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Abstract

We propose a new approach in studying Dehn surgeries on knots in the 3–
sphere S3 yielding Seifert fiber spaces. Our basic idea is finding relationships among
such surgeries. To describe relationships and get a global picture of Seifert surgeries,
we introduce “seiferters” and the Seifert Surgery Network, a 1–dimensional complex
whose vertices correspond to Seifert surgeries. A seiferter for a Seifert surgery on a
knot K is a trivial knot in S3 disjoint from K that becomes a fiber in the resulting
Seifert fiber space. Twisting K along its seiferter or an annulus cobounded by
a pair of its seiferters yields another knot admitting a Seifert surgery. Edges of
the network correspond to such twistings. A path in the network from one Seifert
surgery to another explains how the former Seifert surgery is obtained from the
latter after a sequence of twistings along seiferters and/or annuli cobounded by
pairs of seiferters. We find explicit paths from various known Seifert surgeries to
those on torus knots, the most basic Seifert surgeries.

We classify seiferters and obtain some fundamental results on the structure of
the Seifert Surgery Network. From the networking viewpoint, we find an infinite
family of Seifert surgeries on hyperbolic knots which cannot be embedded in a genus
two Heegaard surface of S3.
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CHAPTER 1

Introduction

We express an r–Dehn surgery on a knot K in S3 as the pair (K, r), and the
resulting manifold as K(r). If K(r) is a Seifert fiber space which is allowed to have
a degenerate fiber (i.e. an exceptional fiber of index zero), then (K, r) is called a
Seifert surgery.

For a torus knot K, since the exterior S3 − intN(K) is Seifert fibered, (K, r) is
a Seifert surgery for all slopes r. On the other hand, if K is a hyperbolic knot, then
(K, r) is a Seifert surgery only for finitely many slopes r by Thurston’s hyperbolic
Dehn surgery theorem [81, 82, 4, 75, 10]. Hence, Seifert surgeries are sparse
among all Dehn surgeries. Although there have been several methods of construct-
ing Seifert surgeries [5, 8, 12, 14, 18, 26, 80], no attention is paid to how Seifert
surgeries are related to each other, and particularly whether Seifert surgeries on hy-
perbolic knots and torus knots are related in some way. We relate Seifert surgeries
by twisting operations which deform Seifert surgeries to other Seifert surgeries, and
form a network of Seifert surgeries, called a Seifert Surgery Network. A subnetwork
formed on the set of Seifert surgeries on torus knots is a distinguished subcomplex
and denoted by T . Then, finding a path from a Seifert surgery to T is tracking
down the origin of the surgery in T .

Now let us take a closer look at the content of this paper. The definition of the
Seifert Surgery Network is based on the notion of a seiferter for a Seifert surgery
(K, r). If a knot c in S3 − K is trivial in S3 and becomes a regular or exceptional
fiber in the Seifert fiber space K(r) which may have a degenerate fiber, then c
is called a seiferter for (K, r). If K is a nontrivial torus knot, two exceptional
fibers in the Seifert fiber space S3 − intN(K) are seiferters for any Seifert surgery
(K, r). Moreover, if r is an integral slope, then a meridian of K is also a seiferter
for (K, r). These seiferters are called basic seiferters for Seifert surgeries on torus
knots; see Figure 2.1. Surprisingly, we can find seiferters for all known examples of
Seifert surgeries except for one infinite family obtained by Teragaito [80] using the
Osoinach’s annulus–twisting construction.

In this paper, we focus on integral, Seifert surgeries (K,m), where m ∈ Z. In
Sections 2.1, 2.2 and 2.3, we will prove basic results about seiferters. Twisting a
Seifert surgery along its seiferter or an annulus cobounded by a pair of seiferters
yields another Seifert surgery, and furthermore the image of the seiferter (resp.
the pair of seiferters) remains a seiferter (resp. a pair of seiferters cobounding an
annulus) in the resulting surgery (Propositions 2.6, 2.33). Now regard each Seifert
surgery as a vertex, and connect two vertices by an edge if they are related by a sin-
gle twisting along a seiferter or an annulus cobounded by a pair of seiferters. Then
we obtain a 1–dimensional complex, the Seifert Surgery Network. See Section 2.4
for details.
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2 1. INTRODUCTION

In Section 3.1, we will introduce hyperbolic seiferters. A seiferter c for a Seifert
surgery (K, m) is called a hyperbolic seiferter if K ∪ c is a hyperbolic link in S3.
As shown in Section 5.4, all but at most four twistings along a hyperbolic seiferter
produce Seifert surgeries on hyperbolic knots. Sections 3.2 and 3.3 are devoted
to the classification of seiferters for (K, m) in the case when K(m) has a non-
degenerate Seifert fibration and a degenerate one, respectively.

