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Seifert vs. slice genera of knots in twist families
and a characterization of braid axes

Kenneth L. Baker and Kimihiko Motegi

Abstract

Twisting a knot K in S3 along a disjoint unknot c produces a twist family of knots {Kn} indexed
by the integers. We prove that if the ratio of the Seifert genus to the slice genus for knots in a
twist family limits to 1, then the winding number of K about c equals either zero or the wrapping
number. As a key application, if {Kn} or the mirror twist family {Kn} contains infinitely many
tight fibered knots, then the latter must occur. This leads to the characterization that c is a
braid axis of K if and only if both {Kn} and {Kn} each contain infinitely many tight fibered
knots. We also give a necessary and sufficient condition for {Kn} to contain infinitely many
L-space knots, and apply the characterization to prove that satellite L-space knots have braided
patterns, which answers a question of both Baker–Moore and Hom in the positive. This result
also implies an absence of essential Conway spheres for satellite L-space knots, which gives a
partial answer to a conjecture of Lidman–Moore.
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1. Introduction

Let K be a knot in the 3-sphere S3. The Seifert genus of K, g(K), is the minimal genus of
a connected, orientable surface that is embedded in S3 and bounded by K. Regarding S3 as
the boundary of the 4-ball B4, the (smooth) slice genus of K, g4(K) is the minimal genus of a
connected, orientable surface that is smoothly, properly embedded in B4 and bounded by K.
Observe that g4(K) � g(K).

Now take an unknot c in S3 disjoint from K. The winding number of K about c, ω =
windc(K) = |lk(K, c)|, is the absolute value of the algebraic intersection number of K and a
disk bounded by c, (that is, the absolute value of the linking number). The wrapping number
of K about c, η = wrapc(K), is the minimal geometric intersection number of K and a disk
bounded by c. Observe that 0 � windc(K) � wrapc(K).

Performing (−1/n)-surgery on c causes K to twist n times along a disk bounded by c,
producing a twist family of knots {Kn}n∈Z. When windc(K) = wrapc(K), there is a disk
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bounded by c that K intersects in a single direction. In this case we say that c links K
coherently and that {Kn} is a coherent twist family.

When wrapc(K) � 1, then c is either a meridian of K or split from K so that K = Kn for
all n. However, when wrapc(K) > 1, then {Kn} contains infinitely many distinct knots, and
g(Kn) = g4(Kn) = 0 occurs for at most two integers n; see [36, 42].

1.1. Comparison of Seifert genera and slice genera of knots under twisting

Since g(K) � g4(K) � 0 for any knot K, the discrepancy between the Seifert and slice genera of
knots in twist families may be measured in terms of the behavior of their ratio g(Kn)/g4(Kn).
(Regard N/0 as ∞ for numbers N > 0.)

Theorem 1.1. (i) For any twist family {Kn} with η > 1 and ω > 0, limn→∞
g(Kn)
g4(Kn) = r

where 1 � r ∈ Q ∪ {∞}.
(ii) For any 1 � r ∈ Q ∪ {∞}, there exists a twist family {Kn} with η > 1, ω > 0 which

satisfies limn→∞
g(Kn)
g4(Kn) = r.

We will establish this theorem in Section 4. The proof of the first assertion requires an
understanding of behaviors of both Seifert genera and slice genera under twisting. For the
second assertion we will give explicit examples with the desired property.

When ω = 0, part (ii) of Theorem 1.1 still holds. However, it is unclear whether the limit in
part (i) is defined. See Proposition 4.4 and Question 2.3.

When the Seifert genus and the slice genus are asymptotically same (or alternatively when
their difference is bounded infinitely often), we find a strong restriction on the linking between
c and K.

Theorem 1.2. Let {Kn} be a twist family of knots obtained by twisting K along c.
If either

(i) there exists a constant C � 0 such that g(Kn) − g4(Kn) � C for infinitely many integers
n, or

(ii) g(Kn)/g4(Kn) → 1 as n → ∞ or n → −∞,

then either windc(K) = 0 or c links K coherently.

For winding number 0 twist families, K has a Seifert surface that does not intersect c.
Therefore g(Kn) is bounded above, and hence so is g4(Kn). Thus the converse to Theorem 1.2(i)
holds. However, it is simple to create examples of winding number 0 twist families for which
the converse of Theorem 1.2(ii) fails, see Proposition 4.4. On the other hand, for coherent twist
families, we have a full converse when we discard trivialities. If c links K coherently at most
once (so that c is either a meridian or split from K), then Kn = K for all n and the converse
to Theorem 1.2(i) always holds with C = g(K) − g4(K), while the converse to (ii) holds only
when g(K) = g4(K).

Theorem 1.3. Let {Kn} be a twist family of knots obtained by twisting K along c.
If c links K coherently at least twice, then both

(i) there exists constants C+, C− � 0 such that g(Kn) − g4(Kn) = C± for sufficiently large
integers ±n, and

(ii) g(Kn)/g4(Kn) → 1 as |n| → ∞.
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Figure 1 (colour online). windc(K) = 0 and Kn bounds a quasipositive Seifert surface for
n < 0; here n = −2.

Since ω = η > 1 in this theorem, g(Kn) → ∞ as |n| → ∞ by [5, Theorem 2.1]. Hence (i)
implies (ii).

Furthermore, when c links K coherently, the knots Kn with n sufficiently large have minimal
genus Seifert surfaces that are the Murasugi sum of a fixed surface with fibers of torus links.

Theorem 1.4. Let {Kn} be a twist family in which c links K coherently ω > 0 times. Then
there is an integer n0 such that for all n > n0, a minimal genus Seifert surface of Kn may be
obtained as a Murasugi sum of a minimal genus Seifert surface for Kn0 and the fiber surface
for the (ω, (n− n0)ω + 1)-torus knot.

Remark 1.5. An analogous result in knot Floer homology for the case ω = 2 is treated in
[39, Theorem 1.3].

1.2. Strongly quasipositive knots and tight fibered knots

Briefly, a knot in S3 is strongly quasipositive if it is the boundary of a quasipositive Seifert
surface, a special kind of Seifert surface obtained from parallel disks by attaching positive
bands in a particular kind of braided manner; see the leftmost picture in Figure 1 for a quick
reminder or [56] for more details and context. We say a fibered knot in S3 is tight if, as an
open book for S3, it supports the positive tight contact structure on S3. Hedden proved that
tight fibered knots are precisely the fibered, strongly quasipositive knots [28, Proposition 2.1]
(see also [1, Theorem 3.1]).

The above theorems allow us to determine structure in twist families for which the Seifert
genus equals the slice genus for infinitely many of the knots. For instance, Theorem 1.2 almost
immediately yields the following corollary about strongly quasipositive knots and tight fibered
knots (that is, fibered strongly quasipositive knots).

Given a twist family {Kn}, its mirrored twist family {Kn} is regarded as follows. We first
take the mirror K ∪ c of the link K ∪ c whose components are the mirrored knots K and c,
and apply (−n)-twists to K along c to obtain a twist family {K−n}. Then {Kn} = {K−n}.

Corollary 1.6. Let {Kn} be a twist family of knots obtained by twisting K along c such
that c is neither split from K nor a meridian of K.
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(i) If {Kn} or its mirror {Kn} contains infinitely many strongly quasipositive knots, then
either windc(K) = 0 or c links K coherently.

(ii) If {Kn} or its mirror {Kn} contains infinitely many tight fibered knots, then c links K
coherently.

Proof. If Kn (respectively, Kn) is a strongly quasipositive knot, then g(Kn) = g4(Kn)
(respectively, g(Kn) = g4(Kn)) [41, Theorem 4], and (i) immediately follows from Theorem 1.2.
For the second assertion, in addition to Theorem 1.2, [5, Theorem 3.1] is also needed to show
windc(K) �= 0 when the twist family contains infinitely many tight fibered knots. �

Example 1.7. Let K be a strongly quasipositive knot which bounds quasipositive Seifert
surface F . Take an unknot c as in Figure 1 which bounds a disk intersecting one of the positive
bands of F in a spanning arc. Then windc(K) = 0, but n-twisting along c makes F into a
quasipositive Seifert surface of Kn for any non-positive integer n, see Figure 1. Thus Kn is
a strongly quasipositive knot if n � 0. One may construct further examples using Rudolph’s
‘braidzel’ surfaces [55].

Theorem 1.4 enables us to further refine the above statement for tight fibered knots.

Theorem 1.8. Let {Kn} be a twist family of knots obtained by twisting K along c such
that c is neither split from K nor a meridian of K. If Kn is a tight fibered knot for infinitely
many integers n, then c links K coherently and there is a constant N such that

(i) Kn is tight fibered for every n � N and
(ii) Kn is tight fibered for only finitely many n < N .

Pushing these ideas further, we obtain a characterization of when the twisting circle c is
actually a braid axis for the twist family {Kn}.

Theorem 1.9. Let {Kn} be a twist family obtained by twisting a knot K along an unknot
c that is neither split from K nor a meridian of K. Then c is a braid axis of K if and only if
both Kn and K−n are tight fibered for sufficiently large n.

1.3. L-space knots

Recall that an L-space is a closed, compact, connected, oriented rational homology sphere
3-manifold with ‘minimal Heegaard Floer homology’ [49]. In this paper, we say a knot K in S3

is an L-space knot if r-surgery on K produces an L-space for some slope r �= ∞ (so r is not the
meridional slope and necessarily not 0). We will say that K is a positive or negative L-space
knot according to the sign of r; only the unknot is both a positive and negative L-space knot.

Since every positive L-space knot is a tight fibered knot [28, Proposition 2.1] with
[18, 35, 45, 46], Corollary 1.6(ii) and Theorem 1.8 apply to positive L-space knots as well.
Furthermore, we can confirm the intuition that L-space knots resulting from sufficiently
large positive twistings are indeed positive L-space knots. Theorem 1.10 below answers
[5, Question 7.2] in the positive and also improves [5, Corollary 1.9 and Theorem 1.11].
Furthermore Theorem 1.10, together with [5, Theorem 1.4], settles [5, Conjecture 1.3] in the
positive.

Theorem 1.10. Let {Kn} be a twist family of knots obtained by twisting K along c such
that c is neither split from K nor a meridian of K. If Kn is an L-space knot for infinitely many
integers n > 0 (respectively, n < 0), then
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(i) c links K coherently and
(ii) there is a constant N such that Kn is a positive (respectively, negative) L-space knot

for all integers n � N (respectively, n � N).

Furthermore, as a consequence of Theorem 1.9, the first assertion of Theorem 1.10 can be
sharpened if Kn is an L-space knot for both infinitely many positive integers n and infinitely
many negative integers n.

Corollary 1.11. Let {Kn} be a twist family that contains infinitely many L-space knots.
If Kn is an L-space knot for infinitely many integers n > 0 and infinitely many integers n < 0,
then the twisting circle c is a braid axis for K or K ∪ c is the unlink.

The second assertion of Theorem 1.10 will follow from Theorem 1.13 below which relates
L-space surgeries and limits of twist families. Given a twist family of knots {Kn} obtained by
twisting a knot K along an unknot c, we can also consider the limit knot K∞ = limn→∞ Kn.
To make this more precise, consider that Kn is the image of K upon (−1/n)-surgery on c.
Since 0 = limn→∞(−1/n), we define K∞ to be the image of K upon 0-surgery on c. Hence,
the limit knot K∞ is a knot in S1 × S2. A slope r on K similarly yields a slope rn on Kn

and a slope r∞ on K∞. In particular, the manifold K∞(r∞) which arises as the limit of the
manifolds Kn(rn) is the manifold obtained by (r, 0)-surgery on K ∪ c. If r is not a meridional
slope on K, then r∞ is not a meridional slope on K∞ neither.

We will also say a knot K∞ ⊂ S1 × S2 is an L-space knot if some Dehn surgery on K∞
produces an L-space. An L-space knot K in S1 × S2 enjoys the following remarkable properties.

Remark 1.12. Assume that K∞ is an L-space knot in S1 × S2. Then

(i) the exterior of K∞ is a ‘generalized solid torus’ so that every non-trivial surgery on K∞
is an L-space [19, 52], and

(ii) K∞ is a spherical braid, it may be isotoped in S1 × S2 to be transverse to each of the
S2 fibers [47, 52].

Theorem 1.13. Let {Kn} be a twist family of knots obtained by twisting K along c.

(i) If K = K0 is an L-space knot with L-space surgery slope r and K∞ is an L-space
knot, then
(a) Kn is a positive L-space knot for all n � 0 if r > 0 and
(b) Kn is a negative L-space knot for all n � 0 if r < 0.

(ii) If Kn is an L-space knot for infinitely many integers n, then K∞ is an L-space knot.

Since the unknot is both a positive and a negative L-space knot, we obtain the following
corollary from Theorem 1.13 and Theorem 1.9.

Corollary 1.14. Let K ∪ c be a non-trivial link of two unknots. Let {Kn} be the twist
family of knots obtained by twisting K along c, and let {cn} be the twist family of knots
obtained by twisting c along K. Then either {Kn} and {cn} each contain only finitely many
L-space knots, or

(i) c is a braid axis for K,
(ii) K is a braid axis for c,
(iii) Kn is an L-space knot for all integers n, and
(iv) cn is an L-space knot for all integers n



1498 KENNETH L. BAKER AND KIMIHIKO MOTEGI

Proof. Assume that {Kn}, say, contains infinitely many L-space knots. Then Theo-
rem 1.13(ii) implies that K∞ is an L-space knot in S1 × S2. Since K = K0 is an unknot,
Theorem 1.13(i) then implies that Kn is an L-space knot for all integers n (a positive L-space
knot for n � 0 and a negative L-space knot for n � 0) from which Corollary 1.11 implies that
c is a braid axis for K.

