
同じ射影図を持つリンクダイアグラムの集合の

領域交差交換による同値類について

Megumi HASHIZUME (Nara Women’s University)∗

January 31, 2014

Abstract

2010年，清水氏らによって領域交差交換と呼ばれる，classicalな link diagram
における局所変形が定義された．ここで同じ射影をもつリンクダイアグラム

の集合 {Di} に対してDiとDjが領域交差交換で移り合うとき，同値である

という同値関係を入れる．この報告ではこの同値関係による同値類について

得られた結果を報告する

1. Introduction.
A link is the union of mutually disjoint, finite number of oriented 1-sphere(s) in the
3-sphere S3. In particular, one component link is called a knot. Let S2 be a 2-sphere
in S3 and p : S3 → S2 be a projection. Let L be a link in S3 and p(L) the projection
of L. We call a point c of the image p(L) multiple point if p−1(c) ∩ L contains more
than one points. We say that c (∈ p(L)) is an n-multiple point if |p−1(c) ∩ L| = n. A
2-multiple point is called a double point. We say that p is a regular projection for L
if the set of the multiple points of the image p(L) consists of finitely many transverse
double points.

Figure 1: transverse double point

In the following, we assume that p is a regular projection for L. Each double point
c of p(L) is called a crossing. Note that for a small disk neighborhood of a crossing c,
denoted N(c), p(L)∩N(c) is formed by two arcs, say a+ and a− such that a+∩a− = c.
In order to distinguish upper/under information of a+ and a−, we erase the arc which
is lower than the other. See Figure2. We call this figure a link digram of L.

In 2010, Ayaka Shimizu et al.([1]) defined a new operation on link diagram, which is
now studied by several authors (e.g. [2], [4]). (Moreover a game based on this concept
was proposed by Kawauchi, Kishimoto and Shimizu [5].) Let D be a link diagram.
Then |D| denotes p(L) and this is regarded as a 4-valent graph. Each component of
S2 \ |D| is called a region of D. For a region R of D, D(R) denotes the link diagram
obtained from D by changing the upper/under informations of the crossings on the
boundary of R (Figure 3). In general, for a set H = {Ri1 , . . . , Ris} of regions of
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D, the link diagram obtained from D by region crossing change at H is defined to
be (· · · (D(Ri1))(Ri2) · · · )(Ris). It is easy to see that this is well-defined, that is, the
obtained link diagram is independent from the orders of the regions Ri1 , . . . , Ris . For a
convenience of the accessibility of H, we geometrically represent H on the diagram D
by shading the regions which belong to H, and we call such representative a coloring
of D.
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Figure 3:

Let G be a 4-valent plane graph. We note that G can be regarded as the projection
p(L) of certain link L, or equivalently G = |D| for some link diagram D. Then let
DG be the set of link diagrams D′ such that |D′| = G. (Note that DG consists of 2m

elements wherem is the number of the vertices ofG.) Then we introduce an equivalence
relation ∼ on DG by D1 ∼ D2 if there exists H ⊂ RD1 such that D1(H) = D2. Then
it is natural to pose,

Question
Give a concrete presentation of the equivalence classes DG/ ∼.

The purpose of this report is to give an answer to Question for a certain class of links
(Theorem2). Here, we note that it is remarked in [1] that 2-component trivial link
diagram is not obtained from the link diagram of Figure 4 by any region crossing
change, hence DG/ ∼ contains at least two elements.

Figure 4: Hopflink

In Section 2, we introduce a structure of Z2-linear space on the power sets 2C and
2R, where C (R resp.) denotes the set of the crossings (regions resp.) of D. Then we



show that region crossing change introduces a Z2-linear map φ : 2R → 2C. In Section 3,
we study the kernel of φ. In fact, we show that if D is non-separable and irreducible
(for the definitions, see Section 2), then kerφ admits a neat basis. For the statement
of the result, we introduce a terminology. Suppose D = k1 ∪ · · · ∪ kn is a link diagram
of an n-component link, where each ki represents a component of the link. We say
that a coloring is a componentwise checker board coloring associated with ki, if it gives
a checker board coloring of ki by ignoring the components other than ki (we will give
the precise definition in Section 2). Then Hi (i = 1, . . . , n) denotes the componentwise
checker board coloring associated with ki, such that a prescribed region is not shaded
by Hi (Figure 5). Then we have;
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Figure 5:

Theorem 1 ([7]). Let D = k1 ∪ · · · ∪ kn, R, C, φ : 2R → 2C, H1, . . . , Hn be as above.
Suppose that D is irreducible and non-separable. Then, {H1, . . . , Hn,R} is a basis of
kerφ.

