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Abstract. It is well-known that any pair of closed orientable 3-manifolds

are related by a finite sequence of Dehn surgeries on knots. Furthermore

Kawauchi showed that such knots can be taken to be hyperbolic. In this

article, we consider the minimal length of such sequences connecting a pair

of 3-manifolds, in particular, a pair of lens spaces.

1. Introduction

As a consequence of the famous Geometrization Conjecture raised by W.P.

Thurston in [22], all closed orientable 3-manifolds are classified as follows: They

should be; reducible (i.e., containing essential 2-spheres), toroidal (i.e., contain-

ing essential tori), Seifert fibered (i.e., foliated by circles), or hyperbolic man-

ifolds (i.e., admitting a complete Riemannian metric with constant sectional

curvature −1). See [20] for a survey.

Now, by the celebrated Perelman’s works [12, 13, 14], an affirmative answer

to this Geometrization Conjecture could be given. Beyond the classification,

one of the next directions in the study of 3-manifolds would be to consider

relationships between 3-manifolds. One of the important operations describing

such relationships must be Dehn surgery. This is an operation to create a new

3-manifold from a given one and a given knot in the following way: Take an

open tubular neighborhood of the knot, remove it, and glue a solid torus back.

It gives an interesting subject to study; because, for instance, it is known that

any pair of closed orientable 3-manifolds are related by a finite sequence of Dehn

surgeries on knots, proved by Lickorish [10] and Wallace [23] independently. See

also Fact 1 below.
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In this article, in terms of Dehn surgery on knots, we introduce a distance

between pairs of 3-manifolds. Furthermore, by considering the surgery on hy-

perbolic knots, another distance function is also defined, and we report the

study of its restriction on the set of lens spaces.

Throughout the article, for convenience, we set

M :=

 orientation preserving homeomorphism type

of connected closed orientable 3-manifolds


1.1. Surgical distance. First of all, for [M ], [M ′] ∈ M, we set

d([M ], [M ′]) := min

n

∣∣∣∣∣∣∣∣∣
[M ] = [M0] → [M1] → · · · → [Mn] = [M ′],

where [Mk] ∈ M for 1 ≤ k ≤ n, and

Mi+1 is obtained from Mi by Dehn surgery on a knot.


Then, as we cited above, the following is known:

Fact 1 (Lickorish [10], Wallace [23]). The function d : M×M → Z≥0 is well-

defined. That is, for any pair [M ], [M ′] ∈ M, there exists a finite sequence

[M ] = [M0], [M1], · · · , [Mn] = [M ′] ∈ M such that Mi+1 is obtained from Mi by

Dehn surgery on a knot.

In view of this, we give the following definition:

Definition 1. We call d : M×M → Z≥0 the surgical distance function.

Remark that, in [1], Auckly defined similar notion; “surgery number” of [M ] ∈

M. This is equal to d([S3], [M ]) in our definition. Also see [8, Problem 3.102].

Also remark that, by a Dehn surgery on a knot, the first betti number β1 of

a 3-manifold can be changed only by ±1. So d([M ], [M ′]) ≥ |β1(M) − β1(M
′)|

holds for [M ], [M ′] ∈ M. Thus it would be natural to ask:

Problem 1. For any given N > 0, can we find a pair [M ], [M ′] ∈ M such that

β1(M) = β1(M
′) but d([M ], [M ′]) ≥ N?

Here we collect several related known facts:

• All lens spaces have the first betti number at most one. And d([L], [L′]) =

1 for any lens spaces L,L′. See later for definitions of lens spaces.



• In [6], Gordon and Luecke showed d([S3], [M ]) > 1 if M is non-prime

without lens space summands. Thus we can obtain infinitely many 3-

manifolds M with β1(M) = β1(S
3) = 0 with d([S3], [M ]) > 1.

• In [1], Auckly found the first hyperbolic example [M ] ∈ M with β1(M) =

0 such that d([S3], [M ]) > 1.

As far as the authors know, there are no explicit examples of pairs of manifolds

for which the surgical distance is determined to be three or more.

1.2. Hyperbolic surgical distance. Next we consider Dehn surgery on hy-

perbolic knots, that is, the knots with exteriors admittable complete hyper-

bolic metric of finite volume. In fact, for [M ], [M ′] ∈ M, we set

dH([M ], [M ′]) := min


n

∣∣∣∣∣∣∣∣∣∣∣

[M ] = [M0] → [M1] → · · · → [Mn] = [M ′],

where [Mk] ∈ M for 1 ≤ k ≤ n, and

Mi+1 is obtained from Mi

by Dehn surgery on a hyperbolic knot.


One reason why we choose to consider hyperbolic knots is as follows: Fol-

lowing the classification of 3-manifolds, all knots are also classified into several

types. When one considers only knots in types of hyperbolic, the next was

established by Kawauchi using his “Imitation Theory”. See [7] for example.