Because K∞ is an L-space knot in S1 × S2 obtained as the image of K after 0-surgery on c,
(K ∪ c)(0, 0) is an L-space; see Remark 1.12(i). Thus the knot c∞, obtained as the image of c
after 0-surgery on K, is also an L-space knot in S1 × S2. Since c = c0 is an unknot, applying
Theorem 1.13(i) to the twist family {cn} implies that cn is an L-space knot for all integers n
from which Theorem 1.9 implies that K is a braid axis for c. �

A link of two unknots in which each component is a braid axis for the other is called
exchangeably braided [43]. So Corollary 1.14 above shows that if a twist family {Kn} obtained
by twisting an unknot K = K0 about an unknot c contains infinitely many L-space knots,
then K ∪ c is exchangeably braided. For a given integer � > 0, [43, Corollary 1.2] shows that
there are only a finite number of exchangeably braided links with linking number �. Hence the
unknot K has only finitely many twisting circles c (up to isotopy) with ω = � each of which
provides a twist family {Kn} consisting of L-space knots. Note that (1) for each � � 3, we can
take such a twisting circle c so that ω = � and K ∪ c is a hyperbolic link, and (2) the number
of such circles c can be made arbitrarily large for suitably large �. See [44, Propositions 7.1
and 7.2].

Remark 1.15. For an exchangeably braided link of unknots K ∪ c, the twist family {Kn}
need not contain infinitely many L-space knots. For example, let K be the closure of the 4-
string braid σ1σ3σ

−1
2 with c as its braid axis. Since the link K ∪ c is a two-bridge link, there

is an ambient isotopy of the link that interchanges K and c. Hence K is also a braid axis for
c and K ∪ c is an exchangeably braided link of unknots. However, as one may compute, K1 is
the closure of a positive braid with genus 5 and Alexander polynomial 1 − t + t3 − 2t4 + 3t5 −
2t6 + t7 − t9 + t10. Hence K1 is not an L-space knot due to the coefficients of its Alexander
polynomial [49]. By Corollary 1.14, this means {Kn} and {cn} contain only finitely many
L-space knots.

Remark 1.16. Having an unknot in a twist family is not a requirement for the family
to consist of only L-space knots. Indeed, many twist families of torus knots contain no
unknots. One may also readily construct twist families of 1-bridge braids that do not contain
an unknot, and these are all L-space knots [22]. The second author has even constructed
a twist family of (mutually distinct) hyperbolic L-space knots with tunnel number two
[44, Theorem 8.1(1)].

In Section 7, we will apply Corollary 1.11 to prove Theorem 1.17, though phrased slightly
different for its presentation here. For details, see Section 7.

Theorem 1.17. Any satellite L-space knot K is a braided satellite, meaning that K is a
closed braid in a companion solid torus.

1.4. Unknotting number

We develop Theorem 1.18 to gain control on the slice genus of knots in twist families for the
proof of Theorem 2.5.
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Figure 2 (colour online). Kn has unknotting number at one for all integers n.

Theorem 1.18. Let {Kn} be a twist family with winding number ω. There exist constants
C and C ′ such that

C + nω(ω − 1) � 2g4(Kn) � C ′ + nω(ω − 1)

for n > 0.

However, since the unknotting number u(K) of a knot K is bounded below by its slice genus
g4(K), this immediately informs us about the growth of unknotting number for twist families
of knots with ω � 2.

Corollary 1.19. Let {Kn} be a twist family of knots obtained by twisting K along c with
windc(K) � 2. Then u(Kn) → ∞ as n → ∞.

Proof. It follows from Theorem 1.18 that C + nω(ω − 1) � 2g4(Kn) for some constant C.
Hence g4(Kn) tends to ∞ as n → ∞. Since the unknotting number u(K) of a knot K is bounded
below by the slice genus g4(K), we have the desired conclusion. �

In contrast, there are twist families of knots with ω = 0 and others with ω = 1 for which the
unknotting number is bounded.

Example 1.20. For the twist family of knots {Kn} obtained from the Whitehead link K ∪ c,
one readily sees that u(K0) = 0, while u(Kn) = 1 otherwise.

Example 1.21. Let us consider a knot K and a twisting circle as depicted on the left of
Figure 2 with windc(K) = 1. Performing a crossing change at the crossing indicated by ∗ on
the right of the figure, we obtain the trivial knot for any integer n. Hence u(Kn) � 1 for all
integers n.

1.5. Organization and notation of the paper

We assemble constraints on the Seifert and slice genera of knots in twist families and then
prove Theorem 1.2 in Section 2. In Section 3, we refine our understanding of this for coherent
twist families and prove Theorems 1.3 and 1.4. Then we pull these together in Section 4 to
prove Theorem 1.1.

In Section 5, we examine twist families of tight fibered knots and build to a proof of
Theorem 1.9 that characterizes braid axes. Since L-space knots are tight fibered knots, this
leads us to the discussion in Section 6 of L-space knots in twist families and our contribution
to the study of satellite L-space knots in Section 7.

Throughout the paper we will use N(∗) to denote a tubular neighborhood of ∗ and use N (∗)
to denote the interior of N(∗) for notational simplicity. For a twist family {Kn} obtained by
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twisting a knot K along an unknot c, we will often use the abbreviations ω = windc(K) =
|lk(K, c)| for the winding number of K about c and η = wrapc(K) for the wrapping number
of K about c.

2. Seifert genus and slice genus of knots in twist families

The goal in this section is to establish Theorem 1.2. We will prove the theorem under slightly
stronger conditions on the signs of n as presented below; though, by considering the mirrored
twist family {Kn} = {K−n} of {Kn}, we obtain the result stated in Section 1. The proof will
follow from Theorem 2.1 and Theorem 1.18 which are also proven in this section.

Theorem 1.2. Let {Kn} be a twist family of knots obtained by twisting along c. Suppose
that we have one of the following:

(i) there exists a constant C such that g(Kn) − g4(Kn) � C for infinitely many integers
n > 0.

(ii) g(Kn)/g4(Kn) → 1 as n → ∞.

Then either windc(K) = 0 or c links K coherently.

Among disks bounded by c in S3, let D̂ be one for which η = |K ∩ D̂| > 0 is minimized,
that is, η is the wrapping number of K about c and the intersection number of K with D̂
realizes wrapc(K). Observe that η � ω and c bounds a disk that K links coherently exactly
when η = ω. More explicitly, K and D̂ may be oriented so that K has ω + d positive and d
negative intersections with D̂ where 2d = η − ω.

Let E = S3 −N (K ∪ c) be the exterior of the link K ∪ c and set D = D̂ ∩ E. Denote the
Thurston norm on H2(E, ∂E) by x [60]. Since D̂ is intersected η times by K, x([D]) � η − 1.
On the other hand, since ∂[D] = [∂D] = ωμK + λc ∈ H1(∂E) (where μK is a meridian of K
and λc is a preferred longitude of c), we have ω − 1 � x([D]). Thus ω − 1 � x([D]) � η − 1
unless c is split from K so that D is an unpunctured disk.

Theorem 2.1 [6, Theorem 5.3]. There is a constant G = G(K, c) such that 2g(Kn) = 2G +
nωx([D]) for sufficiently large n > 0.

Here we obtain a similar estimate on the slice genus of all knots in the twist family. Recall
that g4(K) denotes the slice genus (4-ball genus) of a knot K. Similarly, for an oriented link L,
let g4(L) denote the slice genus of L: the minimal genus of a connected, oriented surface that
is smoothly, properly embedded in B4 whose boundary (with induced orientation) is L.

Theorem 1.18. Let {Kn} be a twist family with winding number ω. There exist constants
C and C ′ such that

C + nω(ω − 1) � 2g4(Kn) � C ′ + nω(ω − 1)

for n > 0.

To prove Theorem 1.18, we will prove Propositions 2.2 and 2.4 below, which give an upper
bound and a lower bound of g4(Kn), respectively.

Proposition 2.2. For each pair of integers m,n,

2|g4(Kn) − g4(Km)| � |n−m|ω(ω − 1) + (η − ω).
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Figure 3 (colour online). The construction for the proof of Proposition 2.2 is illustrated with
ω = 3, η = 7, d = 2. The left side shows a sequence of bandings and disk cancelations of split
unknots that takes the knot Kn to the split link of the knot Km and the torus link Tω,(n−m)ω.

The right side depicts the associated cobordism in S3 × [0, 1] and slice surface Sn,m in B4. Here
the saddle points corresponding to the bandings are indicated with dots. (Note that for each saddle
in the top row, one descending trajectory actually meets Km and the other meets a component
of Tη,(n−m)η. The points where the ascending trajectories from each of these saddles meet Kn are
not linked with the points from others.)

In particular, setting 2G4 = 2g4(K0) + η − ω, we have

2g4(Kn) � 2G4 + |n|ω(ω − 1).

Proof. Choose an orientation on K and thus on the knots Kn. View Kn as the result of
(n−m) twists of Km about c. Then a sequence of η oriented bandings separates Kn into
the split link Km 
 Tη, (n−m)η as indicated by the topmost bands in Figure 3. (We denote the
(p, q)-torus link by Tp,q. Recall that Tp,q has gcd(p, q) components.) Since each oriented banding
may be viewed as giving a saddle surface in S3 × [0, 1], this shows that Kn is cobordant to
Km 
 Tη, (n−m)η by a planar surface P with η + 2 boundary components.

The torus link Tη, (n−m)η has the orientation induced from Kn by the bandings; namely,
ω + d components run in one direction, while d components run in the other, where 2d = η − ω.
Thus, there are d pairwise disjoint annuli each of which is cobounded by a pair of components of
Tη, (n−m)η with opposite orientations. Take a band on each annulus which connects boundary
components, and apply a sequence of oriented bandings to separate Tη, (n−m)η into the split link
Tω, (n−m)ω 
 [d-component trivial link]. Each oriented banding corresponds to a saddle surface
in S3 × [0, 1], which gives a cobordism from Tη, (n−m)η to the split union of the coherently
oriented torus link Tω, (n−m)ω and d-component trivial link. Then capping off the d-component
trivial link by disks, we obtain a cobordism from Tη, (n−m)η to the coherently oriented torus
link Tω, (n−m)ω. See Figure 3. Let Fω, (n−m)ω be the fiber surface of Tω, (n−m)ω. Then following
[10, § 4.2] we have:

g4(Tω, (n−m)ω) = g(Fω, (n−m)ω) =
(ω − 1)(|n−m|ω − 1) + 1 − ω

2
=

|n−m|ω(ω − 1)
2

+ 1 − ω.
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Also let Sm be a slice surface for Km such that g(Sm) = g4(Km). Then we construct a surface
Sn,m bounded by Kn by attaching Sm, Fω, (n−m)ω, and d annuli to P as in Figure 3. Since
Fω, (n−m)ω is a connected surface with ω boundary components, one readily calculates that

g(Sn,m) = g(Sm) +
(
g(Fω, (n−m)ω) + (ω − 1)

)
+ d

= g4(Km) +
|n−m|ω(ω − 1)

2
+ d.

So then

2g4(Kn) � 2g(Sn,m) = 2g4(Km) + |n−m|ω(ω − 1) + 2d.

Viewing Km as the result of m− n twists on Kn about c, the above argument also shows that

2g4(Km) � 2g4(Kn) + |m− n|ω(ω − 1) + 2d.

The claimed result follows from these two inequalities. �

Question 2.3. By Proposition 2.2, for a twist family {Kn} with ω � 1, the sequence
{g4(Kn)} is bounded. Must g4(Kn) be constant except for finitely many n ∈ Z?

Using the Rasmussen invariant of knots [51], we now obtain a lower bound on g4(Kn)
analogous to the upper bound obtained in Proposition 2.2. Recalling that Beliakova and Wehrli
[7] extended the Rasmussen invariant of knots [51] to oriented links, let s(L) denote the
Rasmussen invariant of an oriented link L.

Proposition 2.4. Let {Kn} be a twist family with winding number ω and wrapping number
η. For integers n � m,

(n−m)ω(ω − 1) − 2η � s(Kn) − s(Km).

Consequently, for n � 0,

s(K0) − 2η + nω(ω − 1) � 2g4(Kn).

Proof. Set d so that 2d = η − ω. As constructed in Proposition 2.2, there is a connected
planar surface P giving a cobordism from Kn to Km 
 Tη, (n−m)η where Tη, (n−m)η has d
components running in one direction and ω + d running in the other. Since |∂P | = η + 2,
−χ(P ) = η. Therefore [7, Equation (7.1)] gives

|s(Km 
 Tη, (n−m)η) − s(Kn)| � η.

Since s(L1 
 L2) = s(L1) + s(L2) − 1 by [7, Equation (7.2)], we obtain

|s(Km) − s(Kn) + s(Tη, (n−m)η) − 1| � η

and hence

s(Tη, (n−m)η) − 1 − η � s(Kn) − s(Km). (	)

Now d bandings of pairs of anti-parallel components of Tη, (n−m)η produces a weak cobordism
A (composed of straight annuli and d pairs of pants) to the split link Tω, (n−m)ω 
 Ud with
−χ(A) = d. (Here Ud is the d-component trivial link.) Hence, using [7, Equations (7.1) & (7.2)]
again along with the computations s(Ud) = 1 − d of [7, §7.1] and s(Tω, (n−m)ω) = (ω − 1)((n−
m)ω − 1) of [10, §4.2], we obtain
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|s(Tω, (n−m)ω 
 Ud) − s(Tη, (n−m)η)| � d,

|s(Tω, (n−m)ω) + s(Ud) − 1 − s(Tη, (n−m)η)| � d,

|(ω − 1)
(
(n−m)ω − 1

)
+ (1 − d) − 1 − s(Tη, (n−m)η)| � d,

so that

(ω − 1)
(
(n−m)ω − 1

)− 2d � s(Tη, (n−m)η),

(n−m)ω(ω − 1) + 1 − η � s(Tη, (n−m)η).