In Section 4, we study the image of φ and the cokernel of φ. We will see that
this gives an answer to Question. Let D = k1 ∪ · · · ∪ kn be a link diagram. Then
ki ∩ kj(i, j = 1, . . . , n) denotes the set of crossings each of which formed by subarcs
of ki and kj. It is shown by Cheng-Gao[2] that if c ∈ ki ∩ ki, then {c} ∈ Imφ, and
that if c1, c2 ∈ ki ∩ kj(c1 ̸= c2), then {c1, c2} ∈ Imφ. Further Cheng[3] show that if
c1 ∈ k1 ∩ k2, c2 ∈ k2 ∩ k3, . . . , cn−1 ∈ kn−1 ∩ kn, cn ∈ kn ∩ k1, then {c1, . . . , cn} ∈ Imφ.
In Proposition 1, we generalize this result as in the following form.

Notations.

• Ti
1: the set of the sets each consisting of exactly one element of ki ∩ ki

• For each s(2 ≤ s ≤ n), and i1, . . . , is ∈ {1, . . . , n} with ip ̸= iq(p ̸= q),

Ti1···is
s: the set of the sets each consisting of subsets {c1, . . . , cs} such that c1 ∈

ki1 ∩ ki2 , c2 ∈ ki2 ∩ ki3 , . . . , cs−1 ∈ kis−1 ∩ kis , cs ∈ kis ∩ ki1

• Further

Ccyc
s := ∪1≤i1<···<is≤n(∪σ∈SsTσ(i1)···σ(is)

s),

where Ss is the permutation group on the s letters {i1, . . . is} and

Ccyc
1: the subspace generated by ∪i=1,...,nTi

1

• Finally, let H be the subspace generated by ∪s=1,...,nC
s
cyc

Then we show :



Proposition 1. Let φ,H be as above. Then,

H ⊂ Imφ. (1)

It is not known whether H = Imφ or not in general. However we could show that
for a certain link diagrams, H = Imφ holds, and we can give a concrete presentation
of Cokerφ. The precise statement is as follows.

Theorem 2. Let D = k1 ∪ · · · ∪ kn be a link diagram. Suppose that k1 ∩ kj ̸= ∅
(j = 2, . . . , n). Then

H = Imφ.

Further the coset decomposition of 2C by Imφ as an abelian group has the following
presentation. Fix an element, denoted by c1j, of k1 ∩ kj. Then the coset decomposition
is given by;

2C = Imφ

⨿({c12}+ Imφ)⨿ ({c13}+ Imφ)⨿ · · · ⨿ ({c1n}+ Imφ)

⨿({c12, c13}+ Imφ)⨿ ({c12, c14}+ Imφ)⨿ · · · ⨿ ({c1n−1, c1n}+ Imφ)
...

⨿({c12, c13, . . . , c1n}+ Imφ).



2. Preliminaries

For definitions of standard terms in knot and link theory, we refer to [6]. Let D be a
link diagram, and c a crossing of D. The crossing c is reducible if there exists a circle
E on S2 which transversely intersects D only in c. We say that D is irreducible if it
contains no reducible crossing.

Observation 1. Let H = {Ri1 , . . . , Ris} be a set of regions of D. A crossing p is not
changed by the region crossing change at H, if and only if the number of the shaded
regions that are adjacent to p is even. In particular, in the case when p is an irreducible
crossing, the condition means that a neighborhood of p looks as one of the figures in
Figure 6. Furthermore, in the case when p is a reducible crossing (as in Figure 7), the
condition means that H looks as one of the figures in Figure 7.
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Figure 7: reducible crossings, where S and T are tangles.