Computer experiments using SnapPea [85] shows that all the known hyperbolic
seiferters for Seifert surgeries on hyperbolic knots are closed geodesics in the knot
complements. In fact, due to Thurston’s hyperbolic Dehn surgery theorem most
hyperbolic seiferters are shortest closed geodesics (with respect to the hyperbolic
metric in the knot complements). In Section 4.2, we will apply a recent result of
Baker [3] to show that there is a sequence of Seifert surgeries (Kn, mn) with geodesic
seiferters cn such that Kn∪cn is a hyperbolic link in S3 and the hyperbolic volumes
of S3 − Kn and S3 − Kn ∪ cn go to ∞ as n → ∞.

In Chapters 5 and 6, we will study the structure of the Seifert Surgery Network.
For a Seifert surgery (K, m) with a seiferter c, following the inheritance of seiferters
(Proposition 2.6), successive twistings along c produce a subcomplex. Chapter 5 is
devoted to an analysis of a subcomplex generated by a seiferter. In Section 5.2, we
show that such a subcomplex forms a linear tree, which is called an S–linear tree,
and in Section 5.3, the classification of S–linear trees is given. On the other hand,
a subcomplex of Seifert surgeries obtained by successive twistings along an annulus
cobounded by a pair of seiferters is not necessarily a linear tree; see Figures 2.22,
6.12. Then in Section 6.1, we will prove that any two S–linear trees intersect in at
most finitely many vertices.

Regarding the structure of the network, it is natural to ask:

(1) Is the Seifert Surgery Network a tree?
(2) Is the Seifert Surgery Network locally finite?
(3) Is the Seifert Surgery Network connected? If it is not connected, how

many components does it have?

In Section 6.2, we give a sufficient condition for (K, m) to be on a cycle. Ap-
plying this we show that there are infinitely many cycles whose vertices are Seifert
surgeries on hyperbolic knots (Corollary 6.14). Thus the answer to (1) is negative.

Concerning (2), in Section 6.3, we will show that for each integer m, (O, m) is
incident with infinitely many edges corresponding to hyperbolic seiferters as well
as infinitely many basic seiferters, where O is the trivial knot. Thus the Seifert
Surgery Network is not locally finite.

In our study of Seifert surgeries from the networking viewpoint, (3) is a central
problem. Although it is easy to prove that the subcomplex T formed on Seifert
surgeries on torus knots and basic seiferters is connected (Proposition 8.3), it is
difficult to prove or disprove the connectivity of the Seifert Surgery Network. How-
ever, many Seifert surgeries are connected to a vertex in T . In Chapter 9, we will
give explicit paths from various known Seifert surgeries to T , and also present sev-
eral ways to identify seiferters. (In [20] we have given explicit paths from all the
Berge’s lens surgeries [5] to T .)

From the networking viewpoint, we present an infinite family of Seifert surgeries
on hyperbolic knots each of which cannot be embedded in a genus two Heegaard
surface of S3 (Chapter 7). This gives the negative answer to the question raised in
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[39, 59]. These Seifert surgeries are obtained from (O, 1) by following paths in two
S–linear trees.

We close the introduction with a motivational example. The trivial knot c ⊂
S3 − T−3,2 in Figure 1.1 is a seiferter for the Seifert surgery (T−3,2,−2). This
is because c and the exceptional fiber of index 3 in the Seifert fiber space S3 −
intN(T−3,2) are isotopic in the surgered manifold T−3,2(−2) (Example 2.21(1)).
For a similar reason c′ ⊂ S3 − T−3,2 in Figure 1.1 is a seiferter for (T−3,2,−7)
(Example 2.21(2)). A (−2)–twist of T−3,2 along c yields the figure–eight knot.
Since the linking number between c and T−3,2 is zero, the surgery slope −2 does
not change under the twisting. Thus we obtain the right vertical line in Figure 1.1.
A 1–twist of T−3,2 along c′ yields the (−2, 3, 7) pretzel knot P (−2, 3, 7) [21]; the
surgery slope changes from −7 to 18 because the linking number between c′ and
T−3,2 is 5. We thus obtain the lens surgery (P (−2, 3, 7), 18) first found by Fintushel
and Stern [27]. This gives the left vertical line in Figure 1.1. The meridian cµ for
T−3,2 is a seiferter for all (T−3,2,m) (m ∈ Z). Twisting along cµ yields the horizontal
line in Figure 1.1.