Therefore, with (	) we obtain

(n−m)ω(ω − 1) − 2η � s(Kn) − s(Km)

as claimed. Put m = 0 and use s(Kn) � 2g4(Kn) [51, Theorem 1] to obtain the second
conclusion. �

Proof of Theorem 1.18. When n > 0, Propositions 2.2 and 2.4 give

s(K0) − 2η + nω(ω − 1) � 2g4(Kn) � 2G4 + nω(ω − 1).

Putting C = s(K0) − 2η and C ′ = 2G4, each of which is independent of n, we obtain the
desired result. �

Combining Theorems 2.1 and 1.18, we obtain:

Theorem 2.5. Suppose that ω = windc(K) � 1. Then we have:

(i) if ω = 1 but η > 1, then limn→∞
g(Kn)
g4(Kn) = ∞;

(ii) if ω > 1, then limn→∞
g(Kn)
g4(Kn) = x([D])

ω−1 .

Proof. (i) Under the assumption, Theorem 2.1 shows g(Kn) → ∞ as n → ∞, while
Proposition 2.2 shows that g4(Kn) is bounded above. This gives the desired result.

(ii) For suitably large integers n, Theorem 2.1 shows that 2g(Kn) = 2G + nωx([D]) for some
constant G. When n > 0, Theorem 1.18 gives

C + nω(ω − 1) � 2g4(Kn) � C ′ + nω(ω − 1),

where the left-hand side is positive for suitably large n. Hence, for such large n, we have

2G + nωx([D])
C ′ + nω(ω − 1)

� g(Kn)
g4(Kn)

� 2G + nωx([D])
C + nω(ω − 1)

.

Assuming ω > 1 and taking the limit as n → ∞, we then obtain

x([D])
ω − 1

� lim
n→∞

g(Kn)
g4(Kn)

� x([D])
ω − 1

,

which yields the desired result. �

Now we are ready to establish Theorem 1.2.

Proof of Theorem 1.2. We assume that ω = windc(K) � 1 and aim to show that c links
K coherently under each of the hypotheses (i) and (ii). Let S be a properly embedded
surface in E = S3 −N (K ∪ c) with coherently oriented boundary that both represents [D] and
realizes x([D]). (Recall D = D̂ ∩ E.) Since [S] = [D] ∈ H2(E, ∂E), ∂[S] = ∂[D] ∈ H1(∂E) and
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[∂S] = [∂D] = ωμK + λc, where μK is a meridian of K and λc is a preferred longitude of c.
Hence, ∂S consists of ω curves in ∂N(K) representing meridians of K and 1 curve in ∂N(c)
representing the preferred longitude of c. Consequently, x([D]) = 2g(S) + ω − 1 and if g(S) = 0,
then S caps off to a disk Ŝ in S3 bounded by c that K intersects coherently. So in the following
we show that g(S) = 0 follows from each of the hypotheses (i) and (ii).

First, recall from Theorem 2.1 and Proposition 2.2 that

◦ 2g(Kn) = 2G + nωx([D]) = 2G + 2nωg(S) + nω(ω − 1) for sufficiently large n, and
◦ 2g4(Kn) � 2G4 + |n|ω(ω − 1) where we set G4 = g4(K0) + (η−ω)

2 .

Note that we may assume G4 > 0: if G4 = 0, then η − ω = 0 and thus c links K
coherently already.

Case 1. Assume that there is a constant C such that g(Kn) − g4(Kn) � C for infinitely many
integers n > 0.

For each sufficiently large n > 0 such that g(Kn) − g4(Kn) � C, we have

G−G4 + ng(S) � G−G4 + nωg(S) � g(Kn) − g4(Kn) � C,

where the first inequality is due to the assumption that ω � 1. Since neither C, G4, nor G
depend on n, the inequality G−G4 + ng(S) � C can only hold true for infinitely many positive
integers n if g(S) = 0.

Case 2. Assume g(Kn)/g4(Kn) → 1 as n → ∞.
If ω = 1, then Theorem 2.5(i) shows η = 1 or otherwise limn→∞

g(Kn)
g4(Kn) = ∞. Hence η = 1,

and c links K coherently exactly once.
So, we may now assume ω > 1. Then by Theorem 2.5(ii)

1 = lim
n→∞

g(Kn)
g4(Kn)

=
x([D])
ω − 1

=
2g(S) + ω − 1

ω − 1
=

2g(S)
ω − 1

+ 1.

Thus we must have g(S) = 0. �

3. Coherent twist families of knots

Recall that a twist family is coherent if ω = η; that is, c bounds a disk which K always
intersects with the same orientation. The slice genus and the Seifert genus of a coherent twist
family behave in a similar fashion asymptotically.

Theorem 1.3. Let {Kn} be a twist family of knots obtained by twisting K along c.
If c links K coherently at least twice, then both

(i) there exist constants C+, C− � 0 such that g(Kn) − g4(Kn) = C± for sufficiently large
integers ±n, and

(ii) g(Kn)/g4(Kn) → 1 as |n| → ∞.

To prove this theorem, we need the following lemma.

Lemma 3.1. Let {Kn} be a twist family in which c links K coherently. Then

g4(Kn+1) − g4(Kn) =
ω(ω − 1)

2
for sufficiently large integers n.

Proof. Since the twist family is coherent, Proposition 2.2 shows that

g4(Kn+1) − g4(Kn) � ω(ω − 1)
2

(∗)
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for all integers n. Observe that if (∗) is a strict inequality for k of the integers n between 0 and
a positive integer N , then we have that

g4(KN ) � g4(K0) +
Nω(ω − 1)

2
− k.

However, Proposition 2.4 (with η = ω) shows that we must also have

s(K0)
2

+
Nω(ω − 1)

2
− ω � g4(KN ).

Together these two inequalities imply that

k � g4(K0) − s(K0)
2

+ ω,

a bound independent of N . Hence there may be only at most g4(K0) − s(K0)
2 + ω integers for

which (∗) is a strict inequality. Thus (∗) is an equality for sufficiently large n and our conclusion
holds. �

Proof of Theorem 1.3. Since c links K coherently, that is, ω = η, the inequality ω − 1 �
x([D]) � η − 1 implies x([D]) = ω − 1. Then Theorem 2.1 shows that for some constant G

g(Kn) = G +
nω(ω − 1)

2
for sufficiently large n. On the other hand, Lemma 3.1 shows that

g4(Kn+1) − g4(Kn) =
ω(ω − 1)

2
for sufficiently large n. Therefore there is an integer n0 such that for all n � n0,

g4(Kn) = g4(Kn0) +
(n− n0)ω(ω − 1)

2
= g4(Kn0) −

n0ω(ω − 1)
2

+
nω(ω − 1)

2

= G′ +
nω(ω − 1)

2
,

where G′ is the constant g4(Kn0) − n0ω(ω−1)
2 . Hence g(Kn) − g4(Kn) = G−G′ for sufficiently

large n. Putting C+ = G−G′ then gives half of the desired conclusion (i).
Since the same argument applies to the mirrored twist family {Kn} where Kn = K−n, we

similarly obtain the constant C− and the other half of conclusion (i).
It remains to see that g(Kn)/g4(Kn) → 1 as |n| → ∞. Since c links K coherently, windc(K) �

2 and g(Kn) → ∞ as |n| → ∞; see [5, Theorem 2.1] or Theorem 2.1. Hence g4(Kn) = g(Kn) −
C± also tends to ∞ when ±n → ∞. Thus g(Kn)

g4(Kn) = g4(Kn)+C±
g4(Kn) = 1 + C±

g4(Kn) → 1 as ±n → ∞
from which conclusion (ii) follows. �

In general there are integral sequences an � bn for which an/bn → 1 as n → ∞ and yet
an − bn → ∞. Corollary 3.2 below shows that this is not the case for the Seifert and slice
genera of knots in a twist family.

Corollary 3.2. If g(Kn)/g4(Kn) → 1 as n → ∞, then there is a constant C such that
g(Kn) � g4(Kn) + C for all n � 0.

Proof. By the assumption Theorem 1.2 shows that windc(K) = 0 or c links K coherently.
In the former case, g4(Kn) � g(Kn) � C for some constant C. Thus we have the conclusion.
So suppose that the latter case happens. If η = 1, then c is a meridian of K and Kn = K for all
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Figure 4 (colour online). Left: the standard Murasugi sum along a 2n-gon. Right: a variant of
the Murasugi sum where the vertices of the 2n-gon have been expanded to arcs in the boundary
of the surfaces.

Figure 5 (colour online). The surface ̂FN0+1 is obtained from ̂FN0 by adding ω(ω − 1) twisted
bands; shown here with ω = 3.

integers n, hence g(Kn) − g4(Kn) = g(K) − g4(K), a constant C. If η � 2, then Theorem 1.3
gives the desired result. �

Furthermore, when c links K coherently, we can describe a minimal genus Seifert surface of
Kn explicitly for sufficiently large n as follows.

Theorem 1.4. Let {Kn} be a twist family in which c links K coherently ω > 0 times. Then
there is an integer n0 such that for every integer n > n0, the knot Kn has a minimal genus
Seifert surface that may be obtained as a Murasugi sum of a minimal genus Seifert surface for
Kn0 and the fiber surface for the (ω, (n− n0)ω + 1)-torus knot.

Before proving this theorem, for convenience, we introduce a variant of Murasugi sums. In
Figure 4, on the left is the usual Murasugi sum along a 2n-gon (shown with n = 3) together
with a distorted version. On the right is a variant of the Murasugi sum and a similarly distorted
version where the vertices of the 2n-gon are expanded to arcs. The two versions of the Murasugi
sum produce isotopic results. (These distorted versions are shown to indicate how the variant
is used in Figure 6 after further isotopy.)
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Figure 6 (colour online). A Murasugi sum with a fiber of a (ω, ω + 1)-torus knot produces a
twist; shown here with ω = 3.

Proof. First observe that if K were a torus knot (that is, a 0-bridge braid) in the solid torus
complement of c or just the core of that solid torus, then the theorem is satisfied. Hence from
here on we assume that the exterior of K ∪ c is neither a cable space nor a product of a torus
and an interval.

Let D̂ be a disk that c bounds and K intersects coherently ω > 0 times, and let D be the
restriction of D̂ to the exterior of K ∪ c. Because K intersects D̂ coherently, we have that
x([D]) = −χ(D) = ω − 1. It then follows from Theorem 2.1 that there are constants N0 and
G such that 2g(KN0+k) = 2G + (N0 + k)ω(ω − 1) for every integer k � 0. In particular, this
implies the equality

g(KN0+k) = g(KN0) +
kω(ω − 1)

2
(†)

for every integer k � 0.
Observe that for each integer n, the restriction of any Seifert surface for Kn to the exterior

of K ∪ c meets ∂N(c) in curves of slope −1/n. Therefore [6, Theorem 4.6 and Lemma 2.2]
implies we may choose N0 large enough so that KN0 has a minimal genus Seifert surface F̂N0

that c intersects coherently ω times. We may then isotope the Seifert surface F̂N0 around the
twisting circle c as shown in Figure 5.

Let F̂N0+1 be a Seifert surface of KN0+1 obtained from F̂N0 by adding ω(ω − 1)-twisted
bands, as shown in Figure 5 (where ω = 3), which is isotoped to a surface given in the rightmost
picture of Figure 5. Then the equality χ(F̂N0+1) = χ(F̂N0) − ω(ω − 1) and the equality (†) with
k = 1 imply

g(F̂N0+1) = g(F̂N0) +
ω(ω − 1)

2
= g(KN0) +

ω(ω − 1)
2

= g(KN0+1).

This means that F̂N0+1 is a minimal genus Seifert surface of KN0+1.
Now we follow the argument in the proof of [3, Lemma 3.4]. We put n0 = N0 + 1 and

prove that if n > n0, then a minimal genus Seifert surface of Kn is obtained as a Murasugi
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sum of a minimal genus Seifert surface for Kn0 and the fiber surface for the (ω, (n− n0)ω +
1)-torus knot.

Let us take the two shaded disks: one is in F̂n0 = F̂N0+1 and the other is in the minimal genus
Seifert surface (the fiber surface) of the (ω, (n− n0)ω + 1)-torus knot (as shown on the middle
picture of Figure 6). Then apply the Murasugi sum along these two disks as in Figure 6 to
obtain F̂n and Kn as shown in Figure 6, where ω = 3 and n = n0 + 1. Then recalling g(F̂n0) =
g(Kn0) and g(Kn) = g(Kn0) + (n−n0)ω(ω−1)

2 (because n0 = N0 + 1 > N0 and n > n0), we have
the equality

g(F̂n) = g(F̂n0) +
(n− n0)ω(ω − 1)

2
= g(Kn0) +

(n− n0)ω(ω − 1)
2

= g(Kn).

This means that F̂n is a minimal genus Seifert surface of Kn and completes a proof. �

4. Values of the limit of g(Kn)/g4(Kn)

The purpose in this section is to understand the possible values of limn→∞
g(Kn)
g4(Kn) for a twist

family {Kn}. When ω > 0, Theorem 1.1 shows the limit exists and determines the range of
values. When ω = 0, Proposition 4.4 demonstrates that this limit may be any positive number
that is at least 1 or ∞ and Question 2.3 asks if this limit always defined.