Definition 1. We say that a coloring of D is a checker board coloring of D if the
following conditions are satisfied.

1. For a small disk neighborhood of each crossing, |D| divides it into four parts.
Then one pair of the parts in opposition is shaded and the other pair is non-
shaded, as in Figure 8(a).

2. For any point p on |D| \ {crossings}, a small disk neighborhood of p is divided
into two parts by |D|. Then one part is shaded and the other is non-shaded as in
Figure 8(b).

Remark 1. It is well known that each link diagram admits exactly two checker board
colorings.

Let D = k1 ∪ · · · ∪ kn be an n-component link diagram, where each ki represents
a component of the link. We fix a point ∞ in S2 \ |D|. Then let Ri be the set of the
regions of the knot diagram ki and R the set of the regions of D. In general, for a set
X, 2X denotes the power set of X. Then ξi denotes the natural map 2Ri → 2R.
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Figure 8:

Definition 2. Let D = k1∪ · · · ∪kn, Ri, R, ξi be as above. A coloring of D is called a
componentwise checker board coloring associated with ki, if the coloring is the image of
a checker board coloring of ki by ξi. Then Hi denotes the componentwise checker board
coloring associated with ki, such that the region containing ∞ is not shaded.

Remark 2. Suppose that D is irreducible. Then, by Observation 1, we see that, for
each i, the region crossing change at Hi gives the trivial transformation of the link
diagram D.

We say that D is separable, if there is a circle E in S2 such that E ∩D = ∅, and E
separates components of D. In the remainder of this paper, we suppose that the link
diagrams are non-separable. Let C = {c1, . . . , cm} be the set of the crossings of D. By
using Euler characteristic, we see that the number of the regions of D is m+ 2. Then
R1,. . . ,Rm+2 denote the regions of D. Recall that 2R denotes the power set of R and
2C denotes the power set of C. We introduce an addition on 2R and 2C by symmetric
difference, that is, if A and B are elements of 2R (resp. 2C), then the addition of A
and B denoted by A + B is given by A + B = (A \ B) ∪ (B \ A). Furthermore scalar
multiplication by Z2 is defined by 0 · A = ∅, 1 · A = A for each A ∈ 2R (resp. 2C).
It is easy to show that these structures make 2R (resp.2C) a Z2-linear space, where
{R1}, . . . , {Rm+2} (resp.{c1}, . . . , {cm}) is a basis of 2R (resp. 2C). Next we define a
map φ from 2R to 2C. For a subset H of R, we define φ(H) to be the set consisting of
the crossings which are changed by the region crossing change at H. It is easy to see
that the map φ is a Z2-linear map. We note that kerφ consists of the sets of regions
such that the region crossing change at each set gives the trivial transformation.

Incidence matrix
Then the incidence matrix A(D) is the (m + 2) × m-matrix whose (i, j)-entry is

given by

mij =

{
1 if cj ∈ ∂Ri

0 if cj /∈ ∂Ri

(We note that A(D) is the same as the incidence matrix defined by Cheng and Gao in
[2] up to permutations of rows and columns.) Then in [2] (see, also [3]) the following
is shown.

Theorem 3. Let D = k1 ∪ · · · ∪ kn, A(D), m be as above. Then we have

n = m− rankZ2A(D) + 1.