c

c’

cm

(T     , -2)-3,2(T     , -7)-3,2

5-twist

along c
m

1-twist along c’

(-2)-twist along c(P(-2,3,7), 18)

(figure-eight knot, -2)

c’
c

Figure 1.1





CHAPTER 2

Seiferters and Seifert Surgery Network

2.1. Seiferters for Seifert surgeries

Let K be a knot in the interior of a 3–manifold X with a tubular neighborhood
N(K). Let γ be a slope, i.e. the isotopy class of essential unoriented simple closed
curves on ∂N(K). Denote by X(K, γ) the 3–manifold obtained from X by γ–
surgery on K. If X ⊂ S3, we choose a preferred meridian–longitude pair (µ, λ)
of N(K) ⊂ S3. Then the set of slopes γ is parametrized by Q ∪ { 1

0}, by the
correspondence

[a representative of γ with an orientation] = q[µ] + p[λ] ↔ r =
q

p

in H1(∂N(K)). (The ambiguity of the choice of the orientation of the representative
disappears after taking ratio.) A simple closed curve on ∂N(K) is called a qµ + pλ
curve if it represents q[µ]+p[λ]. We often write X(K; r) for X(K; γ). In particular,
if X = S3, then X(K; r) is denoted by K(r).

A Dehn surgery (K, r) is called a Seifert fibered surgery if the resulting manifold
K(r) is a Seifert fiber space. It has been conjectured that if (K, r) is a Seifert fibered
surgery, then r is an integer except when K is a torus knot or a cable of a torus
knot. The conjecture is verified for several cases [14, 13, 16, 37, 63]. In [65] the
second and the third authors proved that many Seifert fibered surgeries (K, r) have
the following interesting property.

Property 2.1. There exists a knot c in S3 −N(K) with the following proper-
ties.

(1) c is unknotted in S3.
(2) c becomes a Seifert fiber in the resulting Seifert fiber space K(r).

We call such a curve c a seiferter for a Seifert fibered surgery (K, r). As shown
in Theorem 2.2 below the existence of seiferters implies the positive solution to the
conjecture. Hence, in this paper we only consider integral Seifert surgeries (K,m),
where m ∈ Z.

Theorem 2.2 ([65]). Suppose that a Seifert fibered surgery (K, r) has a seifer-
ter. Then r is an integer or K is a torus knot or a cable of a torus knot.

All known Seifert surgeries except for one infinite family obtained by Teragaito
[80] have seiferters; in general they have more than one seiferter.

In the present paper, we focus on another property of seiferters which enables
us to relate Seifert surgeries. If we have a seiferter c for a Seifert fibered surgery
(K, m) where m ∈ Z, then by twisting K p times along the seiferter c, we obtain
another knot Kp. Let mp be the slope on ∂N(Kp) which is the image of m after

5



6 2. SEIFERTERS AND SEIFERT SURGERY NETWORK

p–twist along c. Since (− 1
p )–surgery along c has the same effect on K as p–twist

along c, we obtain the commutative diagram below.

(K,m)
twisting along c−−−−−−−−−−→ (Kp, mp)

m–surgery on K

y ymp–surgery on Kp

K(m) −−−−−−−−−−→
surgery along c

Kp(mp)

Diagram 1. Twisting along a seiferter before/after Dehn surgery

Since c is a Seifert fiber in K(m), X = K(m) − intN(c) is also a Seifert fiber
space. The surgered manifold Kp(mp) is obtained from X by filling a solid torus
V along (− 1

p )–slope on ∂N(c). If the slope of a Seifert fiber on ∂N(c) = ∂X is not
− 1

p , then the surgered manifold Kp(mp) = X∪V is a Seifert fiber space. Otherwise,
a meridian of the filled solid torus V is a Seifert fiber on ∂X. The Seifert fibration
of X extends over V so that the core of V is “an exceptional fiber of index 0”.

Keeping this in mind, we define:

Definition 2.3 (degenerate Seifert fibration). Let M be a Seifert fiber
space with fibers t1, · · · , tk in M . Performing surgeries along ti so that a meridian
of each filled solid torus coincides with a regular fiber on the boundary of X =
M −∪k

i=1intN(ti). By extending the Seifert fibration of X over the filled solid tori,
the surgered manifold admits a degenerate Seifert fibration which contains the cores
of the filled solid tori as exceptional fibers of indices 0. An exceptional fiber of index
0 is also called a degenerate Seifert fiber. We say that a manifold is a degenerate
Seifert fiber space if it admits a degenerate Seifert fibration but does not admit a
non-degenerate Seifert fibration.