Fact 2 (Kawauchi). dH : M × M → Z≥0 is well-defined. That is, for any

pair [M ], [M ′] ∈ M, there exists a finite sequence [M ] = [M0], [M1], · · · , [Mn] =

[M ′] ∈ M such that Mi+1 is obtained from Mi by Dehn surgery on a hyperbolic

knot.

By virtue of this, we have the following definition.

Definition 2. We call the function dH : M × M → Z≥0 the hyperbolic

surgical distance function.

Furthermore, Kawauchi showed the following:

Fact 3 (Kawauchi). For [M ], [M ′] ∈ M,

dH([M ], [M ′]) =

 1 or 2 if d([M ], [M ′]) = 1

d([M ], [M ′]) otherwise



It then seems to be natural to ask:

Problem 2. When can d([M ], [M ′]) 6= dH([M ], [M ′]) occur?

Concerning this question, there are several known facts. We collect them in

the following.

• d([S3], [L(p, q)]) = 1 and dH([S3], [L(p, q)]) = 2 if q is not a quadratic

residue modulo p ; i.e., x2 6≡ ±q mod p for any x. (Fintushel-Stern [3])

• dH([S3], [S2 × S1]) = 2, while d([S3], [S2 × S1]) = 1. (Gabai [4])

• d([S3], [L(p, q)]) = 1 and dH([S3], [L(p, q)]) = 2 if |p| < 9. In particu-

lar, d([S3], [RP 3]) = 1 and dH([S3], [RP 3]) = 2. (Kronheimer-Mrowka-

Ozsváth-Z. Szabó [9], Ozsváth-Szabó [15])

• For the Poincaré homology sphere P , d([S3], [P ]) = 1 and dH([S3], [P ]) =

2. (Ghiggini [5])

• A sufficient condition to be dH([S2×S1], [L]) = 2 for lens space L. (Lisca

[11])

Please remark that the references above are not perfect: The facts above

could be obtained mainly from the results in the references together with many

other facts.

2. On the set of lens spaces

In the rest of the article, we will concentrate on the set of lens spaces. We here

call a 3-manifold L ∈ M with Heegaard genus at most one (i.e., constructed

by gluing two solid tori) a lens space. Thus, in this article, we say that S3,

S2 × S1 and RP 3 are all lens spaces. Set

L := {orientation preserving homeomorphism type of lens spaces}

Note that d([L], [L′]) = 1 and dH([L], [L′]) ≤ 2 for any [L], [L′] ∈ L

Definition 3. For [L], [L′] ∈ L, we set

dH([L], [L′])L := min


n

∣∣∣∣∣∣∣∣∣∣∣

[L] = [L0] → [L1] → · · · → [Ln] = [L′],

where [Lk] ∈ L for 1 ≤ k ≤ n

Li+1 is obtained from Li

by Dehn surgery on a hyperbolic knot.





Problem 3. Can dH([L], [L′])L be well-defined for any [L], [L′] ∈ L? Equiva-

lently, for any pair [L], [L′] ∈ L, does there exist a finite sequence L1, · · · , Ln ∈

L such that Li+1 is obtained from Li by Dehn surgery on a hyperbolic knot.

Recall that: If dH([L], [L′]) = 1, then dH([L], [L′])L = 1 by definition. How-

ever dH([L], [L′])L ≥ dH([L], [L′]) = 2 in general.

Problem 4. Are there [L], [L′] ∈ L such that dH([L], [L′])L > dH([L], [L′])?

Equivalently, are there [L], [L′] ∈ L such that dH([L], [L′])L > 2?

3. Results

In this section, we will give our results concerning to Problem 2 and 4.

Recall that d([L], [L′]) = 1 and dH([L], [L′]) ≤ 2 for any [L], [L′] ∈ L. So

consider the question: For which [L], [L′] ∈ L, dH([L], [L′]) = 1?

Theorem 1 (I.-S.). For every [L] ∈ L, there exist an infinite family [L1], [L2], · · · ∈

L such that dH([L], [Li]) = 1 for any i.

Theorem 2 (I.-S.). For every N > 0, there exist a pair [L], [L′] ∈ L of types

(p, q) and (p′, q′) such that dH([L], [L′]) = 1 and |p − p′| = N .

Recall that if dH([L], [L′]) = 1, then dH([L], [L′])L = 1 by definition; however,

if dH([L], [L′]) = 2, then dH([L], [L′])L ≥ 2 in general. Consider the question:

For which [L], [L′] ∈ L, dH([L], [L′]) = dH([L], [L′])L = 2.

Theorem 3 (I.-S.). dH([S3], [S2 × S1]) = dH([S3], [S2 × S1])L = 2.

In fact, we could show that dH([L(64, 23)], [S3]) = 1 and dH([S2×S1], [L(64, 23)]) =

1. They are established by constructing explicit hyperbolic knots in L(64, 23)

and S2 × S1. The knot for the former is found from Berge’s work [2]. See also

the results of the second author in [17, 18, 19]. On the other hand, the other

comes from the examples of Yamada in [21].
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