A representative of φ
Let fR : 2R → Zm+2

2 be the isomorphism given by:

fR({R1}) = e1 = (1, 0, · · · , 0) ∈ Zm+2
2

fR({R2}) = e2 = (0, 1, 0 · · · , 0) ∈ Zm+2
2

...

fR({Rm+2}) = em+2 = (0, · · · , 0, 1) ∈ Zm+2
2

Let fC : 2C → Zm
2 be the isomorphism given by:

fC({c1}) = f1 = (1, 0, · · · , 0) ∈ Zm
2

fC({c2}) = f2 = (0, 1, 0 · · · , 0) ∈ Zm
2

...

fC({cm}) = fm = (0, · · · , 0, 1) ∈ Zm
2

Then ψ : Zm+2
2 → Zm

2 denotes the homomorphism fC ◦ φ ◦ (fR)
−1. It is easy to see

from the definition of A(D) that A(D) represents the Z2-linear map ψ with respect to
the bases {e1, . . . , em+2} and {f1, . . . , fm} (i.e. for each x ∈ Zm+2

2 , ψ(x) = xA(D)). By
Homomorphism Theorem in linear algebra this fact together with Theorem 3 implies

dimZ2 kerφ = (m+ 2)− rankZ2A(D) (2)

= (m+ 2)− (m− n+ 1)

= n+ 1,

where n is the number of the components of D.

3. Proof of Theorem 1
Lemma 1. Let D = k1 ∪ · · · ∪ kn, R, C, φ : 2R → 2C, H1, . . . , Hn be as in Section 2.
Suppose that D is irreducible and non-separable. Then {H1, . . . , Hn,R} is linearly
independent.

Proof. Suppose that the following equation is satisfied.

ε1H1 + ε2H2 + · · ·+ εnHn + εn+1R = 0 (εi ∈ Z2) (3)

Recall that a point ∞ in S2 \ |D| is fixed, and the region containing ∞ is not shaded
by Hi (i = 1, . . . , n) (Definition 2). On the other hand, the region containing ∞ is
shaded by R. These together with (3) implies εn+1 = 0. Then, for each i (= 1, . . . , n),
we take a point pi in |D| \ {crossings} such that pi ∈ ki. A small disk neighborhood
of pi is divided into two components by |D|. One component is contained in a region
shaded by Hi, say Rs, and the other is not contained in any region shaded by Hi.
Then Rt denotes the region containing the other component (Figure 9(a)). On the
other hand, we see that both of the regions Rs and Rt are shaded or non-shaded by
Hj (j ̸= i, j ∈ {1, . . . , n}) by Definition 2 (Figure 9(b)). These facts together with (3)
imply εi = 0.

As the conclusion, we have shown that ε1 = · · · = εn = εn+1 = 0. Hence
{H1, . . . , Hn,R} is linearly independent.
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Figure 9:

Now we give a proof of Theorem 1. Suppose that D is irreducible. Then by
Remark 2, Hi ∈ kerφ (i = 1, . . . , n), and R ∈ kerφ. By Lemma 1, {H1, . . . , Hn,R} is
linearly independent. This fact together with (2) in Section 2 implies {H1, . . . , Hn,R}
is a basis of kerφ. This completes the proof of Theorem 1.

The next proposition will be used Section 4.

Proposition 2. Let D be a (not necessarily irreducible) link diagram. For any point
p ∈ D \ {crossings}, we have following;

For any local coloring of a small neighborhood of p, there is a coloring H of D such
that

1. H ∈ kerφ.

2. the restriction of the coloring of H to the neighborhood of p coincides with the
given one.

Proof. Suppose that D is reducible, let c1
r, . . . , cm

r be the reducible crossings of D.
Then take mutually disjoint circles E1, . . . , Em(⊂ S2) such that D ∩ Ei = ci

r(i =
1, . . . ,m). Let Dir be the link diagram obtained by smoothing c1

r, . . . , cm
r (see Fig-

ure 10). Hence Dir consists of m + 1 link diagrams D(1) ∪ · · · ∪ D(m+1) separated by

→

Figure 10:

E1 ∪ · · · ∪Em, where each D
(i) is an irreducible link diagram. If D is irreducible, then

take D(1) as D in the following.
Without loss of generality, we may suppose that p is contained in D(1). Let k∗ be

the component of D(1) such that p ∈ k∗. Then a small disk neighborhood of p, denoted
by N(p), is divided into two components by k∗. Let R(1) be the set of the regions of
D(1). Let R1

(1) ∈ R(1) be the region which contains one of them, and R2
(1) ∈ R(1) the

region which contains the other. The local coloring at p is one of the 4 patterns of
Figure 11.