Theorem 1.1. (i) For any twist family {Kn} with η > 1 and ω > 0, limn→∞
g(Kn)
g4(Kn) = r

where 1 � r ∈ Q ∪ {∞}.
(ii) For any 1 � r ∈ Q ∪ {∞}, there exists a twist family {Kn} with η > 1, ω > 0 which

satisfies limn→∞
g(Kn)
g4(Kn) = r.

Proof of Theorem 1.1. First assume ω > 0. It follows from Theorem 2.5 that g(Kn)/g4(Kn)
converges to a rational number r = x([D])/(ω − 1) when ω > 1; otherwise, it tends to ∞. Since
g(Kn) � g4(Kn) for all integers n for any twist family {Kn}, r � 1. This establishes the first
assertion. The second assertion follows from Theorem 1.3 when r = 1, Theorem 2.5(i) when
r = ∞, and Theorem 4.2 below when 1 < r < ∞. �

Remark 4.1. By mirroring technique and the proof of Theorem 1.1 (Theorem 2.5), we have

lim
n→−∞

g(Kn)
g4(Kn)

= lim
n→∞

g(Kn)
g4(Kn)

.

For a twist family with ω = windc(K) > 1, observe that we necessarily have x([D]) � ω − 1
(where D is the disk bounded by c and punctured by K). In Theorem 4.2, we demonstrate
that x([D]) and ω − 1 are otherwise independent as x([D])

ω−1 may be any rational number greater
than or equal to 1.

Theorem 4.2. For any 1 < r ∈ Q, there exists a twist family of knots {Kn} with η > 1,

ω > 0 which satisfies limn→∞
g(Kn)
g4(Kn) = r.

To prove this theorem we first need a technical lemma. In this lemma and later, we use the
knot concordance invariant τ of Ozsváth and Szabó [48], which satisfies the following basic
properties:
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• τ(K1�K2) = τ(K1) + τ(K2) for all knots K1 and K2,
• τ(K) = −τ(K) for the mirror K of a knot K, and
• |τ(K)| � g4(K) for all knots K.

Lemma 4.3. If a twist family of knots obtained by twisting a knot K along an unknot c
with winding number ω has bounded slice genus, then the twist family {(Kp,q)n} obtained by
twisting the (p, q)-cable of K along c satisfies

lim
n→∞

g((Kp,q)n)
g4((Kp,q)n)

= 1 +
p

p− 1
lim
n→∞

2g(Kn)
pω2n− 1

.

Proof. For positive coprime integers p, q, let Kp,q be the (p, q)-cable of K, the simple closed
curve in ∂N(K) of slope q/p and homologous to pλ + qμ where μ, λ are the standard meridian
and longitude of K. By [58, §21 Satz 1], g(Kp,q) = p g(K) + (p− 1)(q − 1)/2.

A minimal genus Seifert surface for Kp,q may be constructed as follows. Push Kp,q into
the solid torus N(K) and view it as the (p, q)-torus knot that wraps p times. As a torus
knot in N(K), the complement of Kp,q has a fibration over S1 with a fiber Sp,q of genus
(p− 1)(q − 1)/2 whose boundary consists of a longitude of Kp,q and p preferred longitudes of
K. So we may view Sp,q as a ‘relative’ Seifert surface of Kp,q in N(K). Attaching p copies of a
minimal genus Seifert surface FK of K to Sp,q, we obtain a Seifert surface of Kp,q with genus
p g(FK) + (p− 1)(q − 1)/2 = p g(K) + (p− 1)(q − 1)/2 as desired.

We may adapt this construction to obtain a bound on the slice genus of Kp,q. Let SK ⊂ B4 be
a slice surface for K, and take a tubular neighborhood SK ×D2 in B4. Since Sp,q ⊂ S3 = ∂B4

and ∂Sp,q consists of the knot Kp,q and p parallel copies of the preferred longitude of K, we
may now instead attach p pairwise disjoint copies of SK in SK ×D2 ⊂ B4 to Sp,q to form a
slice surface for Kp,q. Therefore we have

g4(Kp,q) � p g(SK) + (p− 1)(q − 1)/2 = p g4(K) + (p− 1)(q − 1)/2.

Furthermore, if c is an unknot disjoint from K, then observe that windc(Kp,q) = pwindc(K)
and wrapc(Kp,q) = pwrapc(K).

Using how slopes on K behave under twisting along c, we can determine how twist families of
cables and cables of twist families are related. In particular, given a knot K and twisting circle
c, we write (Kp,q)n for the n-twist of the (p, q)-cable of K and (Kn)p

′,q′ for the (p′, q′)-cable
of the n-twist of K. If (Kp,q)n = (Kn)p

′,q′ , then we must have p = p′ due to the wrapping
numbers. Then since rn = r + ω2n for slopes r in ∂N(K) and rn in ∂N(Kn) using standard
meridian-longitude coordinates, we have that q′ = q + pω2n.

Fix positive coprime integers p, q, and consider the family of knots {(Kp,q)n} obtained by
twisting the (p, q)-cable of K about the unknot c. Because (Kp,q)n = (Kn)p,q+pω2n, by the
behavior of τ under cabling given in [63] and that τ gives a lower bound on g4, we have

p τ(Kn) + (p− 1)(q + pω2n− 1)/2 � τ((Kp,q)n)

� g4((Kp,q)n) � p g4(Kn) + (p− 1)(q + pω2n− 1)/2.

Therefore

p g(Kn) + (p− 1)(q + pω2n− 1)/2
p g4(Kn) + (p− 1)(q + pω2n− 1)/2

� g((Kp,q)n)
g4((Kp,q)n)

� p g(Kn) + (p− 1)(q + pω2n− 1)/2
p τ(Kn) + (p− 1)(q + pω2n− 1)/2

,

and hence
2p
p−1

g(Kn)
pω2n−1 + 1

2p
p−1

g4(Kn)
pω2n−1 + 1

� g((Kp,q)n)
g4((Kp,q)n)

�
2p
p−1

g(Kn)
pω2n−1 + 1

2p
p−1

τ(Kn)
pω2n−1 + 1

.
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Figure 7 (colour online). (Top Left) The link K ∪ ĉ ∪ c. (Bottom Left) The result of −1/m–
surgery on ĉ yields the link Km ∪ ĉm ∪ cm. (Right) Twisting Km along cm produces the twist
family {Km

n } with the link Km
n ∪ ĉmn ∪ cmn . The example shown has m = 4 and n = 2.

Assume that g4(Kn) is bounded as n → ∞ so that τ(Kn) is bounded too. Then the
denominators on the left and right above both decrease to 1 as n → ∞. Since the numerators
are the same, we obtain

lim
n→∞

g((Kp,q)n)
g4((Kp,q)n)

= 1 +
p

p− 1
lim
n→∞

2g(Kn)
pω2n− 1

.
�

Proof of Theorem 4.2. To prove this theorem, we will construct a family indexed by integers
m of twist families of ribbon knots {Km

n } = {(Km)n} obtained by twisting a knot Km along an
unknot cm with ω = windcm(Km) = 1 so that g4(Km

n ) = 0 and g(Km
n ) = mn + 1 for positive

integers m,n > 0. Then we will apply Lemma 4.3 to obtain our result.
To construct such a family, consider the 3-component link K ∪ ĉ ∪ c in the top left of Figure 7,

which may be recognized as the link L10n73 in the Thistlethwaite Link Table [59] and has
Alexander polynomial

ΔK ∪ ĉ∪ c(x, y, z) = (−1 + x + y)(−x− y + xy)(−1 + z).

Let E = S3 −N (K ∪ ĉ ∪ c) be the exterior of this link. Then H1(E) = Z3 is generated by
the homology classes of the oriented meridians μK , μĉ, and μc of the components K, ĉ, and
c, respectively. Let λK , λĉ, and λc be the corresponding oriented longitudes. Observe that
[λĉ] = −[μc] and [λc] = [μK ] − [μĉ] in H1(E).

Performing −1/m surgery on ĉ takes K ∪ c to the link of the knot Km and unknot cm; see
the bottom left of Figure 7. For each integer m, the link Km ∪ cm induces the twist family
{Km

n } = {(Km)n}.
More specifically, consider the family of links Km

n ∪ ĉmn ∪ cmn (as shown on the right side of
Figure 7) surgery dual to the filling of E along the slopes μKm

n
= μK , μĉm = μĉ −mλĉ, and

μcmn = (mn + 1)μc − nλc. That is, the new meridians are
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• [μKm
n

] = [μK ],
• [μĉmn

] = [μĉ] −m[λĉ] = [μĉ] + m[μc], and
• [μcmn ] = (mn + 1)[μc] − n[λc] = −n[μK ] + n[μĉ] + (mn + 1)[μc].

Hence,

• [μK ] = [μKm
n

],
• [μĉ] = −mn[μKm

n
] + (mn + 1)[μĉmn

] −m[μcmn ], and
• [μc] = n[μKm

n
] − n[μĉmn

] + [μcmn
].

So, we have:

ΔKm
n ∪ ĉmn ∪ cmn

(x, y, z) = ΔK ∪ ĉ∪ c(x, x−mnymn+1z−m, xny−nz)

= (−1 + x + x−mnymn+1z−m)

× (−x− x−mnymn+1z−m + x−mn+1ymn+1z−m)(−1 + xny−nz).

Since lk(Km
n , ĉmn ) = −n and lk(cmn , ĉmn ) = −1, the 2nd Torres Condition [61] implies

ΔKm
n ∪ cmn

(x, z) = ΔKm
n ∪ ĉmn ∪ cmn

(x, 1, z)/(xnz−1 − 1)

= (−1 + x + x−mnz−m)(−x− x−mnz−m + x−mn+1z−m)

× (−1 + xnz)/(x−nz−1 − 1)

= (−1 + x + x−mnz−m)(−x− x−mnz−m + x−mn+1z−m)(x−nz−1 − 1)

× (−xnz)/(x−nz−1 − 1)

.= (−1 + x + x−mnz−m)(−x− x−mnz−m + x−mn+1z−m).

(Recall that .= means equivalence up to a multiplicative unit.) Then since lk(Km
n , cmn ) = 1, the

second Torres condition [61] next implies

ΔKm
n

(x) = ΔKm
n ∪ cmn

(x, 1) · (x− 1)/(x− 1)

= ΔKm
n ∪ cmn

(x, 1)

=
(
x−mn + x− 1

)(−x−mn + x1−mn − x
)

.= 1 − x− xmn + 3xmn+1 − xmn+2 − x2mn+1 + x2mn+2.

Hence, g(Km
n ) � mn + 1. On the other hand, Km

n spans a ribbon disk with mn + 1 ribbon
singularities, that is, ribbon number mn + 1 as in the right of Figure 7. Thus mn + 1 � g(Km

n )
[14]. It follows that g(Km

n ) = mn + 1.
Then by Lemma 4.3, since g4(Km

n ) = 0, for any choice of coprime positive integers p, q, we
have

lim
n→∞

g(((Km)p,q)n)
g4(((Km)p,q)n)

= 1 +
p

p− 1
lim
n→∞

2g(Km
n )

pn− 1
= 1 +

p

p− 1
lim

n→∞
2mn + 2
pn− 1

= 1 +
2m
p− 1

for each m > 0.
For a given rational number r > 1, we can choose m and p so that 1 + 2m

p−1 = r. This
completes the proof of Theorem 4.2. �
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Proposition 4.4. For any 1 � r ∈ Q ∪ {∞}, there exists a twist family {Kn} with ω = 0
which satisfies limn→∞

g(Kn)
g4(Kn) = r.

Proof. We show that in fact for any 1 � r ∈ Q ∪ {∞}, there are twist families with ω = 0
satisfying g(Kn)

g4(Kn) = r for all but finitely many integers n.
For r = ∞, let K ∪ c be a non-split link consisting of a non-trivial ribbon knot K and an

unknot c that is disjoint from a ribbon disk for K. Then the twist family {Kn} consists of
ribbon knots so that g4(Kn) = 0 for all n ∈ Z while g(Kn) = 0 for at most one integer n by
[36, 42]. Hence for all but finitely many n, g(Kn)/g4(Kn) is a positive integer divided by 0
and hence g(Kn)/g4(Kn) = ∞ for these n by convention.

For rational numbers r � 1, first let T ∪ c be the Whitehead link so that the twist family {Tn}
obtained by twisting T along c is the family of twist knots (where the Whitehead link is clasped
positively so that T1 is the figure eight knot, T−1 is the positive trefoil knot, and T2 is the knot
61 in Rolfsen’s knot table). Note that g(Tn) = 1 is except when n = 0 where g(T0) = 0, and
Casson–Gordon [9] shows that g4(Tn) = 1 except when n = 0, 2 where g4(T0) = g4(T2) = 0.