Remark 2.4. Every lens space has a degenerate Seifert fibration, but also a
Seifert fibration. Hence by definition, lens spaces are not degenerate Seifert fiber
spaces.

Henceforth, we use the term Seifert fibration to mean a non-degenerate or a
degenerate Seifert fibration. Besides Seifert surgery is a pair (K, m) such that the
surgered manifold K(m) is a Seifert fiber space or a degenerate Seifert fiber space.
If K(m) admits a non-degenerate Seifert fibration, then to emphasize this fact we
also say that (K,m) is a Seifert fibered surgery. We use the term “Seifert fibers”
to mean degenerate as well as non-degenerate Seifert fibers.

Taking account of degenerate cases we redefine seiferters.

Definition 2.5 (seiferter). A knot c in S3 − N(K) is called a seiferter for
a Seifert surgery (resp. Seifert fibered surgery) (K, m) if c has the following two
properties.

(1) c is unknotted in S3.
(2) c becomes a Seifert fiber in a (resp. non-degenerate) Seifert fibration of

K(m).

Here we remark that a seiferter is defined for a Seifert surgery (K, m), not for
a knot K itself. In fact, a seiferter c for a Seifert surgery (K, m) is not necessarily
a seiferter for (K,m′) if m′ 6= m. The following are basic properties of seiferters.
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Proposition 2.6 (inheritance of seiferters). Let (K, m) be a Seifert surgery
with a seiferter c. Then for each integer p, twisting K along c p times, we obtain
another Seifert surgery (Kp,mp); the seiferter c remains a seiferter for the resulting
Seifert surgery (Kp,mp). The surgery slope mp is given by m+pl2, where l denotes
the linking number between c and K.

We say that the Seifert surgery (Kp,mp) in Proposition 2.6 is obtained from
the Seifert surgery (K,m) by p–twist along the seiferter c. Unless otherwise stated,
we continue to use the same symbol c to denote the image of c in S3 after p–twist
along c.

Lemma 2.7 and Proposition 2.8 below give basic properties of degenerate Seifert
fibrations and a description of 3–manifolds that have degenerate Seifert fibrations
and are obtained from S3 by Dehn surgery on knots. After proving, we give typical
examples of seiferters and discuss “irrelevant seiferters”.

Lemma 2.7. (1) Assume that M has a degenerate Seifert fibration. Then
the following hold.

(i) Any regular fiber in M bounds a disk in M . In particular, if
∂M 6= ∅, each boundary component of M is compressible.

(ii) If M contains k + 1 exceptional fibers of indices p0, p1, . . . , pk

where p0 = 0, then the prime decomposition of M contains k
lens spaces of orders p1, . . . , pk, where the lens space of order 0
is S2 × S1.

(2) Let M be the connected sum of k solid tori (k ≥ 0) and l lens spaces
other than S3. Then M admits a degenerate Seifert fibration.

Proof of Lemma 2.7. (1) Let M ′ be the manifold obtained from M by removing
tubular neighborhoods of all degenerate fibers of M . Since M ′ has a Seifert fibra-
tion, any two regular fibers of M ′ are connected by a vertical annulus. Let t0 be a
degenerate fiber (of index p0 = 0) in M , and take a tubular neighborhood N(t0) to
be the component of M − intM ′ containing t0; then a meridian of N(t0) is a regular
fiber of M ′. Hence, any regular fiber t′ of M ′ bounds a disk which is the union of
a meridian disk D of N(t0) and a vertical annulus A such that ∂A = t′ ∪ ∂D, as
claimed in (1)(i).

To prove Lemma 2.7(1)(ii) assume that M contains k exceptional fibers ti of
indices pi (i = 1, . . . , k), where pi may be 0. Then, we can find pairwise disjoint
vertical annuli A1, . . . , Ak in M ′ − ∪k

i=1intN(ti) such that ∂Ai is the union of a
regular fiber in ∂N(ti) and one in ∂N(t0). Let D1, . . . , Dk be pairwise disjoint,
meridian disks of N(t0) such that ∂Di = Ai ∩ ∂N(t0). Then N(ti) ∪ N(Di ∪ A)
are pairwise disjoint, punctured lens spaces of orders pi (i = 1, . . . , k). This proves
assertion (ii).