Now for each case, we construct a coloring H(1) on D(1) respecting the local coloring
such that the region crossing change at H(1) does not change the crossings of D(1). Let
H∗

(1) be the componentwise checkerboard coloring on D(1) associated with k∗ such that
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R1
(1) is shaded (and R2

(1) is not shaded). Since D(1) is irreducible, the region crossing
change at H∗

(1) does not change the crossings of D(1). By the above argument, we see
that region crossing changes at R(1),R(1)+H∗

(1), ∅ do not change the crossings of D(1)

either. It is clear that these 4 colorings realize the 4 local colorings in Figure 11.

Then we describe how to extend H∗
(1) to D to obtain a coloring H such that

φ(H) = ∅. Without loss of generality, we may suppose that D(1) is adjacent to D(2)

by E1. Now consider the link diagram D(1) ∪D(2). Let R(2) be the set of the regions
of D(2). Let k∗

(2) be the component of D(2) such that k∗
(2) contains the arc in a

disk neighborhood of c1
r, denoted by N(c1

r), of D(2). Then N(c1
r) is divided into

two components by k∗
(2). Let R1

(2) ∈ R(2) be a region which contains one of them and
R2

(2) the region which contains the other. LetH∗
(2) be the componentwise checkerboard

coloring on D(2) associated with k∗
(2). Then the region crossing change at H∗

(2) does
not change the crossings of D(2). By the above argument, we see that region crossing
changes at R(2),R(2) + H∗

(2), ∅ either. It is clear that these 4 colorings realize the 4
local colorings in Figure 12. The local coloring of H∗

(1) in N(c1
r) on D(1) is one of

c1
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Figure 12:

the 4 patterns of Figure 13. According to each patten, we take one of the 4 colorings,
H∗

(2),R(2),R(2) + H∗
(2), ∅, of D(2) above, as in Figure 12. Let D(1) ∗ D(2) be the link

diagram obtained from D(1) ∪ D(2) by retrieving the crossing c1
r. Then it is directly

observed from Figure 12 and Figure 13, we can amalgamate the corresponding colorings
ofD(1) andD(2) to give a coloring ofD(1)∗D(2). By this construction and Observation 1,
we see that the the region crossing changes does not change the crossings of D(1) ∗D(2).

It is easy to see that the above arguments can be repeated through c2
r, . . . , cm

r to
give a coloring of D satisfying the conclusions of the proposition.
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4. Proof of Theorem 2
Imφ

Let D,φ be as in the previous sections. By the definition of φ we immediately see
that D1 ∼ D2 if, and only if, D2 is obtained from D1 by changing the crossings of an
element of Imφ. It is easy to see that this gives a 1 to 1 correspondence between the
equivalence class D̃1 and Imφ. Further we note that Imφ is a subgroup of the abelian
group 2C. Hence Question in Section 1 can be rephrased as in the following form.

Question’
Give concrete presentations of Imφ and coset decomposition of 2C by Imφ.

Recall that Theorem 2, stated in Section 1, give a generating system of Imφ and
representatives of the coset decomposition of 2C by Imφ (Theorem 2). Recall that in
[2], Cheng and Gao proved the following;

Proposition 3. Let D = k1 ∪ · · · ∪ kn be an n-component link diagram. Then for
each cp ∈ ki ∩ ki, we have {cp} ∈ Imφ, i.e. there is a set H of regions of D such that
φ(H) = {cp}
Proposition 4. Let D = k1 ∪ · · · ∪ kn be an n-component link diagram. Then for each
pair of crossings c1, c2 which c1, c2 ∈ ki ∩ kj, we have {c1, c2} ∈ Imφ i.e. there is a set
H ′ of regions of D such that φ(H ′) = {c1, c2}.

In [3], Cheng showed the following proposition.

