-sphere S3, by using the standard meridian-longitude

system, slopes on the peripheral torus of K are parametrized by rational numbers

with 1/0. For example, the meridian of K corresponds to 1/0 and the longitude to

0. See [22] for example. Then the Dehn surgery on K along the meridional slope 1/0

is called the trivial Dehn surgery on K in S3. It yields S3 again, which is obviously

exceptional if K is hyperbolic. We say that a Dehn surgery on K in S3 is integral if

it is along a slope corresponding an integer. This means that the slope is represented

by a curve which runs longitudinally once.

Thus we have the following corollary immediately from Theorem 1.

Corollary 2 ([14]). On any hyperbolic knot in S3, there are at most 9 non-trivial

integral exceptional surgeries.

On the other hand, the next is also obtained by the author recently.

Theorem 3. On a hyperbolic alternating knot in S3, non-trivial exceptional surg-

eries are all integral.

Here a knot is called alternating if it admits a diagram with alternatively arranged

over-crossings and under-crossings running along it.

From Theorem 3 together with Corollary 2, it follows that:

Theorem 4. On a hyperbolic alternating knot in S3, there are at most 10 exceptional

surgeries.

Therefore the Gordon’s conjecture is true for such knots.

Note that Gordon also conjectured that a hyperbolic knot with 10 exceptional

surgeries must be the well-known figure-eight knot in S3 only. The figure-eight knot

is also alternating, but our argument cannot tell that it is the only knot admitting

10 exceptional surgeries.

In the following, we give an outline of a proof of Theorem 3.

To prove Theorem 3, we first use Lackenby’s study on exceptional surgeries on

alternating knots in [16]. He actually showed:

If a hyperbolic alternating knot K has a prime alternating diagram

D satisfies t(D) > 4, then only integral surgeries on K can be excep-

tional.



Here t(D) denotes the twist number of the diagram D. That is, the number of twists,

which are either; maximal connected collections of bigon regions in the complement

of D arranged in a row or isolated crossings adjacent to no bigon regions. Thus,

to prove Theorem 3, it suffices to show that any hyperbolic alternating knot with

t(D) ≤ 4 has only integral exceptional surgeries.

Next, using direct diagrammatic arguments, we can show that; such a knot with

t(D) ≤ 4 must be either; a two-bridge knot, an arborescent knot of type III, or a

Montesinos knot of length 3. In fact, we can get the required consequence for the

former two classes by the results given in [6] and [27].

It is remarked that the key ingredient in their proof is using essential laminations

in 3-manifolds, defined by Gabai and Oertel in [11] as follows: We say a lamination

λ (i.e., a co-dimension one foliation of a closed subset of the ambient manifold) is

an essential lamination in a 3-manifold M if it satisfies the following conditions:

(i) The inclusion of leaves of λ into M induces an injection between their fun-

damental groups.

(ii) The complement of λ is irreducible.

(iii) The lamination λ has no sphere leaves.

(iv) The lamination λ is end-incompressible.

About essential laminations, see [10] for example.

Finally, consider the remaining class of knots; alternating Montesinos knots of

length 3. Also, in this case, in an unpublished preprint [8], Delman gave a construc-

tion of essential lamination in the knot exterior. By examining his construction, it

can be verified that each essential lamination L so constructed admits two disjoint,

nonparallel annuli properly embedded in the complement of L satisfying that; one

boundary component is the meridian of the knot and the other lies in some leaf

of L. By using the arguments given in [28], the existence of such a pair of annuli

guarantees that non-integral Dehn surgery on the knot never become exceptional.

This completes the proof of Theorem 3.

Let us next consider what happen for non-alternating knots. There is a famous ex-

ample; that is, (−2, 3, 7)-pretzel knot K = P (−2, 3, 7). This K admits 7 exceptional

surgeries as follows; {
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}
See [15, Problem 1.77(A) 6] for example.



It is known that Dehn surgery along the non-integral slope 37
2

yields a toroidal

manifold. In [9], Eudave-Muñoz gave an explicit family of hyperbolic knots ad-

mitting a non-integral toroidal surgery, and recently, Gordon and Luecke proved in

[12] that they are all. The (−2, 3, 7)-pretzel knot gives a typical and the simplest

example in the family.

For such examples, we cannot apply Theorem 1. What can we say in this case?

In this case, it is noted that the slope 18 satisfies; ∆ (18, γ) ≤ 2 for any γ where

Dehn surgery along γ is exceptional. This phenomenon can be explained as follows:

The knot K is a fibered knot, and so, the exterior contains an essential lamination

L, which appears as a suspension of invariant lamination for the pseudo-Anosov

monodromy map. Then Gabai observed in [10] that there exists an annulus properly

embedded in the complement of L such that one boundary component lies in some

leaf of L and the other represents the slope 18. Such a slope is called a degeneracy

slope for L. Then, by the result in [28], it is shown that ∆ (18, γ) ≤ 2 for any γ

where Dehn surgery along γ is exceptional.

Actually, there is an existence result of Gabai-Mosher [18] which says that if K is a

hyperbolic knot, then there always exists an essential lamination with a degeneracy

slope in the complement of K. Also see [7]. Consequently we have the following:

Proposition 5. For a hyperbolic knot K, there exists a slope δ such that ∆(δ, γ) ≤ 2

holds for any slope γ such that Dehn surgery along γ is exceptional.

However Gabai-Mosher’s work has not been published until now, and the author

could not find their whole proof (first half of the proof is included in [18]).

Here we give an alternative simple proof of Proposition 5.