Then for any pair of non-negative integers N,m, let K be the connected sum T #T2,2m+1 # k,
where T2,2m+1 is the (2, 2m + 1)-torus knot and k is a slice knot with g(k) = N . (For example,
one may take k to be the connected sum of N copies of T2.) Then Kn = Tn #T2,2m+1 # k so
that g(Kn) = 1 + m + N for n �= 0. Now we claim g4(Kn) = 1 + m for n � −1. Since k is slice,
g4(Kn) � g(Tn #T2,2m+1) = 1 + m. Recall that the concordance invariant τ is additive under
connected sums, so τ(Kn) = τ(Tn #T2,2m+1 # k) = τ(Tn) + τ(T2,2m+1) + τ(k). Also note that
τ(T2,2m+1) = m and τ(k) = 0, because k is slice. Furthermore, following [26, Theorem 1.5]
we have τ(Tn) = 1 when n � −1 (which also follows from Tn being strongly quasipositive for
n � −1 [55]), and otherwise it is 0. Thus τ(Kn) = 1 + m � g4(Kn) for n � −1. This shows that
g4(Kn) = 1 + m whenever n � −1. Hence, for the mirrored twist family {Kn} = {K−n}, we
have g(Kn) = 1 + m + N and g4(Kn) = 1 + m, and g(Kn)/g4(Kn) = 1 + N

1+m for every n � 1.
Since for any rational number r � 1 there are non-negative integers N,m so that r = 1 + N

1+m ,
we have our result. �

5. Tight fibered knots in twist families

5.1. Positive twists, negative twists and coherent families

Recall that tight fibered knots are precisely the fibered, strongly quasipositive knots [1, 28].

Theorem 1.8. Let {Kn} be a twist family of knots obtained by twisting K along c such
that c is neither split from K nor a meridian of K. If Kn is a tight fibered knot for infinitely
many integers n, then c links K coherently and there is a constant N such that

(i) Kn is tight fibered for every n � N and
(ii) Kn is tight fibered for only finitely many n < N .

Proof. By Corollary 1.6(ii) since {Kn} contains infinitely many tight fibered knots, c links
K coherently. Then Theorem 1.4 shows the following: For any sufficiently large integer N there
is a minimal genus Seifert surface ΣN for KN such that for each n > N the knot Kn has a
Seifert surface Σn that may be obtained by a Murasugi sum of ΣN with the fiber surface of
a positive torus knot. Through mirroring, this theorem also implies that for any sufficiently
negative integer −N there is a minimal genus Seifert surface Σ−N for K−N such that the knot
Kn has a Seifert surface Σn that may be obtained by a Murasugi sum of Σ−N with the fiber
surface of a negative torus knot for each n < −N . Since a fibered knot has a unique minimal
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genus Seifert surface (up to isotopy), this sets us up to employ two key results of Rudolph and
Gabai, respectively: (i) the Murasugi sum of two surfaces is quasipositive if and only if the two
summands are quasipositive [54] and (ii) that the Murasugi sum of two surfaces is a fiber if
and only if the two summands are fibers [15].

So suppose that there are infinitely many fibered strongly quasipositive knots in {Kn}n<0.
Then there is a negative integer −N such that both K−N is a fibered strongly quasipositive
knot and, by Theorem 1.4, every knot Kn with n < −N has a minimal genus Seifert surface Σn

obtained as a Murasugi sum of the quasipositive fiber surface Σ−N of K−N and the fiber surface
of a negative torus knot. Since the fiber surface of a negative torus knot is not quasipositive,
the surface Σn for n < −N cannot be quasipositive [54]. Because the Murasugi sum of two
fiber surfaces is again a fiber [15], Σn must be the unique minimal genus of Kn, which must
be quasipositive [53, Corollary, p. 56]. This is a contradiction. Therefore Kn cannot be the
boundary of a quasipositive surface, and hence, Kn cannot be strongly quasipositive for n <
−N , a contradiction.

Now by hypothesis and because only finitely many knots in {Kn}n<0 may be strongly
quasipositive, we may choose N sufficiently large so that both KN is a fibered strongly
quasipositive knot with fiber surface ΣN and Theorem 1.4 applies. Since the fiber surface of a
positive torus knot is a quasipositive surface, Σn is a quasipositive fiber surface for all n > N
due to [54] and [15]. Hence every knot in {Kn}n�N is fibered and strongly quasipositive. �

5.2. Tightness in twist families and braid axes

Theorem 1.9. Let {Kn} be a twist family obtained by twisting a knot K along an unknot
c that is neither split from K nor a meridian of K. Then c is a braid axis of K if and only if
both Kn and K−n are tight fibered for sufficiently large n.

Proof. Half of this is well known. If c is a braid axis, then Kn is the closure of a positive
braid for sufficiently positive integers n > 0 and the closure of a negative braid for sufficiently
negative integers n < 0. A closed positive braid, being a sequence of plumbings of positive Hopf
bands onto the disk, is tight fibered. The mirror of a closed negative braid is a closed positive
braid, and hence tight fibered.

So assume that {Kn} is a twist family with winding number ω for which Kn is positive tight
fibered for sufficiently positive integers n > 0 and negative tight fibered for sufficiently negative
integers n < 0. By Corollary 1.6, the twist family is coherent, and with the hypotheses of the
theorem, ω = η � 2. Therefore there is a balanced, oriented ω-strand tangle κ in D2 × [0, 1]
so that the braid closure of κ is K and the axis of the braid closure is c. Here we say that a
tangle κ is a balanced, oriented tangle if each strand of κ has one end in D2 × {0} and the
other in D2 × {1}. Furthermore, let δ = σω−1 . . . σ2σ1 ∈ Bω be the dual Garside element in
the ω-strand braid group so that δω = Δ2, the square of the Garside element Δ is a positive
full twist. Then Kn is the braid closure of Δ2nκ for any n ∈ Z. Let κ be the mirror of κ in
D2 × I across a disk D2 × {1/2}. Observe that if κ were a braid, then κ = κ−1. So, regarding
the mirroring of Kn as occurring across the sphere containing c that K intersects 2ω times, we
may view Kn as the braid closure of κΔ−2n.

Now by Theorems 1.8 and 1.4, there is a constant N+ > 0 such that for all n � N+, Kn is
tight fibered and the fiber surface F̂n of Kn is a Murasugi sum of the fiber F̂N+ of KN+ with
the fiber F̂(ω, (n−N+)ω+1) of the (ω, (n−N+)ω + 1)-torus knot as described in the proof of
Theorem 1.4.

Similarly, there is a constant N− < 0 such that for all n � N−, Kn is tight fibered and
the fiber surface F̂n of Kn is a Murasugi sum of the fiber F̂N− of KN− with the fiber
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Figure 8 (colour online). Murasugi sums of the fibers ̂FN++1, ̂FN−−1, and the torus link fiber
̂F(ω,3) produces the fiber ̂F ∗, shown here with ω = 3.

F̂(ω, −(n−N−)ω+1) of the (ω, −(n−N−)ω + 1)-torus knot. (Since n < N−, this is a positive
torus knot.)

Since KN++1 is tight fibered, we may take the Murasugi sum of F̂N++1 with the fiber F̂(ω,3) of
the (ω, 3)-torus link in a similar manner to produce a surface F̂ ′

N++1 that is a fiber of the tight

fibered link that is the braid closure of δ2Δ2N++2κ. A subsequent Murasugi sum of F̂ ′
N++1 with

F̂N−−1 may be then performed so that the resulting surface F̂∗ is a fiber of the tight fibered knot
K∗ that is the braid closure of the balanced, oriented tangle δκΔ−2N−+2δ−1 · δ · Δ2N++2κ =
δκΔ2(N+−N−)+4κ. This construction is illustrated in Figure 8 in the case ω = 3. Since Δ2 is
central in Bω, we have δκΔ2(N+−N−)+4κ = δΔ2(N+−N−)+4κκ. Moreover, since the braid closure
of Δ2(N+−N−)+4κκ consists of ω components (like that of a pure braid) and the braid closure
of δ consists of a single component, the braid closure of δΔ2(N+−N−)+4κκ is a knot.

Claim. K∗ is ribbon concordant to the torus knot Tω,(N+−N−+2)ω+1.

Proof. As in the proof of Proposition 2.2, we may observe that K∗ is ribbon cobordant to
the split link D(κ) 
 Tω, (N+−N−+2)ω+1 by a planar surface with ω + 2 boundary components.
Here, D(κ) is the double of κ, the braid closure of the balanced, oriented tangle κκ, which is a
link with ω components; see the top left of Figure 9. To show that K∗ is ribbon concordant to
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Figure 9 (colour online). Two symmetric vertical bandings of κκ show that D(κ) is a
ribbon link.

the torus knot Tω,(N+−N−+2)ω+1, we will show that D(κ) bounds a ribbon surface of ω disks in
B4. Actually the union of the above planar surface with ω + 2 boundary components and these
ribbon disks gives a desired ribbon concordance of K∗ to the torus knot Tω, (N+−N−+2)ω+1.

In the same way that one shows the connected sum of a knot and its mirror form a ribbon
knot, we can see that D(κ) bounds a ribbon surface of ω disks in B4. (Note that a connected
sum of a knot and its mirror is the double of a balanced 1-tangle.) For completeness we
give a proof. It is sufficient to observe that a sequence of band surgeries on D(κ) yields a
trivial link in which each band surgery splits a single component of the current link into two
components. Let us take a closer look at the portion κκ in D(κ) and apply appropriate band
surgeries to the balanced tangle κκ to obtain the trivial ω-strand braid with a split unlink of
the same number of components as bandings. We may assume that our tangles in D2 × [0, 1]
are in general position with respect to the usual height function D2 × [0, 1] → [0, 1]. Therefore,
mirroring our tangle κ across D2 × {1} to create the tangle κκ (in D2 × [0, 1] again after
reparameterizing the last factor) in which every maximum of κ pairs with a minimum of its
reflection. Using the reflective symmetry of κκ, we may band together any local maximum
of κ with its reflected the local minimum using a symmetric, vertical band. (Here, a band
is ‘vertical’ if its core arc is monotonic with respect to the height function.) Because κ is a
balanced ω-tangle without closed components, such a banding of κκ splits a component of
the tangle in two; by the symmetry of the band, the resulting tangle also has the reflective
symmetry in which no component is disjoint from the plane of reflection; and since the band
was vertical, the resulting tangle has fewer extrema. Therefore a sequence of such bandings
produces a tangle κ′κ′ in which κ′ has no local maxima. Hence κ′κ′ is isotopic to the trivial
ω-strand braid with a split unlink of the same number of components as bandings. Regard the
above bandings on κκ ⊂ D(κ) as bandings on D(κ). Then these bandings produce a trivial
link with ω + [the number of bandings] components. Viewing bandings as saddles and further
capping off the resulting trivial link with disks, we obtain a ribbon concordance of D(κ) to the
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trivial link with ω + [the number of bandings] components. See Figure 9 for an example. Thus
we obtain that D(κ) bounds a ribbon surface of ω disks in B4.

Hence K∗ is actually ribbon concordant to the torus knot Tω,(N+−N−+2)ω+1. �

In particular, the knot K∗ # Tω,(N+−N−+2)ω+1 is a ribbon knot. Therefore [2, Theorem 3]
tells us that K∗ = Tω, (N+−N−+2)ω+1.

Now let c∗ be the axis for the braid closure of δΔ2(N+−N−+2)κκ, and consider the link
K∗ ∪ c∗. Hence we obtain a twist family {K∗

n} of braid closures of δΔ2(N+−N−+2+n)κκ where
we know K∗

n = Tω, (N+−N−+2+n)ω+1 when n � 0. Lemma 5.1 now implies that K∗ is the torus
knot Tp,q with 0-bridge braid in the solid torus S3 −N (c∗) for some coprime integers p and
q, and hence K∗

n = Tp, np+q for all integers n. Since K∗
n = Tω, (N+−N−+2+n)ω+1 for n � 0, it

must be that in fact K∗ is isotopic to the torus knot Tω, (N+−N−+2)ω+1 in the exterior of c∗.
In particular this means that the braid closure of the balanced, oriented ω-tangle

δΔ2(N+−N−)+4κκ is isotopic to the braid closure of δΔ2(N+−N−)+4 in the exterior of c∗. Since
K∗, the braid closure of δΔ2(N+−N−)+4κκ is actually a closed ω-braid, Proposition 5.2 implies
that δΔ2(N+−N−)+4κκ is also a braid. Then it follows from Proposition 5.3 that κ is a braid.
Since c is the axis of the braid closure of κ, c is a braid axis of K. �

Lemma 5.1. Let K be a knot with a twisting circle c. If K is not a 0-bridge braid in the
solid torus S3 −N (c), then there are at most five integers n such that Kn is a torus knot in
S3.

Proof. For simplicity, we may assume K = K0 is a torus knot by reparameterization.
We divide the argument into three cases according to whether S3 −N (K ∪ c) is hyperbolic,
toroidal, or Seifert fibered. Assume that there are more than five integers n such that Kn is a
torus knot.

Suppose first that S3 −N (K ∪ c) is hyperbolic. Then [13, Proposition 5.11(2)] shows that
Kn is hyperbolic whenever |n| > 3, and hence there are at most five integers n (including n = 0)
for which Kn is a torus knot, contradicting the assumption.

Now let us assume that S3 −N (K ∪ c) is toroidal. Consider the torus decomposition [33, 34]
of X = S3 −N (K ∪ c), and let M be the decomposing piece which contains ∂N(c). If M is
not cabled, [12, Theorem 2.0.1] shows that except for at most two integers n, the exterior
E(Kn) = X ∪−1/n N(c) is toroidal, and Kn is a satellite knot. If M is a cable space, then we
have a (smaller) solid torus W in the solid torus V = S3 −N (c) complementary to M which
contains K in its interior. Note that W wraps at least twice in V and the core of W is a
0-bridge braid in V . Hence, at most two integers n can make the core of W an unknot in S3,
that is, M ∪−1/n N(c) is a solid torus. For other integers n, the core of W is a nontrivial torus
knot in S3, that is, M ∪−1/n N(c) is a torus knot space. (For instance, if the core of W is the
(2, 1)-cable in V , then K = K0 has a companion (2, 1)-torus knot which is the unknot and K−1

has a companion (2,−1)-torus knot which is again the unknot. Except this situation, there is
at most one integer n such that M ∪−1/n N(c) is a solid torus.) Hence, for all but at most two
integers n, Kn is a satellite knot with a nontrivial torus knot as a companion. This contradicts
the assumption.