Proposition 5. Let D = k1 ∪ · · · ∪ kn be an n-component link diagram. If ki ∩ kj ̸= ∅
for all i, j which satisfy |i − j| = 1 or |i − j| = n − 1, then for any set of crossings
{c1, c2, . . . , cn|c1 ∈ k1 ∩ k2, c2 ∈ k2 ∩ k3, . . . , cn−1 ∈ kn−1 ∩ kn, cn ∈ kn ∩ k1}, there exists
a set H ′′ of regions of D such that φ(H ′′) = {c1, c2, . . . , cn}.

Then we generalized these results. Let D = k1 ∪ · · · ∪ kn be an n-component link
diagram. Recall;
Notations.

• Ti
1: the set of the sets each consisting of exactly one element of ki ∩ ki

• For each s(2 ≤ s ≤ n), and i1, . . . , is ∈ {1, . . . , n} with ip ̸= iq(p ̸= q),

Ti1···is
s: the set of the sets each consisting of subsets {c1, . . . , cs} such that c1 ∈

ki1 ∩ ki2 , c2 ∈ ki2 ∩ ki3 , . . . , cs−1 ∈ kis−1 ∩ kis , cs ∈ kis ∩ ki1



• Further

Ccyc
s := ∪1≤i1<···<is≤n(∪σ∈SsTσ(i1)···σ(is)

s),

where Ss is the permutation group on the s letters {i1, . . . is} and

Ccyc
1: the subspace generated by ∪i=1,...,nTi

1

• Finally, let H be the subspace generated by ∪s=1,...,nC
s
cyc

Then, Proposition 3, 4 and 5 can be generalized as follows:

Proposition 1 Let φ,H be as above. Then,

H ⊂ Imφ.

Proof. First, for any crossing cp ∈ ki ∩ ki(i = 1, . . . , n), we find a set of regions of
D denoted by H such that φ(H) = {cp} by the following procedure. Suppose D is
reducible, let c1

r, . . . , cm
r be the reducible crossings of D. Then take mutually disjoint

circle E1∪· · ·∪Em(⊂ S2) such that D∩Ei = ci
r(i = 1, . . . ,m). Since each Ei separates

S2, we immediately see;

Claim 1 For each ci
r, there is a component of D, say kpi , such that ci

r ∈ kpi ∩ kpi .

Let Dir be the link diagram obtained by smoothing c1
r, . . . , cm

r. Hence Dir consists
of m+1 link diagrams D(1) ∪ · · · ∪D(m+1) separated by E1 ∪ · · · ∪Em, where each D

(i)

is an irreducible link diagram. If D is irreducible, then take D(1) as D in the following.

Case 1 cp is not a reducible crossing.

Without loss of generality, we may suppose cp is contained in D(1). Let Dp
(1) be

the link diagram obtained from D(1) by smoothing cp. Since cp ∈ ki ∩ ki, we see by
Claim 1, there is a component of D(1), say k, such that cp ∈ k ∩ k. Since cp ∈ k ∩ k,
k is separated into 2 components, say k′ and k′′, by smoothing cp. We consider a
componentwise checkerboard coloring on Dp

(1) associated with k′. Let Hk′ be the
image of the coloring by the natural map from the power set of the regions of Dp

(1)

to the power set of the regions of D(1). Then, by construction, we see that the set of
the crossings that are changed by the region crossing change at Hk′ is {cp}. Then the
arguments in the proof of Proposition 2 in Section 3 describe how to extend Hk′ to D
to obtain a coloring H such that φ(H) = {cp}.

Case 2 cp is a reducible crossing.

By smoothing cp, D is separated into 2 components say D̃, ˜̃D. Then by Claim 1,
there is a component of D say ki such that cp ∈ ki ∩ ki. The component ki is sep-
arated into 2 components, say k′, k′′ by smoothing cp. We fix a coloring at a small
neighborhood of cp, denoted by N(cp), as in Figure 14.

By Proposition 2, there are colorings of D̃, ˜̃D such that the region crossing change

at each of coloring does not change the crossings of D̃, ˜̃D, and that the colorings looks
as in Figure 15 in N(cp).
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Then we amalgamate the colorings of D̃ and ˜̃D to obtain the coloring H such that
φ(H) = {cp}.

