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§1
Definitions and Notation

M : a compact orientable 3-manifold

with single toral boundary

Def. a compact, connected surface

properly embedded in M is essential

if incompressible, and not boundary parallel.

F : an essential surface

(not necessarily orientable)

χ : Euler Characteristic of the essential surface F
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Def. boundary slope

An isotopy class of parallel simple closed curves

which appear as

boundary components of an essential surface.

Def. (numerical) boundary slope

A boundary slope is represented by

an irreducible fraction p/q or ∞.

r = p/q : (numerical) boundary slope

: the fraction p/q is assumed to be irreducible.
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Def. The number of sheets

is the number of pieces of surface F

in a small neighborhood of a point on K.

If small meridian circles of K meet F in m points,

the number of sheets is m.

]b : number of boundary components

]s : number of sheets

: ]s = ]b · q : number of boundary components
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∆(r1, r2) = |p1q2 − p2q1| for ri = pi/qi

: distance of two boundary slopes.

: not the distance in the strict sense.

: the geometric intersection number.

|r1 − r2| : difference of two boundary slopes
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Known result and conjecture

Thm.(Hass-Rubinstein-Wang)

Suppose that the interior of M admits a complete hyper-

bolic metric of finite volume. Then

∆ ≤ (2π)2

3.35

−χ1

]b1

−χ2

]b2

.
= 11.8

−χ1

]b1

−χ2

]b2
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Conj.(Kobayashi)

For the denominator q of a boundary slope,

q ≤




2g (for g ≥ 1)
g + 1 (otherwise)

.
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§2
Montesinos knot K(p1/q1, p2/q2, . . . , pn/qn)

: combination of rational tangles pi/qi.

: n denotes the number of tangles.

(throughout this presentation).

: we assume that n ≥ 3 and all fractions are not integral.

From now on, M is the knot complement S3\K of K.
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Algorithm by Hatcher and Oertel

: enumerates all boundary slopes

of given Montesinos knots.

: is based on Algorithm by Hatcher and Thurston

for two-bridge knots.

: seems to be algebraic or combinatorial.

(i) produces candidate surfaces.

(ii) verifies incompressibility of surfaces.

(iii) does not verify orientability of surfaces.
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Dunfield’s software

: implements Algorithm of Hatcher and Oertel.

: is available from

http://www.its.caltech.edu/˜dunfield/montesinos/

index.html

: is written in Python language.
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There are 7 files:

bdry run.py

gcd tools.py

montesinos.py

montesinos base.py

two bridge.py

two bridge bdry.py

montesinos bdry.py

These files need to be placed in the same directory.
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The software runs on various platforms including Unix,

Windows, Mac, etc. Though, other than the Python scripts,

you may have to install Python system on your computer.

: is available from

http://www.python.org/

You may have to modify some environmental variables.
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Usage:

· Dunfield’s software is CUI based.

· You have to use it on some terminal emulator like xterm

on Unix system or “DOS prompt” on Windows PC.

At the directory where .py scripts are placed, we can start

the interactive frontend by

> python bdry_run.py
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> python bdry_run.py
This program computes the boundary slopes of a Montesinos knot.
Written by Nathan Dunfield <nathand@math.harvard.edu>

Do you want to do a t)wo-bridge knot or a m)ontesinos knot?: m
Enter fractions describing a montesinos knot, e.g. 1/3 1/3 -1/3 : 1/3 1/3 -1/3
K(1/3, 1/3, -1/3) [-12, 0, 2]
More info: (slope, number of sheets, euler char)
[(-12, 1, -5), (0, 1, -1), (2, 2, -2)]
Do you want more information? (y/n): y

type I incompressible, u = 1/2, slope: 2, twist 4, sheets: 2, euler: -2
tangle: 0, r = -2, cr = 1, [1/2<0> + 1/2<1/3>, <1/3>]
tangle: 1, r = -2, cr = 1, [1/2<0> + 1/2<1/3>, <1/3>]
tangle: 2, r = -1, cr = 1, [<-1/2>, <-1/3>]

...

