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Montesinos knot :

A knot K in the 3-sphere S3 ob-

tained by connecting a number of

rational tangles in line

Assume that:

· the number of tangles ≥ 3

· all tangles are non-integral
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Boundary slope :

Let E(K) be the exterior of K.

Definition (Essential surface)
A properly embedded surface F

in E(K) is called essential if it

is incompressible and boundary-

incompressible.

Definition (Boundary slope)
The ∂-slope of F is defined as

the slope on ∂E(K) determined

by ∂F .
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Remark :

In the following, we assume that

all surfaces are orientable just for

simplifying the statements.

In fact, we have obtained general

results including non-orientable case.

Recall that :

If a meridian-longitude system for

K is fixed, a slope is represented

by a rational number or 1/0.

i.e.

{slope on ∂E(K)} 1:1←→ Q ∪ {1/0}
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(1) Denominator of ∂-slope

Let p/q be a ∂-slope of an essential

surface of genus g for K (q ≥ 1).

Facts.

(Gordon-Luecke)

If g = 0, then q = 1.

(Torisu)

For a composite knot, q ≤ g.

(Menasco-Thistlethwaite)

For an alternating knot, q ≤ g.

Theorem 1

If K is a Montesinos knot,

then

 q ≤ g + 1 (g = 0,1)
q ≤ 2g − 1 (g ≥ 2)
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(2) Distance between ∂-slopes

For slopes r, r′, we denote their distance

(geometric intersection number) by ∆(r, r′).

Fact [Culler-Shalen]

If K admits only two strict essen-

tial surfaces F1, F2 with ∂-slopes r1, r2,

then ∆(r1, r2) ≥ 2 −χ(Fi)
]∂F1·]∂F2

Let rM , rm be the maximal and minimal

∂-slopes for a Montesinos knot K.

Theorem 2

There exist essential surfaces FM , Fm

with ∂-slopes rM , rm such that

∆(rM , rm) ≥ 2
(
−χ(F1)

]∂F1
+ −χ(F2)

]∂F2

)
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(3) Difference between ∂-slopes

Let r1, r2 be ∂-slopes of essential

surfaces of genus g1, g2 for K.

Fact [Hass-Rubinstein-Wang]

If K is a hyperbolic knot,

then ∆(r1, r2) ≤ 43
4 g1 · g2.

We consider the difference |r1−r2|
(as rational numbers).

Theorem 3

If K is a Montesinos knot,

then |r1 − r2| ≤ 4 (g1 + g2)
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(4) Diameter of boundary slope set

Definition (Boundary slope set)
For K, the set of ∂-slopes is

called the boundary slope set BK.

Definition (Diameter of BK)

The diameter Diam(K) of BK is

defined as max{|r−r′| | r, r′ ∈ BK}

Fact (Culler-Shalen)

If K is a non-trivial knot,

then Diam(K) ≥ 2.
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Let Cr(K) denote the minimal cross-

ing number of K.

Proposition

If K is an alternating knot,

then 2 Cr(K) ≤ Diam(K).

Theorem 4

If K is a Montesinos knot, then

2 Cr(K)−6 ≤ Diam(K) ≤ 2 Cr(K).

Conjecture

In general, Diam(K) ≤ 2 Cr(K).

In particular, if K is alternating,

then 2 Cr(K) = Diam(K).
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Key of Proofs :

Algorithm by Hatcher and Oertel

can enumerate all boundary slopes

for a given Montesinos knot.

c.f.

Dunfield’s software

implements their algorithm.

10