Now we consider the case when s ≥ 2. Since the arguments are essentially the same,
it is enough to show for {c1, . . . , cs} ∈ T1···s

s, we have {c1, . . . , cs} ∈ Imφ. Suppose D is
reducible. Let c1

r, . . . , cm
r be the reducible crossings of D. Then take mutually disjoint

circles E1, . . . , Em(⊂ S2) such that Ei ∩ D = ci
r(i = 1, . . . ,m). Let Dir be the link

diagram obtained by smoothing c1
r, . . . , cm

r. Hence Dir consists of m+1 link diagrams
D(1) ∪ · · · ∪D(m+1) separated by E1 ∪ · · · ∪ Em, where each D(i) is an irreducible link
diagram.

Since each ci is formed by two arcs from two different components of D, by Claim 1,
we see that ci is not a reducible crossing.

Claim 2 There exists D(i) such that D(i) contains c1, . . . , cs.

Proof. Suppose that the claim does not hold. By changing indexes, if necessary, we
may suppose that c1 and c2 are separated by E1. Let D′, D′′ be the closures of the
components of S2 \E1 such that c1 ∈ D′, c2 ∈ D′′. Since ci ∈ ki∩ki+1(i = 2, . . . , s−1),
and c1 ∈ k1, we see that c2, c3, . . . , cs ∈ D′′. On the other hand, since cs ∈ ks∩k1(⊂ k1),
we have cs ∈ D′, a contradiction.

Without loss of generality, we may suppose thatD(1) contains c1, . . . , cs. By smooth-
ing c1, . . . , cs−1, k1 ∪ · · · ∪ ks becomes one component because by smoothing c1, k1 and
k2 amalgamated, and by repeating smoothings c2, . . . , cs−1 in order, k1, . . . , ks is amal-
gamated to one component. Finally, by smoothing cs, we obtain a 2 component link



diagram say k′ ∪ k′′, such that an arc contained in a neighborhood of cs is included in
k′ and the other is included in k′′ (See Figure 16).

k1 k2 k3 ks-1 ksk2

k1ks

k1 k2 k3 ks-1 ksk2

k1ks

k1 k2 k3 ks-1 ksk2

k1ks

Figure 16:

Let D∗ = k′ ∪ k′′ ∪ ks+1 ∪ · · · ∪ kn be the link diagram. Then take a componentwise
checkerboard coloringH∗ onD∗ associated with k′. We note thatH∗ is one of Figure 17
in the neighborhood of cs. Since the consequences of the smoothings c1, . . . , cs are
independent from the orders of the smoothings, by taking ci(i = 1, . . . , s − 1) for cs
in the above argument, we see that for each i, H∗ looks as one of Figure 17 in a
neighborhood of ci. Then let H(1) be the coloring of D(1) corresponding to H∗. (See
Figure 18) By construction and Observation 1, we see that the set of the crossings that
are changed by the region crossing change at H∗ is {c1, . . . , cs}. This completes the
proof.
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H*

→

H

H*

→

H

Figure 18:

Now we give a proof of Theorem 2. Recall that D = k1 ∪ · · · ∪ kn satisfies that
k1 ∩ kj ̸= ∅ (j = 2, . . . , n) and c1j is a crossing in k1 ∩ kj. Let C,R, φ : 2R → 2C,H
be as in Section 2. Let ψ : 2C → Z2

n−1 be a map defined as follows; For G ∈ 2C,
ψ(G) = (ϵ1, . . . , ϵn−1) where

ϵ1 = |G ∩ (∪i=1,...,n,i ̸=2C2i)|(mod2)
ϵ2 = |G ∩ (∪i=1,...,n,i ̸=3C3i)|(mod2)

...

ϵn−1 = |G ∩ (∪i=1,...,n−1Cni)|(mod2).

It is easy to see that ψ is a Z2-linear map. For each (ϵ1, . . . , ϵn−1) ∈ Z2
n−1, let

Gϵ1,...,ϵn−1 = ψ−1((ϵ1, . . . , ϵn−1)). Then, we immediately have;

2C = G0,0,...,0 ⨿G1,0,...,0 ⨿G0,1,0,...,0 ⨿ · · · ⨿G1,1,...,1 (4)

Claim 3 G0...0 = H.