Hence, S3 −N (K ∪ c) is Seifert fibered. Thus it is a cable space and K is a 0-bridge braid
in V = S3 −N (c), as desired. �

In the remainder of this section we prove propositions below which we applied at the end
of the proof of Theorem 1.9 above. (In these propositions and their proofs, the symbol τ will
denote a tangle and not the concordance invariant.)



SEIFERT VS. SLICE GENERA OF KNOTS IN TWIST FAMILIES 1517

β β
α α α α ααω

ω ω

ω

Figure 10 (colour online). ω = 3.

Proposition 5.2. Let τ be a balanced, oriented ω-tangle. If its closure τ̂ in the solid torus
is a closed ω-braid, then τ is an ω-braid.

Proposition 5.3 [38, Theorem 5.1]. Let τ1 and τ2 be balanced, oriented ω-tangles. If their
product τ1τ2 is an ω-braid, then each τ1 and τ2 is an ω-braid.

To prove these propositions we first prepare a few lemmas.

Lemma 5.4. Let Q be a disk with ω open disks removed, and set ∂Q = α1 ∪ · · · ∪ αω ∪ β.
Let P be a connected planar surface properly embedded in Q× [0, 1] which satisfies either

(i) exactly one component of ∂P lies in the interior of Q× {0} as an essential curve and the
remainder of ∂P is a subset of the curves {αi × {1/2}|1 � i � ω} (as in the left-hand
side of Figure 10), or

(ii) exactly one component of ∂P lies in β × (0, 1) as an essential curve and the remainder
of ∂P is the set of the curves {αi × {1/2}|1 � i � ω} (as in the right-hand side of
Figure 10).

Then P is parallel to Q× {0}.

Proof. By a homeomorphism of Q, we may arrange that β is the boundary of the unit disk
in C and the curves {α1, . . . , αω} are boundaries of smaller round disks with centers on the real
axis. Let us re-index these curves in increasing order along this axis. In the first case, we may
further assume that ∂P ∩Q is also taken to the boundary of a round disk enclosing α1 ∪ · · · ∪ αk

where k = |∂P | − 1. This homeomorphism of Q extends to a level preserving homeomorphism
of Q× [0, 1]. We now regard Q× [0, 1] and P as their image under this homeomorphism.

Observe that P is incompressible. Otherwise, since P is planar, a compression of P would
produce a planar surface P ′ properly embedded in Q× [0, 1] whose boundary components were
a subset of the curves {αi × {1/2}|1 � i � ω}. The surface P ′ shows that these curves are a
homologically dependent set which contradicts that the set {αi × {1/2}|1 � i � ω} represents
a basis for H1(Q× [0, 1]). Also observe that Q× [0, 1] is irreducible since it is homeomorphic
to a handlebody.

Let us now take ω − 1 properly embedded vertical rectangles (fences) F1, . . . , Fω−1 in Q×
[0, 1] (each of the form fi × [0, 1] where fi is properly embedded arc in Q with constant real
coordinate between αi and αi+1) as in Figure 10 so that F1 ∪ · · · ∪ Fω−1 splits Q× [0, 1] into
ω solid tori V1, . . . , Vω. Note that each Fi is incompressible in Q× [0, 1].

Isotope P rel-∂ so that P intersects F1 ∪ · · · ∪ Fω−1 transversely in a minimal number
of components. Then by the irreducibility of Q× [0, 1], the incompressibility of P , and the
assumptions on ∂P , standard innermost disk and outermost arc arguments show that for each
i = 1, . . . , ω − 1,
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Figure 11 (colour online). A schematic of the disks D and D0, a curve of intersection c that is
innermost on D, and the subdisks Δ ⊂ D and Δ0 ⊂ D0 that c bounds.

• in case (i), P ∩ Fi is either empty or a single properly embedded arc whose endpoints
belong to Q× {0}, and

• in case (ii), P ∩ Fi is either empty or a single properly embedded arc whose endpoints
belong to β × (0, 1).

This is illustrated in Figure 10. Therefore P ∩ Vi is an incompressible annulus properly
embedded in Vi. Hence P ∩ Vi is parallel into ∂Vi. Moreover, since the boundary of the annulus
P ∩ Vi is disjoint from αi × {0}, it is properly isotopic in Vi to the annulus component of Vi ∩
(Q× {0} − ∂P ) that contains αi × {0}. These isotopies of these annuli may be joined together
along their intersections with the fences to produce a proper isotopy of P into Q× {0}. �

Lemma 5.5. Let k be a braided knot in D2 × S1, that is, p|k : k → S1 is monotone for the
projection p : D2 × S1 → S1. Let D be a meridian disk which intersects k transversely and
|D ∩ k| is minimal. Then D can be isotoped to D2 × {0} by an isotopy leaving k invariant.

Proof. Assume that the wrapping number of k in D2 × S1 is ω. By the assumption D
intersects k transversely ω times in the same orientation. Let us write Dt = D2 × {t} for
t ∈ S1. We may first deform D so that ∂D = ∂D−ε for some small ε > 0 by an isotopy which
leaves k invariant (as a set). Then apply a further isotopy keeping k and ∂D invariant so that
D intersects D0 transversely and the number of components of D ∩D0, denoted by |D ∩D0|,
is minimized. We continue to use the symbol D to denote the isotoped one and note that D still
intersects k in ω times in the same direction. Since ∂D is disjoint from ∂D0, D ∩D0 consists
of circles.

Now we observe that |D ∩D0| = 0. Assume for a contradiction that |D ∩D0| > 0. Let c be
a circle of D ∩D0 which is innermost in D. Then c bounds a disk Δ in D and bounds a disk
Δ0 in D0 whose interiors are disjoint; Δ ∪ Δ0 bounds a 3-ball BΔ in D2 × S1. See Figure 11.
Since k is monotone in D2 × S1 in the S1 direction, |Δ ∩ k| = |Δ0 ∩ k|. We claim that Δ can
be isotoped to Δ0 fixing c = ∂Δ and keeping k invariant.

Cut open D2 × S1 along the disk D0 = D2 × {0} to obtain D2 × [0, 1] in which k becomes
ω arcs each of which is monotone in the [0, 1] direction. Then it follows from Lemma 5.4(i)
(by conjugating with a level preserving homeomorphism of D2 × [0, 1] so that the arcs of k are
vertical) that Δ can be isotoped to Δ0 keeping k invariant. In particular, Lemma 5.4(i) shows
that we may view (BΔ, BΔ ∩ k) in D2 × S1 as a vertical tangle whose boundary is just the
equator c. Extend this product structure slightly past Δ0. Then the isotopy of Δ to Δ0 extends
into S1 ×D2 across BΔ to carry all of BΔ ∩D into the product region just past Δ0 as if the
vertical coordinate in this extended product tangle was being rescaled. Hence this isotopy of
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D not only eliminates the curve c from D ∩D0, but also any component of D ∩D0 in the disk
in D0 bounded by c.

Hence D ∩D0 is empty. Now we apply Lemma 5.4(ii) to isotope D to D0 by an isotopy
which leaves k invariant. This finishes a proof of Lemma 5.5. �

Proof of Proposition 5.2. Let τ be a balanced, oriented ω-tangle in D2 × [0, 1]. Its closure
τ̂ in D2 × S1 is the image of τ by gluing D2 × {0} and D2 × {1} (without twisting). Then
D0 = D2 × {0} intersects τ̂ in ω points with the same direction. By the assumption τ̂ is a closed
braid in D2 × S1, so we may isotope τ̂ to a closed braid b̂ in D2 × S1 which runs monotonically
in the S1 direction. Denote by D the image of D0 after this isotopy, which is no longer necessar-
ily a disk Dt = D2 × {t}, but nonetheless continues to intersect b̂ minimally in ω points. Hence
by Lemma 5.5 we can isotope D to D0 = D2 × {0} keeping b̂ invariant. Pulling back the product
structure into the original D2 × [0, 1], we have a product structure of D2 × [0, 1] in which each
D2 × {t} intersects τ in ω points in the same direction. This means that τ is an ω-braid.

To show Proposition 5.3 we observe the following lemma, which is similar to Lemma 5.5.

Lemma 5.6. Let b be a braid in D2 × [0, 1], that is, p|b : b → [0, 1] is monotone for the
projection p : D2 × [0, 1] → [0, 1]. Let D be a disk with ∂D ⊂ ∂D2 × [0, 1] as an essential curve.
If D intersects b transversely and |D ∩ b| is minimal, then D can be isotoped to D2 × {1/2}
by an isotopy keeping b invariant.

Proof. As in the proof of Lemma 5.5, by an isotopy leaving b invariant, we may assume
∂D = ∂D 1

2−ε for some small ε > 0 and D intersects D1/2 transversely and |D ∩D1/2| is
minimal. Then D ∩D1/2 consists of circles. Apply an almost identical argument in the proof
of Lemma 5.5 using Lemma 5.4 to obtain a desired isotopy. �

Proof of Proposition 5.3. Let τ1 be a balanced, oriented ω-strand tangle in D2 × [0, 1] and τ2
a balanced, oriented ω-strand tangle in D2 × [1, 2]. Their product τ1τ2 obtained by connecting
them is a balanced, oriented ω-strand tangle in D2 × [0, 2]. The disk D1 = D2 × {1} intersects
τ1τ2 minimally in ω points. By the assumption τ1τ2 is an ω-braid. Hence we may isotope τ1τ2
to b each of which strand is monotone in the S1 direction. Then the image D′

1 of D1 by this
isotopy is not necessarily D2 × {t} (0 � t � 2). However, D′

1 still intersects b minimally in
ω points. By Lemma 5.6 D′

1 can be isotoped to D1 = D2 × {1} by an isotopy which keeps
b invariant. Pull back the product structure to obtain a product structure of D2 × [0, 1] in
which τ1 intersects D2 × {t} (0 � t � 1) transversely in ω points, and a product structure of
D2 × [1, 2] in which τ2 intersects D2 × {s} (1 � s � 2) transversely in ω points. �

6. L-space knots in twist families

6.1. Twist families of L-space knots and their limits

Twisting a knot K along an unknot c also twists the slopes in ∂N(K). Using the standard
parameterization of slopes on null-homologous knots as the extended rational numbers Q ∪
{∞}, a slope r for K = K0 twists to a slope rn = r0 + nω2 for Kn where ω = windc(K).
Choosing a slope r for K thus enhances the twist family of knots {Kn} to a twist family of
knot-slope pairs {(Kn, rn)} and hence a family of surgered 3-manifolds {Kn(rn)}. We call a
knot-slope pair (K, r) an L-space surgery if K(r) is an L-space.

Observe that Kn(rn) = (K ∪ c)(r, −1/n). So let us consider the manifold Yr =
(K ∪ c)(r, ∅) = K(r) −N (c), the exterior of c in the r-surgery on K. Furthermore, let us retain
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the parameterization of slopes in ∂Yr from its identification as ∂N(c). Then Kn(rn) = Yr(−1/n)
and K∞(r∞) = Yr(0). Recall that we regard K∞ as the image of K in S1 × S2 under 0-surgery
on c.

Lemma 6.1. Assume r > 0. If K∞(r∞) and Kn(rn) are L-spaces, then so is Kn+1(rn+1).

Proof. Let (μK , λK) be a preferred meridian-longitude pair of K, and (μc, λc) a preferred
meridian-longitude pair of c. Recall E = S3 −N (K ∪ c) is the exterior of the link K ∪ c. Then
λc = ωμK and λK = ωμc in H1(E), and it is easy to see that the manifold Yp/q(m/n) = (K ∪
c)(p/q, m/n) obtained by (p/q, m/n)-surgery on K ∪ c, where the pairs p, q and m,n are each
coprime, has

H1(Yp/q(m/n); Z) =
〈
μk, μc | pμK + ωqμc = 0, ωnμK + mμc = 0

〉
.

Thus, taking positive coprime integers p, q and n � 0, we have |H1(K∞(r∞); Z)| = ω2q,
|H1(Kn(rn); Z)| = p + nω2q, and |H1(Kn+1(rn+1); Z)| = p + (n + 1)ω2q. Therefore, we have
the following equality:

|H1(Kn+1(rn+1); Z)| = |H1(Kn(rn); Z)| + |H1(K∞(r∞); Z)|.
Since Kn(rn) and K∞(r∞) are L-spaces by assumption, [49, Proposition 2.1] shows that
Kn+1(rn+1) is also an L-space. �

Lemma 6.2. Assume that Kn is an L-space knot for infinitely many integers n and c is
neither split from K nor a meridian of K.

(i) There is a constant N > 0 such that the L-space knots Kn with n � N are positive
L-space knots and those with n � −N are negative L-space knots.

(ii) For any choice of slope r �= ∞, there is a constant Nr � 0 such that for any L-space knot
Kn with |n| � Nr, Kn(rn) = Kn(r + nω2) is an L-space.

Note that Theorem 1.10 improves Lemma 6.2. However, Lemma 6.2 is needed in our
development of Theorems 1.13 and 1.10.

Proof. We may assume, by taking mirrors if necessary, that Kn is an L-space knot for
infinitely many integers n � 0.

Claim. For infinitely many integers n � 0, these L-space knots are positive L-space knots.

