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Abstract: Consider 3-dim. hyp. complete orthoschemes in B3 ⊂ R3 with the same base. Parametrize them by the “height”, i.e., how far the apex is from
the base. We prove that the volume attains maximal when the apex is ultraideal

1 Orthoschemes

An orthoscheme is an n-simplex |P0P1 · · ·Pn| that is a higher-dimensional gen-
eralization of a right-angled triangle.

• Example 1: 2-dim. orthoscheme |P0P1P2|;

– |P0P1|⊥ |P1P2|.

• Example 2: 3-dim. orthoscheme |P0P1P2P3|;

– |P0P1|⊥ |P1P2P3| and
– |P0P1P2|⊥ |P2P3|.

What we consider: hyperbolic |P0P1P2P3|⊂ B3 (projective model of H3).

2 Complete orthoschemes

Def (complete orthoscheme)✓ ✏
A complete orthoscheme in B3 is either

• an orthoscheme in the ordinary sense;
• an orthoscheme with ideal vertices P0 and/or P3;
• a polyhedron with truncation at P0 and/or P3.✒ ✑

Three types of complete orthoschemes (2-dim.)

3 The issue we consider

• 2-dim. case (easy to solve)

|P0P1P2|: complete 2-dim. orthoschemes;

• right angle at P1,
• |P0P1| fixed,
• |P1P2| extending (toward and beyond ∂B2).

Question (2-dim)✓ ✏
1. When is the max. of Area(|P0P1P2|) as the “length” of |P1P2|→ ∞?
2. Is it unique?✒ ✑
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Answers:

1. Maximal attains when P2 is ideal or ultraideal.
2. No, for some case.

• 3-dim. case (our main issue)

|P0P1P2P3|: complete 3-dim. orthoschemes;

• |P0P1P2| fixed,
• |P2P3| extending (toward ∂B3).

Question (3-dim)✓ ✏
1. When is the max. of Vol(|P0P1P2P3|) as the “length” of |P2P3|→ ∞?
2. Is it unique?✒ ✑

4 Main result

• Rr,θ (h): complete orthoscheme |P0P1P2P3|⊂ B3, where

– P0 = (r sinθ ,r cosθ ,0),
– P1 = (0,r cosθ ,0),
– P2 = (0,0,0),
– P3 = (0,0,h),

• Vr,θ (h): hyperbolic volume of Rr,θ (h).
Theorem✓ ✏
1. For ∀r > 0 and ∀θ ∈ (0,

π
2
) with r cosθ < 1, the volume function Vr,θ (h)

attains maximal for some h ∈ (1,+∞).
2. The maximal is unique for ∀r,∀θ .
3. The maximal is given before Rr,θ (h) becomes a Lambert cube (i.e.,

before vanishing P0P3).✒ ✑
5 Schläfli differential formula

Main tool for the proof: Schläfli differential formula for complete orthoschemes:
Schläfli differential formula for complete orthoschemes [Ke]✓ ✏

∂Vr,θ (h)
∂θi, j

=−1
2
ℓi, j for (i, j) = (0,1),(1,2),(2,3),

✒ ✑
where

• θi, j: hyperbolic dihedral angle between faces opposite to Pi and Pj,
• ℓi, j: length of PiPj in the following sense

– If Pi ∈ B3, take the point Pi.
– If Pi ∈ ∂B3, take a small horosphere centered at Pi.
– If Pi ∈ Ext(B3), take polar geodesic plane of Pi.
– Lambert cube case can be considered (detail omitted).

6 Outline of proof

1. Calculate
dVr,θ (h)

dh
by the Schläfli differential formula:

dVr,θ (h)
dh

=
∂Vr,θ (h)

∂θ0,1

dθ0,1

dh
+

∂Vr,θ (h)
∂θ1,2

dθ1,2

dh
+

∂Vr,θ (h)
∂θ2,3

dθ2,3

dh
.

2. Obtain the expression of
dVr,θ (h)

dh
for each combinatorial types of Rr,θ (h):

(a) Single frustums with ordinary vertex P0, i.e., 0 < r < 1.
(b) Single frustums with ideal vertex P0, i.e., r = 1.
(c) Double frustums or Lambert cubes, i.e., r > 1.

3. Since Vr,θ is strictly increasing on [0,1], prove lim
h↓1

dVr,θ (h)
dh

> 0 and we

have that Vr,θ attains maximal for some h ∈ (1,+∞).

4. The uniqueness of such h comes from the uniqueness of the solution of
dVr,θ (h)

dh
= 0 on (1,+∞).
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