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This talk is based on

• K. Ichihara and I.D. Jong

Cyclic and finite surgeries on Montesinos knots

Algebr. Geom. Topol. 9 (2009) 731–742.

Preprint version, arXiv:0807.0905.

• K. Ichihara, I.D. Jong and S. Mizushima

Seifert fibered surgeries on alternating Montesinos knots

in preparation.

I will mainly concern

the first one and my part of the second.

Two weeks later, Jong will give a talk

about the remaining part of the second.
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§0. Back grounds
3-dimensional manifold (3-manifold)

A topological space, which locally looks like

3-dimemsional Euclidean space.

Example: Our Universe
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Classification of 3-manifolds

Every closed orientable 3-manifold is;

• Reducible (containing essential 2-sphere),

• Toroidal (containing essential torus),

• Seifert fibered (foliated by circles), or

• Hyperbolic (admitting Riem.metric of curv.!1).

including famous Poincaré Conjecture (1904)

conjectured by Thurston (late ’70s)

established by Perelman (2002-03)
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What’s the NEXT?

• Attack the remaining Open Problems.

(e.g., Virtually Haken Conjecture,

“Heegaard genus VS rank of !1” problem, etc. . .)

• Relate Geometric & Topological invariants.

(e.g., Volume conjecture (for knots), etc . . .)

• Study the Relationships between 3-manifolds.

(e.g., degree one map, Dehn surgery, etc . . .)

(" Today!)
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Dehn Surgery

Let M be a closed orientable 3-manifold

and K a knot in M .

Dehn surgery
1) Remove a neighborhood of K from M ,

2) Gluing a solid torus back (along slope ")

Solid torus

3-mfd;M

K

Dehn surgery
(K, ")
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Thm. [Wallace (’60), Lickorish (’62)]

Every pair of closed orientable 3-manifolds

are related by a finite sequence of Dehn surgeries.

This gives “Network” on the set of 3-manifolds.

M
(K, slope)
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Surgery slope:

Dehn surgery on a knot K is determined

by slope " (i.e., isotopy class of simple closed curve)

on the peripheral torus T of K;

Solid torus; V

f

T

where " = [ f(meridian of V ) ]
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Remark

When the knot is in the 3-sphere S3 ,

by using a standard meridian-longitude system,

one can parametrize slopes by irreducible fractions.

i.e., {slope on T} 1:1#$
!

p
q

"

4
1 !1

3
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§1. Result (1) [Joint work with Jong]
Problem

On (hyperbolic) knots in S3,

determine all non-trivial Dehn surgeries producing

3-mfds with cyclic / finite fundamental groups.

We call such surgeries

cyclic surgeries / finite surgeries respectively.

Recall;

The trivial surgery = the surgery along 1/0

A hyperbolic knot = a knot with hyp. complement.
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Such surgeries would be very“ special”
% they would be severely restricted .

Known Facts:

· On non-hyperbolic knots,

such surgeries have been classified.

· On each hyperbolic knots;

Cyclic/Finite surgeries are at most THREE/FIVE

[Culler-Gordon-Luecke-Shalen]/[Boyer-Zhang]
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Here we consider Montesinos knots

A Montesinos knot K is called

a (a1, · · · , an)-pretzel knot, denoted by P (a1, · · · , an)

if the rational tangles in K are 1/a1,1/a2, · · · ,1/an.
11



We give a complete classification of

cyclic / finite surgeries on Montesinos knots.

Theorem 1

If a hyperbolic Montesinos knot K admits;

(i) a non-trivial cyclic surgery along ",

then K &= P (!2,3,7) and " = 18 or 19,

(ii) a non-trivial acyclic finite surgery ",

then K &= P (!2,3,7) and " = 17, or

K &= P (!2,3,9) and " = 22 or 23.
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Remark

[Watson]: for p ' {5,7, · · · ,25},
Surgery obstructions from Khovanov homology.

Preprint, arXiv:0807.1341v3.

(by using Khovanov homology)

[Futer-Ishikawa-Kabaya-Mattman-Shimokawa]:

a complete classification of finite surgeries on

(!2, p, q)-pretzel knots with p, q: odd positive.

Algebr. Geom. Topol. 9 (2009) 743–771.

Preprint version, arXiv:0809.4278v2.
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[Outline of Proof of Thm 1.]

K : a hyperbolic Montesinos knot

Fact 1. [Delman]
If K admits a cyclic / finite surgery,

then K is equivalent to either

P (!2#, p, q), P (!1,2n, p, q), or P (!1,!1,2m, p, q)

with # > 1, n (= 0, m > 1 & 3 ) p ) q: odd.

C. Delman, Preprint (unpublished, 1995).

“Constructing essential laminations and

taut foliations which survive all Dehn surgeries”
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[Delman]

Every hyperbolic Montesinos knot

except for the three families

admits an essential lamination in its exterior

surviving after all non-trivial Dehn surgeries.

Essential lamination (introduced by [Gabai-Oertel])

They showed that

if a 3-mfd. M contains an essential lamination,

then its universal cover must be R3.

In particular, !1(M) is never cyclic/finite.
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Case 1: P (!2#, p, q)

Fact 2. [Mattman]
If K admits a cyclic / finite surgery, then

K (&= P (!2#, p, q) with # > 1 & 3 ) p ) q: odd.

T.W. Mattman,

“Cyclic and finite surgeries on pretzel knots”,

J. Knot Theory Ramifications, 11(6):891–902, 2002.

KEY: Culler-Shalen norm (introduced and studied

mainly by [Culler-Shalen] and [Boyer-Zhang]);
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Consider the remaining cases.