Proof. Assume to the contrary that there are only finitely many n � 0 such that these
L-space knots are positive L-space knots. Then we have a constant N > 0 such that Kn is a
negative L-space knot for infinitely many n � N . Then the mirror image Kn = K−n of Kn

is a positive L-space knot, and hence a tight fibered knot, for infinitely many n � N . This
contradicts Theorem 1.8 (for the twist family {K−n}). �

Therefore Kn is a tight fibered knot for infinitely many integers n. Then Theorem 1.8 shows
that there is a constant N+ � 0 such that Kn is a tight fibered knot for n � N+. Hence, an
L-space knot Kn with n � N+ is tight fibered, and τ(Kn) > 0 or Kn is the unknot. (A tight
fibered knot K satisfies τ(K) = g4(K) = g(K) [28].) Thus Kn is a positive L-space knot for
n � N+. (A nontrivial negative L-space knot has a negative τ -invariant.)

Since positive L-space knots are tight fibered knots, Theorem 1.8 implies that the twist family
is coherent with winding number ω � 2. Hence in Theorem 2.1 we may take x([D]) = ω − 1 � 1
so that for some constant G, we have 2g(Kn) − 1 = 2G− 1 + ω(ω − 1)n for n > N ′ for some
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ω

ω ω

Figure 12 (colour online). The slope ω(ω − 1) is strictly smaller than ω2.

constant N ′ � N+. This means that for these n > N ′, the points (n, 2g(Kn) − 1) lie on the
line y = ω(ω − 1)x + 2G− 1. On the other hand, since rn = r + ω2n, the points (n, rn) lie on
the line y = ω2x + r. Since ω � 2, the slope ω(ω − 1) is smaller than the slope ω2, and hence
there is a constant N+

r � N ′ such that rn � 2g(Kn) − 1 for n � N+
r ; see Figure 12. It then

follows from [50] that (Kn, rn) is a positive L-space surgery for any L-space knot Kn with
n � N+

r .
If {Kn} also contains infinitely many L-space knots Kn for n < 0, a similar argument

(applied to the mirrored twist family) produces a constant N− so that Kn is a negative
L-space knot for any L-space knot Kn with n � −N− and a constant N−

r � 0 so that
(Kn, rn) is a negative L-space surgery for any L-space knot with n � −N−

r . (Note that
rn < −(2g(Kn) − 1) ⇔ −(rn) > 2g(Kn) − 1 ⇔ (−r)−n > 2g(K−n) − 1. The knot Kn is the
mirror of Kn, the result of n twists of K along c; it is equal to the knot K−n which is the result of
−n twists of K along c.) If {Kn} only contains finitely many L-space knots Kn for n < 0, choose
N− so that Kn is not an L-space knot if n � −N−. Then the first assertion follows by choosing
N = max{N+, N−}, and the second assertion follow by choosing Nr = max{N+

r , N−
r }. �

Let X be a connected, compact, oriented 3-manifold where ∂X is a single torus. Let L(X)
denote the subset of slopes α in ∂X such that X(α) is an L-space. A primitive element in
H1(∂X) is a rational longitude if it represents a torsion element when considered as an element
of H1(X). Note that such an element is unique up to sign, and the resulting manifold obtained
by Dehn filling along the rational longitude has the infinite first homology group.

Theorem 6.3 [52, Proposition 1.3 and Theorem 1.6]. The subset L(X) is either empty, a
single slope, a closed interval of slopes, or the complement of the rational longitude.

Theorem 1.13. Let {Kn} be a twist family of knots obtained by twisting K along c.

(i) If K = K0 is an L-space knot with L-space surgery slope r and K∞ is an L-space
knot, then

(a) Kn is a positive L-space knot for all n � 0 if r > 0 and
(b) Kn is a negative L-space knot for all n � 0 if r < 0.

(ii) If Kn is an L-space knot for infinitely many integers n, then K∞ is an L-space knot.
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Proof. (i) Assume that K(r) = K0(r0) = Yr(∞) is an L-space, where r ∈ Q, and K∞ is
an L-space knot in S1 × S2. Since r∞ is not a meridional slope on K∞, by Remark 1.12(i)
K∞(r∞) = Yr(0) is also an L-space. If r > 0, repeated applications of Lemma 6.1 show that
Kn(rn) is an L-space for all n � 0. Because rn = r + nω2, rn > 0 and so Kn is a positive L-
space knot for all n � 0. Similarly, if r < 0, then Lemma 6.1 implies that Kn is a negative
L-space knot for all n � 0.

(ii) Assume that Kn is an L-space knot for infinitely many integers n. Then [5, Theorem 1.5]
implies ω > 0. Furthermore, Lemma 6.2 implies that for any slope r �= ∞ (where r = p/q for
coprime p, q and q > 0), there is a constant N so that for these n with |n| � N , Kn(rn) =
Yr(−1/n) is an L-space. Hence for infinitely many integers n, the set {−1/n} is contained in
L(Yr). Therefore, since 0 is a limit point of this infinite set, Theorem 6.3 implies that either 0 ∈
L(Yr) or 0 is the rational longitude. However, it cannot be the latter because Yr(0) = K∞(r∞)
implies that we have |H1(Yr(0))| = ω2q < ∞ as calculated in the proof of Lemma 6.1. Hence
K∞(r∞) = Yr(0) is an L-space and K∞ is an L-space knot. �

Theorem 1.10. Let {Kn} be a twist family of knots obtained by twisting K along c such
that c is neither split from K nor a meridian of K. If Kn is an L-space knot for infinitely many
integers n > 0 (respectively, n < 0), then

(i) c links K coherently and
(ii) there is a constant N such that Kn is a positive (respectively, negative) L-space knot

for all integers n � N (respectively, n � N).

Proof. By the assumption {Kn} or its mirror {Kn} contains infinitely many positive
L-space knots. Since positive L-space knots are tight fibered knots, Corollary 1.6(ii) shows
that c links K coherently.

Assume that Kn is an L-space knot for infinitely many integers n > 0. (The argument for
n < 0 follows similarly.) Then Theorem 1.13(ii) shows that K∞ is an L-space knot (in S1 × S2).
Also, Lemma 6.2 implies that all but finitely many of these knots are positive L-space knots.
In particular, KN is a positive L-space knot for some N > 0. Hence by Theorem 1.13(i)(a), Kn

is a positive L-space knot for all n � N . �

Question 6.4. Assume that c does not link K coherently. Then is there any universal upper
bound (perhaps in terms of the winding and wrapping numbers) for the number of L-space
knots in the twist family {Kn}?

6.2. Two-sided infinite twist families of L-space knots

Let {Kn} be a twist family of knots for which Kn is an L-space knot for infinitely many integers
n. Theorem 1.10 asserts that c must link K coherently. We say that {Kn} is a two-sided infinite
family (of L-space knots) if Kn are L-space knots for infinitely many positive integers n and
simultaneously Kn are L-space knots for infinitely many negative integers n; otherwise {Kn}
is a one-sided infinite family.

Proposition 6.5. Let {Kn} be a twist family of knots which contains infinitely many
L-space knots. Then the following three conditions are equivalent.

(i) {Kn} is a two-sided infinite family.
(ii) {Kn} contains a positive L-space knot and a negative L-space knot.
(iii) There are constants N+ and N− such that Kn is a positive L-space knot for all n � N+

and Kn is a negative L-space knot for all n � N−.
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Figure 13. Kn is an L-space knot if and only if n � 0.

Proof. (i) ⇒ (iii). Since {Kn} is a two-sided infinite family, it follows from Theorem 1.10
that there are constants N+ and N− such that Kn is a positive L-space knot for all n � N+

and Kn is a negative L-space knot for all n � N−, and the result follows.
(iii) ⇒ (ii). It is obvious.
(ii) ⇒ (i). Since {Kn} contains infinitely many L-space knots, Theorem 1.13(ii) shows that

the limit K∞ is an L-space knot in S1 × S2. Let Kp0 ∈ {Kn} be a positive L-space knot and
Km0 ∈ {Kn} a negative L-space knot. Then Kn is a positive L-space knot for all n � p0, and
Kn is a negative L-space knot for all n � m0 by Theorem 1.13(i)(a) and (b), respectively. Thus
{Kn} is a two-sided infinite family. �

As an immediate consequence of Theorem 1.9, we establish the following corollary.

Corollary 1.11. Let {Kn} be a twist family that contains infinitely many L-space knots.
If it is a two-sided infinite family, then the twisting circle c is a braid axis for K or K ∪ c is
the unlink.

Proof. Since the mirrors of negative L-space knots are positive L-space knots, following
Proposition 6.5, Kn and K−n are a positive L-space knots for sufficiently large n.

Since positive L-space knots are tight fibered, either c is a braid axis of K, a meridian of K
or split from K by Theorem 1.9. In the last two situations, Kn = K for all n. Since the unknot
is the only knot that is both a positive and a negative L-space knot, K must be the unknot. If
c is a meridian of K, c is a braid axis, and if c is split from K, K ∪ c is the unlink. �

It seems plausible that the converse of Corollary 1.11 holds.

Question 6.6. Let {Kn} be a twist family of knots with infinitely many L-space knots. If
c is a braid axis, then is {Kn} a two-sided infinite family?

Example 6.7. Let K be the pretzel knot P (−2, 3, 1) = T5,2 with unknot c as in Figure 13.
Then Kn = P (−2, 3, 2n + 1) is an L-space knot for n � 0 [49]. On the other hand, following
Lidman–Moore [40, Theorem 1] Kn is not an L-space knot if n < 0. In this example, c is not
a braid axis and {Kn} is a one-sided infinite twist family.

Example 6.8. All torus knots have twisting circles which produce two-sided infinite families
of L-space knots and ‘almost half’ of them have twisting circles which produce one-sided infinite
families of L-space knots as well like the one in Example 6.7. Take a torus knot Tp,q which
lies in a standardly embedded torus in S3. Let c+ and c− be unknots depicted in Figure 14.
Note that Tp,q ∪ c+ and T−p,q ∪ c− are mirror images of each other, lk(Tp,q, c+) = p + q and
lk(Tp,q, c−) = p− q.
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Figure 14 (colour online). The twisting circle c+ for a (p, q)-torus knot is mirror equivalent to
the twisting circle c− for a (−p, q)-torus knot.

We assume 2 � q < p for simplicity. As shown in [5, Proposition 6.3], c+ is a braid axis for Tp,q

and the knot T+
p,q,n obtained from Tp,q by n-twist along c+ is an L-space knot for all integers n.

However, assume that 2 � q < p < 2q, and take c− instead of c+. Then by [5, Proposition 6.3]
c− is not a braid axis of Tp,q, and the knot T−

p,q,n obtained from Tp,q by n-twist along c− is an
L-space knot for n � −1. Now Corollary 1.11 allows us to conclude that T−

p,q,n is an L-space
knot for only finitely many n � −2. Hence {T−

p,q,n} is one-sided twist family. (Note that K2 ∪ c
in Example 6.7 is isotopic to T5,3 ∪ c−.)

Question 6.9. If {Kn} is a twist family that contains a nontrivial positive L-space knot
and a nontrivial negative L-space knot, then does it contain infinitely many L-space knots?

7. Satellite L-space knots

Let P (K) denote the satellite knot with a companion knot K and pattern (V, P ), where P is
a knot in the unknotted solid torus V = S3 −N (c) for some unknot c. When we think of the
pattern P as a knot in S3, we call P a pattern knot. In particular, P (K) is the image of P
under the identification of V containing K with N(K) so that the meridian of c is identified
with the preferred longitude of K. Further observe that the unknot c linking with P defines
the twist family {Pn} of pattern knots, inducing n-twisted satellites Pn(K). In the following,
we use the term satellite knot P (K) to mean that the companion knot K is a nontrivial knot
and P is neither embedded in a 3-ball in V nor a core of V , that is, P ∪ c is neither the trivial
link nor the Hopf link.

We say the satellite knot P (K) is a braided satellite if P is a closed braid in V , that is, c is
a braid axis for P . In what follows, as an application of Corollary 1.11, we will prove that an
L-space satellite knot of a non-trivial knot must be a braided satellite, Theorem 1.17. Thus, we
affirmatively answer the first part of [4, Question 22] and the first part of [31, Question 1.8].

Let XK = S3 −N (K) be the exterior of K, and let VP = S3 −N (P ∪ c) be the exterior of
the link P ∪ c. For a slope α in ∂N(P ), let VP (α) denote the Dehn filling of VP along that
slope. Then P (K)(α) is obtained by gluing XK and VP (α) along their boundaries.

Recall that for a 3-manifold M with torus boundary, L(M) is the set of slopes in ∂M along
which Dehn filling yields an L-space. The interior of L(M) is denoted by L◦(M). (Here L(M)
is thought of as a subset of Q ∪ {∞} with topology induced from R ∪ {∞}, the one-point
compactification of R.) Let Mi (i = 1, 2) be a 3-manifold with a single-torus boundary, and
glue them along their boundaries via a homeomorphism h : ∂M1 → ∂M2 to obtain a closed
3-manifold M1 ∪h M2.

Recently, Hanselman, Rasmussen and Watson [24, Theorem 5] established the following
gluing theorem which gives the condition for the resulting 3-manifold M1 ∪h M2 to be an
L-space.

Theorem 7.1 [24, Theorem 13]. Assume that M1 and M2 have incompressible boundary.
The glued 3-manifold M1 ∪h M2 is an L-space if and only if h(L◦(M1)) ∪ L◦(M2) = Q ∪ {1/0}.
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Theorem 7.1 settles a conjecture due to Rasmussen and Rasmussen [52]; see also [52, Con-
jecture 1.7]; cf. [23, Conjecture 1], [8, Conjecture 1.10, Question 1.12], [11, Conjecture 4.3],
and [29, Conjecture 2].