Proof. By considering the generating system ofH, it is easy to see thatH ⊂ G0...0. Now
we show that G0...0 ⊂ H, which means that, for any G ∈ G0...0, G ∈ H. The elements
of G are crossings of D and a crossing is formed by two subarcs. Hence the number of
the subarcs used to give the crossings of G is even. Suppose that G has some crossings
formed by subarcs of one component of D. Then since ψ(G) is independent whether
G has such a crossing or not, without loss of generality, we can regard that G does not
have such a crossing. Furthermore, suppose G has {cij, cji|cij, cji ∈ ki ∩ kj, cij ̸= cji}.
Since {cij, cji} ∈ H, we can ignore the pair {cij, cji} in G i.e. ψ(G+ {cij, cji}) = ψ(G).
Hence, we may suppose that G has at most one element of ki ∩ kj for each pair of i, j.

Let GG be the graph induced from G as follows. Each vertex vi of GG corresponds
to the component ki of D and there is an edge joining vi and vj if and only if G has
an element in ki ∩ kj. Since G dose not have an element of ki ∩ ki, there is no edge
which is a loop in GG. Since G ∈ G0...0, the degree of each vi(i = 2, . . . , n) is even.
Recall that the number of the subarcs used to give the crossings of G is even. These
facts show that the degree of v1 is even. Hence GG is decomposed into embedded cycles
(Figure 19). This show that G is an element H.



v1

v2

v3

v4

v5

v6

v1

v2

v3

v4

v1

v4

v5

v6

→

→

Figure 19:

Then, we see that

G0...0 = H (5)

G10...0 = {c12}+H,
G0...01 = {c1n}+H,
G110...0 = {c12, c13}+H,

...

G1...1 = {c12, c13, . . . , c1n}+H.
We see that the following equality from (4),(5).

2C = H
⨿({c12}+H)⨿ ({c13}+H)⨿ · · · ⨿ ({c1n}+H)

⨿({c12, c13}+H)⨿ ({c12, c14}+H)⨿ · · · ⨿ ({c1n−1, c1n}+H)
...

⨿({c12, c13, . . . , c1n}+H) · · · (6)
Then the dimension of H is shown as follows;

dim(H) = dim(2C)− (n− 1) = m− n+ 1

where, m is the number of the crossings of D. On the other hand, by Theorem 3,

dim(Imφ) = m− n+ 1.

Hence by using (1), we obtain:

H = Imφ.

Hence by (6) again, we obtain the following presentation of the coset decomposition:

2C = Imφ

⨿({c12}+ Imφ)⨿ ({c13}+ Imφ)⨿ · · · ⨿ ({c1n}+ Imφ)

⨿({c12, c13}+ Imφ)⨿ ({c12, c14}+ Imφ)⨿ · · · ⨿ ({c1n−1, c1n}+ Imφ)
...

⨿({c12, c13, . . . , c1n}+ Imφ).

This completes the proof of Theorem 2.



Example
We consider the link diagram of Borromean rings Figure 20.

c12

c13

k1

k3

k2

Figure 20:

We note that dimkerφ = 4 and by Theorem 1, we see that a basis of kerφ in given
by the coloring of Figure 21. By Theorem 3, we have dim(Imφ) = m − n + 1 where

k1

k3

k2

componentwise
checkerboard

coloring
associated with

k1

k1

k3

k2

componentwise
checkerboard

coloring
associated with

k2

k1

k3

k2

componentwise
checkerboard

coloring
associated with

k3

k1

k3

k2

R

Figure 21:

m is the number of the crossings and n is the number of the components. Hence, in
this example, we see that dim Imφ = 4. This shows that Imφ consists of 16 elements.
By Theorem 2, we see that they are represented by the 16 sets of crossings which are
encircled by upper-left square in Figure 22.



Imφ {c12}+Imφ

{c13}+Imφ {c12,c13}+Imφ

Figure 22:
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