Another knot? (y/n): n
>
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We can perform calculation by simply giving parameters as

command line options with “montesinos bdry.py”

and “two bridge bdry.py”.

These are suitable for reconstruction.
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A sample of execution result

> python montesinos_bdry.py -f -1/2 1/3 1/5
K(-1/2, 1/3, 1/5) [0, 15]
More info: (slope, number of sheets, euler char)
[(0, 1, -7), (15, 2, 0)]
type I incompressible, u = 2/3, slope: 15, twist 1, sheets: 2, euler: 0
tangle: 0, r = 0, cr = 1, [2/3<-1/2> + 1/3<-1/2>]
tangle: 1, r = 0, cr = 1, [<1/3>]
tangle: 2, r = -4, cr = 1, [1/2<0> + 1/2<1/5>, <1/5>]

type III incompressible, u = 1/0, slope: 0, twist -14, sheets: 1, euler: -7
tangle: 0, r = 1, cr = 1, [<0>, <-1/2>]
tangle: 1, r = 1, cr = 1, [<1>, <1/2>, <1/3>]
tangle: 2, r = 1, cr = 1, [<1>, <1/2>, <1/3>, <1/4>, <1/5>]
>
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(a) base disks 〈0〉 (b) saddle 〈∞〉–〈0〉

(c) compound (1
2〈∞〉+ 1

2〈0〉)–〈0〉 (d) cap 1
2〈0〉+ 1

2〈0〉
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Roles of files

gcd tools.py

:Euclidean algorithm and fraction

montesinos base.py

:vertex,edgepath,branched surface

montesinos.py

:main part implementing Hatcher-Oertel algorithm.

two bridge.py

:main part implementing Hatcher-Thurston algorithm.
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Dunfield’s software is relatively easy to be reconstructed so

that it repeatedly performs calculation. By the modified

version, we execute calculation for many Montesinos knots

and collect results. Then we analyze the results.
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§3
We performed experiments about relation between

(0) ∆(r1, r2) – ((−χ1/]b1) + (−χ2/]b2))

(1) |r1 − r2| – ((−χ1/]s1) + (−χ2/]s2))

(2) q – (−χ/]b)

(a) Montesinos knot

(b) Pretzel knot
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For a Montesinos knot K,

Dunfield’s program gives the set of boundary slopes

with additional information about corresponding essential

surfaces.

For each pair of boundary slopes ri, rj

and corresponding essential surfaces Fi and Fj,

we calculate |ri − rj|, ∆(ri, rj), (−χ1/]b1) + (−χ2/]b2) and

(−χ1/]s1) + (−χ2/]s2).

Experiments are iteratively perform this process

for many Montesinos knots (or Pretzel knots).

By plotting data, we have graphs.
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(a)Montesinos knot K(p1/q1, p2/q2, p3/q3) (n = 3)

pi ∈ Z, qi ∈ N.

|pi| ≤ 7, 2 ≤ qi ≤ 7

pi/qi is not an integer.

pi/qi is an irreducible fraction.

K must be a knot.

(b)Pretzel knot K

Montesinos knot K(±1/q1,±1/q2,±1/q3) (n = 3)

qi ∈ N.

2 ≤ qi ≤ 20

K must be a knot.
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Results of experiments (0):

For Montesinos knot
The number of ...

Knots 95,952
Pair of slopes 10,094,494

For Pretzel knot
The number of ...

Knots 25,272
Pair of slopes 513,048
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Conclusion (of Experiment (0))

Any upper bound of ∆

by a function of (−χ1/]b1) + (−χ2/]b2) of dimension 1

seems to be impossible.
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Results of experiments (1):

For Montesinos knot
The number of ...

Knots 95,952
Pair of slopes 344,040

For Pretzel knot
The number of ...