% Use “Heegaard Floer homology”

——————————————–

Case 2: P (!1,2n, p, q)

Fact 3. [Ozsváth-Szabó]

if a knot K in S3 admits an integral Dehn surgery

yielding an L-space, then every non-zero coe!.

of the Alexander polynomial "K(t) is ±1.
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P. Ozsváth and Z. Szabó,

On knot Floer homology and lens space surgeries,

Topology 44 (2005), 1281–1300.

Here a rational homology sphere Y is an L-space

if the rank of #HF (Y ) is equal to |H1(Y ; Z)|.

In fact,

M has !1(M); cyclic / finite % M is an L-space

which is shown by [Ozsvath-Szabo].
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Alexander polynomial "K(t)

One of the “oldest” invariant in Knot Theory.

· J.W.Alexander defined in 1928 homologically

· Also he found it derived from the knot group

· combinatorial recursive formula (Conway,1970)

—————————————

Also related to;

deformation of representations of knot groups

representation of braid groups (Burau representation)

Reidemeister torsion (Milnor)

Casson invariant a2

Seiverg-Witten invariant, and, Heegaard Floer homology
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Suppose; P (!1,2n, p, q) with n (= 0 & 3 ) p ) q: odd

admits a cyclic/finite surgery.

Claim 1.

Let K be a knot in S3.

If p/q-surgery on K yields an L-space,

then p-surgery on K also yields an L-space.

By Claim 1. & Fact 3. ,

every non-zero coe#cient of "K(t) must be ±1.
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Notation & Normalization

· The j-th coe!. of "K(t) is denoted by ["K(t)]j.

Claim 2.

• If n ) !1, then ["K(t)]1 =

$
%&

%'

!4 if n = !1
!3 if n ) !2

• If n * 2, then ["K(t)]3 = 2.

• If n = 1 & 5 ) p ) q: odd, then ["K(t)]4 = !2.
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% (n, p) = (1,3).

i.e.,K = P (!1,2,3, q) &= P (!2,3, q) with q * 3:odd.

Then [Mattman] already showed:

Among such knots, only P (!2,3,7) & P (!2,3,9)

can have cyclic / finite surgeries,

and the surgery slopes are the ones in Thm. 1.
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Case 3: P (!1,!1,2m, p, q)

Fact 4. [Ni]

If a knot in S3 admits a surgery yielding L-space,

then it must be a fibered knot.

Y. Ni,

Knot Floer homology detects fibred knots,

Invent. math. 170 (2007), 577–608.

—————————————————

A knot is called fibered if its complement

is a fiber bundle over the circle.
23



Claim 3.

Any P (!1,!1,2m, p, q) is not fibered

with m > 1 and 3 ) p ) q: odd.

We use an algorithm to decide

which pretzel knot is fibered

developed by [Gabai].

This completes the proof of Thm 1.
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Remark (necessity of Claim 1)

On hyperbolic knots in S3,

• by Cyclic Surgery Theorem [CGLS],

all cyclic surgeries must be integral.

• however,

by Finite Surgery Theorem [Boyer-Zhang],

finite surgeries are only shown to be half-integral.

(Conjecture: it is actually integral)
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§2. Result (2) [Joint work with Jong & Mizushima]

{3-mfd with cyclic / finite fundamental group}
+ {Seifert fibered (foliated by circles)}

Therefore,

we consider Dehn surgeries on Montesinos knots

producing Seifert fibered 3-manifold.

(Seifert fibered surgery)

In Jong’s talk at July 23 ,

we will consider alternating Montesinos knots.
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Here we give a part of his main result;

Theorem 2

If a hyperbolic pretzel knot P (a, b, c)

(a, b, c: odd with 0 < a < b < c )

admits non-trivial Seifert fibered surgery,

then a = 3 or 5. Furthermore,

(i) if a = 5, then the slope r is ±1.

(ii) if a = 3 & b ) 11,

then the slope r is ±1,±2,±3.
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Outline of the proof for a ) 5

Prepare

ideal regular octahedron O

in hyperbolic 3-space H3

Truncate

all their ideal vertices.
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See the boundary pattern of O;

% flatten it onto the plane.

%

29



Take 4 copies of O, and glue them as follows:

We have a 6-component link complement.
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Modify the link complement: Add twists
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We get the complement of

L := P (a, b, c) with 3 trivial components;

T0

T1 T2 T3

... ... ...a b c
There are

4 boundary tori;

T0, T1, T2, T3
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Note that;

surgery on P (a, b, c) along slope r

= surgery on L along slopes r,1/0,1/0,1/0

Thus, it su#ces to check;

such surgery on L gives no Seifert fibered mfd.

Fact 5.(6-theorem)[Agol, Lackenby, 2000]

On the boundary tori, if the length of slopes > 6 ,

the surgery along the slopes gives hyperbolic mfd.
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Moduli of Ti ; Shapes of parallelograms

2 w0

6 w0

T0

· · ·

2 wi

2 wi

(n + 1)wi

Ti

1 ) i ) 3

n = a, b, c
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Claim 4.

We can take w0 = w1 = w2 = w3 = 1.

Then, if 6 ) a < b < c ,

slope 1/0 on Ti has length > 6 for 1 ) i ) 3.

Only remaining possibility is r = 0 when w = 1.

However, 0-surgery on P (a, b, c) with a, b, c: odd

cannot give Seifert fibered mfd. (I.-Motegi-Song)

This completes the proof of Thm 2. (a ) 5)
35