Using Theorem 7.1 (more precisely, assuming its veracity), Hom [31, Proposition 3.3] proves
the following result. Although she states the result in the case where P (K) is a positive L-space
knot, the case when P (K) is a negative L-space knot follows immediately since P (K) = P (K).

Theorem 7.2 [Cf. [31, Proposition 3.3; 24, Theorem 14]]. If a satellite knot P (K) is a
positive (respectively, negative) L-space knot, then we have the following.

(i) P and K are positive (respectively, negative) L-space knots.
(ii) Pn is a positive L-space knot for all n � −2g(K) + 1, and P−n is a negative L-space knot

for all sufficiently large n (respectively, P−n is a negative L-space knot for all −n � 2g(K) − 1,
and Pn is a positive L-space knot for all sufficiently large n).

It follows from (i) that if P (K) is a satellite L-space knot, then its pattern knot P and
companion knot K must be L-space knots. However, it does not provide an information about
the pattern (V, P ). We are able to put a further restriction on the pattern (V, P ) of a satellite
L-space knot, which are conjectured in [4] (cf. [31]).

Theorem 1.17. If P (K) is a satellite L-space knot, then it is a braided satellite knot, that
is, P is a closed braid in V .

Proof. Employing Theorem 7.2(ii), Corollary 1.11 implies that c is a braid axis for P . Hence
P (K) is a braided satellite. �

Suppose that a satellite knot P (K) is an L-space knot. Then Theorem 1.17 shows that P is
braided in V , and hence the winding number ω coincides with the wrapping number, which is
also the braid index. In particular, ω � 2 for a satellite L-space knot P (K).

Let P (K) be an (ω, q)-cable of a knot K, where ω � 2. Then it follows from [27, Theorem
1.10] and [30] that P (K) is a positive L-space knot if and only if K is a positive L-space knot and
0 < ω(2g(K) − 1) � q. Note that we must actually have the strict inequality ω(2g(K) − 1) < q.
Indeed, if ω(2g(K) − 1) = q, then q is divisible by ω; yet since ω and q are coprime, we must
have ω = 1 which is contrary to our assumption that ω � 2. Since 2g(P ) = (ω − 1)(q − 1), we
may rewrite this as q = 2g(P )−1+ω

ω−1 . Hence we obtain an inequality ω(2g(K) − 1) < 2g(P )−1+ω
ω−1 .

The next result shows that this is always the case for satellite L-space knots P (K), and gives
a constraint between the genera of the pattern knot P and the companion knot K.

Theorem 7.3. Assume that a satellite knot P (K) is an L-space knot. Then we have:

(i) ω(2g(K) − 1) < 2g(P )−1+ω
ω−1 , and

(ii) g(K) < g(P ), or g(K) = g(P ) = 1. In the latter case, P (K) is the (2,3)-cable of the
trefoil knot T3,2 (or (2,−3)-cable of the trefoil knot T−3,2).

Proof. We will prove the theorem in the case where P (K) is a positive L-space knot. If
P (K) is a negative L-space knot, take the mirror P (K) = P (K) of P (K) and apply the same
argument. We begin with a proof of (i). If P is a 0-bridge braid in V , that is, P (K) is a cable
knot of K, then as we mentioned above, the first assertion follows from [30]. So in the following
we assume that P is not a 0-bridge braid in V .

Given that P (K) is a positive L-space knot, P (K)(r), the glued 3-manifold XK ∪h VP (r) is
an L-space for any r � 2g(P (K)) − 1. Since K is nontrivial, XK is boundary-irreducible, that
is, it has an incompressible boundary.
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Claim. VP (r) is boundary-irreducible when r = 2g(P (K)) − 1.

Proof. Assume for a contradiction that VP (2g(P (K)) − 1) is boundary-reducible. Then it
is either S1 ×D2 or S1 ×D2 � W where W is a nontrivial lens space [57].

Case 1. VP (2g(P (K)) − 1) = S1 ×D2. Then P is a 0 or 1-bridge braid in V [16]. By our
assumption that P is not a 0-bridge braid, we may assume that it is a 1-bridge braid in V .
Let us use the updated notation of [32] instead of what [17] does. In particular, following
[32, Lemma 2.1 and footnote 3, p. 2], using the bridge width b and the twist number t, we have
an expression 2g(P (K)) − 1 = tω + d, where d = b or b + 1 and 1 � b � ω − 2, t = t0 + qω
for integers q and constraining t0 with 1 � t0 � ω − 2 to avoid 0-bridge braids. Using these
parameters, 2g(P ) = (t− 1)(ω − 1) + b [32, Lemma 2.6] and so 2g(P ) − 1 = tω − t− ω + b.
Then we have

tω + d = 2g(P (K)) − 1

= 2g(P ) + 2ωg(K) − 1

= tω − t− ω + b + ω2g(K).

Thus, we have t + (d− b) = ω2g(K) − ω. Then use that t = t0 + qω to obtain

t0 + (d− b) = ω2g(K) − ω − qω = ω(2g(K) − 1 − q).

However, 1 � t0 � t0 + (d− b) � t0 + 1 � ω − 1 so t0 + (d− b) cannot have ω as a factor,
a contradiction.

Case 2. VP (2g(P (K)) − 1) = S1 ×D2 � W where W is a nontrivial lens space. Then following
[57], P is a (p, q)-cable of a knot P ′ in V and the surgery slope r = 2g(P (K)) − 1 is the
cabling slope pq, where p � 2. By the assumption P ′ is not a core of V . Note that VP (pq) =
VP ′(q/p) � W for some lens space W [20] and, since VP ′(q/p) is irreducible but boundary-
reducible, VP ′(q/p) = S1 ×D2. Since any non-integral surgery on a 1-bridge braid never yields
S1 ×D2 [17, Lemma 3.2], P ′ is a 0-bridge braid in V , say (r, s)-torus knot in V , where r � 2.
(Since VP ′(q/p) = S1 ×D2, we have |rsp− q| = 1, though this will not be used in the following.)
Hence P is a (p, q)-cable of Tr,s. Then using [58, §21 Satz 1]

pq = 2g(P (K)) − 1

= 2g(Tp,q) + 2pg(Tr,s) − 1

= p(q + rs− r − s) − q.

The left-hand side is divided by p � 2, but the right-hand side cannot be divided by p, because
p and q are coprime. �

Thus both XK and VP (2g(P (K)) − 1) are boundary-irreducible. Since L(XK) = [2g(K) −
1,∞] with respect to the standard μK , λK basis of ∂XK , we have that h(L◦(XK)) =
(0, 1

2g(K)−1 ) with respect to the standard μc, λc basis of ∂N(c) = ∂VP (r). Assuming Conjec-
ture 7.1, since P (K)(2g(P (K)) − 1) is a positive L-space, we have

h(L◦(XK)) ∪ L◦(VP (2g(P (K)) − 1)) =
(

0,
1

2g(K) − 1

)
∪ L◦(VP (2g(P (K)) − 1)) = Q ∪ {∞}.

Since the rational longitude of VP (2g(P (K)) − 1) has slope ω2

2g(P (K))−1 [20, Lemma 3.3] and
cannot be in L(VP (2g(P (K)) − 1)), it must be in (0, 1

2g(K)−1 ), hence we have

ω2

2g(P (K)) − 1
<

1
2g(K) − 1

.



SEIFERT VS. SLICE GENERA OF KNOTS IN TWIST FAMILIES 1527

It follows that

ω2(2g(K) − 1) < 2g(P (K)) − 1.

Since P (K) is fibered, following [32, Lemma 2.6] we have:

2g(P (K)) − 1 = 2g(P ) − 1 + ω2g(K),

this inequality reduces to

ω(2g(K) − 1) <
2g(P ) − 1 + ω

ω − 1

as claimed.
Let us prove (ii). If ω = 2, then by (i) we have 2(2g(K) − 1) < 2g(P ) + 1 and hence 2g(K) −

1 < g(P ) + 1/2. Assuming that g(P ) � g(K), this then implies 2g(K) − 1 < g(K) + 1/2 and
so g(K) < 3/2. Since K is non-trivial, g(K) = 1 and g(P ) = 1 as well. Theorem 7.2 shows
that P and K are positive L-space knots, hence K is the positive trefoil knot T3,2 [18]. By
Theorem 1.17 P is a closed braid in P with braid index 2; thus, P is a (2, q)-torus knot in V for
some q. Since g(P ) = 1, q = 3 and P is a (2, 3)-torus knot in V . Hence, P (K) is the (2,3)-cable
of the trefoil knot T3,2.

So we may assume ω � 3. If g(P ) = 0, then (i) implies ω(2g(K) − 1) < 1, which means that
g(K) = 0, that is, K is unknotted, a contradiction. So we assume g(P ) � 1 and ω � 3. Rewrite
the inequality in (i) as

2g(K) <
2g(P ) + ω2 − 1

ω(ω − 1)
.

Since ω � 3, we have ω2 − 1 < 2(ω2 − ω − 1). Hence ω2 − 1 < 2(ω2 − ω − 1)g(P ). Using this,
we have

2g(P ) + ω2 − 1
ω(ω − 1)

< 2g(P ).

Connecting the above two inequalities, we obtain the desired inequality g(K) < g(P ). �

The second assertion in Theorem 7.3 says that even when both P and K are L-space knots,
we may not construct a satellite L-space knot for any (braided) embedding of P in V .

Finally we consider an essential tangle decomposition of satellite L-space knots. A knot K in
S3 admits an essential n-string tangle decomposition if there exists a 2-sphere S which intersects
K transversely in 2n-points such that S −N (K) is essential in E(K). In particular, when n = 2,
such a 2-sphere is called an essential Conway sphere. We say that K has no essential tangle
decomposition if it has no essential n-string tangle decomposition for all integers n. Krcatovich
[37] shows that an L-space knot has no essential 1-string tangle decomposition, that is, K
is prime. Lidman and Moore conjecture [40] that any L-space knot K admits no essential
2-string tangle decomposition, that is, K admits no essential Conway sphere. More generally,
it is conjectured in [4]:

Conjecture 7.4. Any L-space knot has no essential tangle decomposition.

We apply Theorem 1.17 to give a partial answer to Conjecture 7.4. The first assertion in
Theorem 7.5 immediately follows from Theorem 1.17 and [4, Theorem 20], but we will give its
proof below in the course of the proof of (ii).

Theorem 7.5. Let P (K) be a satellite L-space knot with a pattern (V, P ) and a companion
knot K.
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(i) If K has no essential tangle decomposition, then P (K) has no essential tangle
decomposition neither.

(ii) P (K) has no essential n-string tangle decomposition for n � 3. In particular, P (K) does
not admit an essential Conway sphere.

Proof. Suppose that we have a 2-sphere S which gives an essential tangle decomposition
for P (K). It follows from Theorem 1.17 that P is a closed braid in V (with braid index
ω � 2), and hence (V, P ) has no essential tangle decomposition. Then following [25], S gives
an essential tangle decomposition of the companion knot K for some integer n. This contradicts
the assumption of (i), and completes a proof of (i).

To proceed the proof of (ii), assume for a contradiction that S gives an essential n-string
tangle decomposition for P (K) for n � 3. Then S intersects P (K) transversely in 2n � 6
points. As above S gives an essential n′-string tangle decomposition of K for some integer
n′. By Theorem 7.2(i) K should be an L-space knot, and it has no essential 1-string tangle
decomposition [37]. Hence n′ � 2. This means that S intersects P (K) at least 2ωn′ � 8 times,
a contradiction. �

Since a torus knot has no essential n-string tangle decomposition for all n [21, 62] we have:

Corollary 7.6. Conjecture 7.4 is true whenever hyperbolic L-space knots have no essential
tangle decomposition.
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50. P. Ozsváth and Z. Szabó, ‘Knot Floer homology and rational surgeries’, Algebr. Geom. Topol. 11 (2011)

1–68.
51. J. Rasmussen, ‘Khovanov homology and the slice genus’, Invent. Math. 182 (2010) 419–447.
52. J. Rasmussen and S. Rasmussen, ‘Floer simple manifolds and L-space intervals’, Adv. Math. 322 (2017)

738–805.
53. L. Rudolph, ‘Quasipositivity as an obstruction to sliceness’, Bull. Amer. Math. Soc. 29 (1993) 51–59.
54. L. Rudolph, ‘Quasipositive plumbing (constructions of quasipositive knots and links, V)’, Proc. Amer.

Math. Soc. 126 (1998) 257–267.
55. L. Rudolph, ‘Quasipositive pretzels’, Topology Appl. 115 (2001) 115–123.
56. L. Rudolph, ‘Knot theory of complex plane curves’, Handbook of knot theory (ed. W. Menasco; Elsevier

B. V., Amsterdam, 2005) 349–427.
57. M. Scharlemann, ‘Producing reducible 3–manifolds by surgery on a knot’, Topology 29 (1990) 481–500.
58. H. Schubert, ‘Knoten und Vollringe’, Acta Math. 90 (1953) 131–286.
59. M. Thistlethwaite, Thistlethwaite Link Table, http://katlas.org/wiki/The Thistlethwaite Link Table
60. W. Thurston, ‘A norm for the homology of 3-manifolds’, Mem. Amer. Math. Soc. 59 (33) i–vi, 99–130.
61. G. Torres, ‘On the Alexander polynomial’, Ann. of Math. (2) 57 (1953) 57–89.
62. C. M. Tsau, ‘Incompressible surfaces in the knot manifolds of torus knots’, Topology 33 (1994) 197–201.
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