Knots 25,272
Pair of slopes 102,492

Note: At least one of the two slopes is non-integral.
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Theorem 1. For boundary slopes of a Montesinos knot of

n ≥ 3,

|r1 − r2| ≤ 2 (
−χ1

]s1
+
−χ2

]s2
) + 4.

Remark: best possible

Corollary 1-a.

If both essential surfaces are orientable and of genus g1

and g2,

|r1 − r2| ≤ 4 (g1 + g2).
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Corollary 1-b.

∆(r1, r2) ≤ 2 (q2
−χ1

]b1
+ q1

−χ2

]b2
) + 4q1q2.

Corollary 1-c.

If both r1 and r2 are integer, then

∆(r1, r2) ≤ 2 (
−χ1

]b1
+
−χ2

]b2
) + 4.

Note: for two-bridge knots

for general knots
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For boundary slopes r1 = p1/q1 and r2 = p2/q2,

· the distance ∆(r1, r2) = |p1q2 − p2q1|
· the ratio −χ/]b

: suitable for geometric interpretation.

· difference |r1 − r2|
· the ratio −χ/]s

: natural from the viewpoint of the algorithm.
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The key of proof of Theorem. 1

· (i)The boundary slope r and (ii) the ratio −χ/]s are de-

scribed explicitly.

· a saddle contributes (i) ±2 to slope and (ii) −1 · ]s to

Euler characteristic.
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Results of experiments (2):

For Montesinos knot
The number of ...

Knots 95,952
slope 1,224,222

non-integral slope 30,624

For Pretzel knot
The number of ...

Knots 25,272
slope 146,532

non-integral slope 17,232
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Theorem 2.





q ≤ −χ
]b + 1

q ≤ −χ
]b ( if ]b = 1).

Remark: best possible

Corollary 2.

If F is orientable and of genus g,





q ≤ g + 1 (g = 0,1)
q ≤ 2g − 1 (g ≥ 2).
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The key of proof of (Theorem. 2)

· −χ/]s is large for surfaces with many saddles.

· A knot with many rational tangles. (n is large.)

· A surface for complicated knot.

(The knot includes a tangle with

long continued fraction expansion).

The bound is easily shown for these surfaces.

· We only have to check

for surfaces with relatively few saddles.

The bound is checked to be satisfied case by case.
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Conclusion

(i) Algorithm

(ii) Implementation

(iii) Experiments

(iv) Results

(v) Theorem(proof)

We think that computation effectively works in this study.
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Further study

· Geometric interpretation of the theorems(bounds).

· Experiments for other quantities.

· Extension to some wider class of knots.
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END
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Diagram on uv-plane

· 〈p/q〉 = ((q − 1)/q, p/q)

· 〈p/q〉 and 〈r/s〉 are connected

by an edge if |ps− qr| = 1.

· ((q − 1)/q, p/q) and (1, p/q) is connected

by an edge. (horizontal edge).

Edgepath : A sequence of tangles

Edgepath system : a set of n edgepaths
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condition of an edgepath and an edgepath system

(i)The starting point of an edgepath lies on a horizontal

edge for pi/qi, and if this starting point is not the vertex

〈pi/qi〉, then the edgepath is constant.

(ii)An edgepath is minimal, i.e., it never stops and retraces

itself, nor does it ever go along two sides of the same tri-

angle of the diagram in succession.

(iii)The ending points of the edgepaths are rational points

of the diagram which all lie on one vertical line and whose

vertical coordinates add up to zero.

(iv)An edgepath proceeds monotonically from right to left,

“monotonically” in the week sense that motion along ver-

tical edges is permitted.
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Three types of edgepath systems

For common u-coordinate of end points.

Type I : u > 0. Edgepaths are cut off according to

∑
v = 0.

Type II : u = 0. Vertical-edges are added.

Type III : u < 0. ∞-edges are added.
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