We here prepare some basic definitions. Let K be a hyperbolic knot in a 3-

manifold M . Then the universal cover of the complement CK of K is identified

with the hyperbolic 3-space H3. Under the covering projection, an equivariant set

of horospheres bounding disjoint horoballs in H3 descends to a torus embedded in

CK , which we call a horotorus. As demonstrated in [24], a Euclidean metric on a

horotorus T is obtained by restricting the hyperbolic metric of CK . By using this

metric, the length of a curve on T can be defined. Also T is naturally identified

with the peripheral torus of K, for the image of the horoballs under the covering

projection is topologically T times half open interval. Thus, for a slope r on the

peripheral torus of K, we define the length of r with respect to T as the minimal



length of the simple closed curves on T which represent the slope on T corresponding

to the slope r.

Now let us choose the maximal horotorus T : That is, the one bounding the

maximal region with no overlapping interior. Let γ be the shortest slope on this T .

Then the next proposition holds, which was shown in [2, 3]. See also [4].

Claim (Adams, [2, 3]). The slope γ has length at least 4
√

2 if K is neither the

figure-eight knot nor the knot 52 in the knot table. ¤

By the classification of exceptional surgeries on 2-bridge knots given in [6], we see

that Proposition 5 holds on these 2 exceptions.

Next we obtain the following, by using another result also given by Adams in [1];

Claim. Suppose that the length of γ ≥ 4
√

2. If ∆(γ, γ′) ≥ 3, then the length of

γ′ > 6.

Finally we use the so-called “6-Theorem” due to Agol [5] and Lackenby [16].

Claim. No Dehn surgery along a slope of length > 6 is exceptional.

This completes the proof of Proposition 5.

There is a corollary to Proposition 5. Let ε(K) be the set of slopes along which

Dehn surgeries are exceptional for a hyperbolic knot K. By ]ε(K), we denote the

cardinality of the set. Also we set ∆ε(K) = max{∆(γ, γ′) | γ, γ′ ∈ ε(K)}, which is

called the diameter of the set. Then we have;

Corollary 6. Let K be a hyperbolic knot. Then ∆ε(K) ≤ 8 implies ]ε(K) ≤ 10.

This can be shown by studying of possible configurations of the set of slopes com-

binatorially. It is also conjectured in [15] that ∆ε(K) ≤ 8 holds for each hyperbolic

knot K. Thus, by this corollary, this conjecture on diameters implies the conjecture

on cardinalities.

Please remark that, for general sets of slopes, such a diameter bound does not

imply the required cardinality bound. For example; we actually have the following

set of slopes:

S =

{
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}
By direct calculations, we see that its diameter is 8, but its cardinality is 12.
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9. M. Eudave-Muñoz, Non-hyperbolic manifolds obtained by Dehn surgery on hyperbolic knots,

Proc. Georgia Int. Top. Conf. (1993).

10. D Gabai, Problems in Foliations and Laminations, Stud. in Adv. Math. AMS/IP, 2 (1997)

1–34.

11. D. Gabai and U. Oertel, Essential laminations in 3-manifolds, Ann. of Math. (2) 130 (1989),

no. 1, 41–73.

12. C.McA. Gordon and J. Luecke, Non-integral toroidal Dehn surgeries, Comm. Anal. Geom. 12

(2004), 417–485.

13. C.D. Hodgson and S.P. Kerckhoff, Universal bounds for hyperbolic Dehn surgery, Ann. Math.

(2) 162 (2005), no.1, 367–421.

14. K. Ichihara, Integral non-hyperbolike surgeries, to appear in J. Knot Theory Ramifications,

preprint version available at arXiv:math.GT/0410045.

15. R. Kirby, Problems in low-dimensional topology, Geometric topology, AMS/IP Stud. Adv.

Math., 2.2, (Athens, GA, 1993), (Amer. Math. Soc., Providence, RI, 1997), 35–473.

16. M. Lackenby, Word hyperbolic Dehn surgery, Invent. Math. 140 (2000), no.2, 243–282.

17. W.B.R. Lickorish, A presentation of orientable combinatorial 3-manifolds, Ann. of Math. (2)

76 (1962), 531–540.

18. L. Mosher, Laminations and flows transverse to finite depth foliations. Part i: branched surfaces

and dynamics, preprint, available at http://andromeda.rutgers.edu/ mosher/



19. G. Perelman, The entropy formula for the Ricci flow and its geometric applications, preprint,

available at arXive:math.DG/0211159.

20. G. Perelman, Ricci flow with surgery on three-manifolds, preprint, available at arX-

ive:math.DG/0303109.

21. G. Perelman, Finite extinction time for the solutions to the Ricci flow on certain three-

manifolds, preprint, available at arXive:math.DG/0307245.

22. D. Rolfsen, Knots and Links, Publish or Perish, Berkeley, Ca, 1976.

23. P. Scott, The geometries of 3-manifolds, Bull. Lond. Math. Soc. 15 (1983), 401–487.

24. W.P. Thurston, The geometry and topology of three-manifolds, notes, Princeton University,

Princeton, 1980; available at http://msri.org/publications/books/gt3m

25. W.P. Thurston, Three dimensional manifolds, Kleinian groups and hyperbolic geometry, Bull.

Amer. Math. Soc. 6 (1982), 357–381.

26. A.H. Wallace, Modifications and cobounding manifolds, Canad. J. Math. 12 (1960), 503–528.

27. Y-Q. Wu, Dehn surgery on arborescent knots, J. Diff. Geom. 43 (1996), 171–197.

28. Y.-Q. Wu, Sutured manifold hierarchies, essential laminations, and Dehn surgery, J. Differen-

tial Geom. 48 (1998), 407–437.

630–8528 奈良市高畑町　奈良教育大学数学教育講座. School of Mathematics Educa-

tion, Nara University of Education, Takabatake-cho, Nara 630–8528.

E-mail address: ichihara@nara-edu.ac.jp


