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§1. Preliminary

Notation

K : a knot in S3

E(K) : the exterior of K,

i.e., E(K) = S3 − open tubular nbhd of K

Definition (Essential surface)
An embedded surface F in E(K) is essential

if F is incompressible and ∂-incompressible.

Remark: Surfaces are not assumed to be orientable.
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Consider the behavior of

the boundary curves of essential surfaces.
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Consider the behavior of

the boundary curves of essential surfaces.

Definition (Boundary slope)
The ∂-slope of F is the slope determined by

boundary components of F .
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Consider the behavior of

the boundary curves of essential surfaces.

Definition (Boundary slope)
The ∂-slope of F is the slope determined by

boundary components of F .

If a meridian-longitude system on ∂E(K) is fixed,(
isotopy class of loop on ∂E(K)

)
7→

(
fraction p

q or 1
0

)
.

We call it a (numerical) slope.
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Fact (Hatcher)

∂-slopes are only finitely many.
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Fact (Hatcher)

∂-slopes are only finitely many.

Fact (Culler-Shalen)

There are at least two ∂-slopes.

For a knot K,

the set BK of non-meridional ∂-slopes

gives a finite non-empty subset of Q.
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Example 1.

Figure-eight knot : BK = {−4,0,4}, (Thurston).

Example 2.

Torus knot Tp,q : BK = {0, pq}, (Tsau).

Example 3.

K = 820: non-alternating knot

BK =
{
−10,0, 83

}
.
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§2. Previous Results
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§2. Previous Results

Let F1, F2 be essential surfaces in E(K)

with ∂-slopes R1, R2 respectively.
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§2. Previous Results

Let F1, F2 be essential surfaces in E(K)

with ∂-slopes R1, R2 respectively.

Thm. (Hass-Rubinstein-Wang, JDG, ’99)

If K is hyperbolic
43

4
·
−χ(F1)

#∂F1
·
−χ(F2)

#∂F2
> ∆(R1, R2)
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§2. Previous Results

Let F1, F2 be essential surfaces in E(K)

with ∂-slopes R1, R2 respectively.

Thm. (Hass-Rubinstein-Wang, JDG, ’99)

If K is hyperbolic
43

4
·
−χ(F1)

s(F1)
·
−χ(F2)

s(F2)
> |R1 − R2|

s(Fi) = ](Fi ∩meridian of K): the number of sheets
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Previous results.

(I. ’03-’04) If K is a hyperbolic knot,

6

−χ(F1)

s(F1)
+

−χ(F2)

s(F2)

 ≥ |R1 − R2|

If K is a two-bridge knot or a torus knot,

2

−χ(F1)

s(F1)
+

−χ(F2)

s(F2)

 + 4 ≥ |R1 − R2|

(I.-Mizushima ’04) If K is a Montesinos knot,

2

−χ(F1)

s(F1)
+

−χ(F2)

s(F2)

 + 4 ≥ |R1 − R2|
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Question.
Are there any lower bounds on |R1 − R2|
similar as above?
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Question.
Are there any lower bounds on |R1 − R2|
similar as above?

Answer No! in general.
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Answer No! in general.

Consider the maximal difference

between ∂-slopes for a knot K,

i.e., the diameter of BK.
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Definition
Diameter of BK means the difference

between the greatest and the least in BK.

Denote it by Diam(K) for a knot K.
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Definition
Diameter of BK means the difference

between the greatest and the least in BK.

Denote it by Diam(K) for a knot K.

Question

Can we obtain lower bounds on Diam(K)?

c.f.

Diam(K) ≥ 2 if K is non-trivial. (C-S)

Diam(K) ≥ 2cr(K) if K is alternating. (A, D-R)

9-b



§3. Experiments

To make a guess,

we did some Computer Experiments

by using Dunfield’s computer program:

available from

http://www.its.caltech.edu/˜dunfield/

The program is based on

the Algorithm by Hatcher and Oertel, and

detects all ∂-slopes for a given Montesinos knot.
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Precisely, we performed the following process

for Montesinos knots repeatedly:

Find the greatest and the least ∂-slopes R1, R2.

Find essential surfaces Fi with ∂-slope Ri.

Calculate R1 − R2 and
−χ(F1)

s(F1)
+

−χ(F2)

s(F2)
.

By plotting the obtained data, we have graphs.
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Find essential surfaces Fi with ∂-slope Ri.

Calculate R1 − R2 and −χ(F1)
s(F1)

+ −χ(F2)
s(F2)

.

By plotting the obtained data, we have graphs.
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Montesinos knot; K = M
(
p1
q1

, p2
q2

, p3
q3

)

Conditions:

• |pi| ≤ 7, 2 ≤ qi ≤ 7

• pi/qi is not an integer.

• pi/qi is an irreducible fraction.

• K must be a knot (not a link).

Set of three fractions 175,616

The number of Knots 95,952
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Consequently, we have:

Conjecture

For a Montesinos knot K,

there exist essential surfaces F1, F2

having the greatest and the least ∂-slopes

such that

Diam(K) ≥ 2

−χ(F1)

s(F1)
+

−χ(F2)

s(F2)
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§4. Result

Theorem (I.-Mizushima)

For a Montesinos knot K,

there exist essential surfaces F1, F2

having the greatest and the least ∂-slopes

such that

Diam(K) ≥ 2

−χ(F1)

s(F1)
+

−χ(F2)

s(F2)
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Proposition (I.-Mizushima)

For an alternating Montesinos knot K,

there exist essential surfaces F1, F2

having the greatest and the least ∂-slopes

such that

Diam(K) = 2

−χ(F1)

s(F1)
+

−χ(F2)

s(F2)

 + 4
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Outline of Proof (Easy case)

For a Montesinos knot K = M(T1, T2, . . . , Tn).

Embedded surface in E(K)
m

Edgepath system in D

Reference:

A. Hatcher and U. Oertel,

Boundary slopes for Montesinos knots,

Topology 28 (1989), no. 4, 453-480.
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Recall:

The diagram D is

certain subset of the space of

the measured laminations

on the 4-punctured sphere.

··
·

··
·

-

6

x

y

O
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Let

Γ1: monotonically increasing edgepath system

Γ2: monotonically decreasing edgepath system

for a Montesinos knot K.

Assume:
Both Γ1 and Γ2 corresponds to

some essential surfaces in E(K).

In this case, these surfaces actually give

the greatest and the least ∂-slopes for K.
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Recall :

For an essential surface F

corresponding to an edgepath system,

the twist τ (=“normalized” ∂-slope) is roughly

twice of the sum of signed lengths of edges,

the major part of −χ/]s is

the total sum of lengths of the edges.
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In fact, for essential surfaces corresponding to

monotonic edgepath systems, we have;

τ ≥ 2 ·
−χ(F )

s(F )

Thus, in this case,

|R1 − R2| = |τ1 − τ2|

= |τ1| + |τ2|

≥ 2

−χ(F1)

s(F1)
+

−χ(F2)

s(F2)
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Unfortunately surfaces coming from

edgepath systems are often inessential.

If the monotonic edgepath systems

correspond to inessential surfaces,

consider “nearly” monotonic edgepath systems

which correspond to essential surfaces,

and analyze them in detail...
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