(2) Let the lens space summands of M be L(pi, qi), i = 1, 2, . . . , l, where S2×S1

is expressed as L(0, 1). Let X be [a disk with k + l holes]×S1, and Vi (i = 1, . . . , l)
solid tori with meridian–longitude pairs (µi, λi). Let N be a (possibly degenerate)
Seifert fiber space obtained from X by attaching Vi so that a qiµi + piλi curve
in ∂Vi is identified with a regular fiber in ∂X for each i. Then N is a (possibly
degenerate) Seifert fiber space with k boundary components such that N contains
exactly l exceptional fibers of indices pi. Then, any manifold obtained from N
by filling a solid torus V along a component ∂0N of ∂N is a possibly degenerate
Seifert fiber space. In particular, if a meridian of V is regular fiber in ∂0N , then
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the obtained 3–manifold N ′ admits a degenerate Seifert fibration whose degenerate
Seifert fibers consist of the index 0 exceptional fibers in N and the core of V .
Since each component of ∂N ′ compresses in N ′ by assertion (1)(i) above, the prime
decomposition of N ′ contains the connected sum of k solid tori. By the arguments
in the proof of (1)(ii) the prime decomposition of N ′ contains ]l

i=1L(pi, qi). It
follows that N ′ is homeomorphic to M . �(Lemma 2.7)

Proposition 2.8. Suppose that the surgered manifold K(m) has a degenerate
Seifert fibration. Then the following hold.

(1) K(m) admits at most two degenerate fibers.
(i) If there are exactly two degenerate fibers t1, t2, then K is a trivial

knot, m = 0, and (K(m), t1∪t2) ∼= (S2×S1, {p1, p2}×S1), where
pi ∈ S2.

(ii) If there is exactly one degenerate fiber t, then K(m) − intN(t)
is a Seifert fiber space over the disk or the Möbius band. In the
latter case K(m) − intN(t) has no exceptional fiber, and K is a
trivial knot and m = 0.

(2) If K(m) has also a non-degenerate Seifert fibration, then K(m) is a lens
space.

(3) If K(m) is a degenerate Seifert fiber space (i.e. it cannot have a non-
degenerate Seifert fibration), then it is a connected sum of two lens
spaces.

Proof of Proposition 2.8. (1) If K(m) has more than two degenerate fibers, by
Lemma 2.7(1)(ii) above K(m) has more than one S2 × S1 summand, and thus
rankZH1(K(m)) ≥ 2. This contradicts the fact that H1(K(m)) is cyclic. Hence
K(m) has at most two degenerate fibers. Let us prove assertion (i). Fix a degen-
erate Seifert fibration of K(m) containing exactly two degenerate fibers t1, t2. By
Lemma 2.7(1)(ii) K(m) contains S2×S1 as a connected summand. Then by Gabai
[28, Theorem 8.1] K is a trivial knot, m = 0, and so K(m) ∼= S2 × S1. Let B
be the base surface of the Seifert fiber space K(m) − intN(t1 ∪ t2). Then B is an
annulus, for otherwise, we have two 2–spheres S1, S2 such that K(m) − S1 ∪ S2 is
connected, a contradiction. It follows from Lemma 2.7(1)(ii) that K(m) contains
no non-degenerate exceptional fibers, so that K(m)−intN(t1∪t2) ∼= S1×S1×[0, 1].
This implies (K(m), t1 ∪ t2) ∼= (S2 × S1, {p1, p2} × S1), where pi ∈ S2.

We prove part (1)(ii). If the base surface B of the Seifert fiber space K(m) −
intN(t) is neither the disk nor the Möbius band, then B contains disjoint, properly
embedded arcs α1, α2 such that B −α1 ∪α2 is connected. This implies that K(m)
contains two 2–spheres S1, S2 such that K(m) − S1 ∪ S2 is connected. This is a
contradiction. Hence B is the disk or the Möbius band. In the latter case, there is
a non-separating 2–sphere in K(m), so that K(m) contains S2 ×S1 as a connected
summand. If K(m) − intN(t) has an exceptional fiber, then K(m) has another
lens space summand. This is impossible for homological reason. Again by [28,
Theorem 8.1] K is a trivial knot and m = 0.

(2) By Proposition 2.8(1), if K(m) admits a degenerate Seifert fibration, then
K(m) ∼= S2 × S1 or K(m) has exactly one degenerate fiber t and K(m) − intN(t)
is a Seifert fiber space over the disk. In the latter case, the argument in the proof
of Lemma 2.7(1)(ii) shows that K(m) is a connected sum of lens spaces. Recall
that only reducible manifolds with non-degenerate Seifert fibrations are S2 × S1
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and RP 3]RP 3. Since H1(K(m)) is cyclic, K(m) cannot be RP 3]RP 3. Hence, if
K(m) admits both degenerate and non-degenerate Seifert fibrations, then K(m) is
a lens space (possibly S2 × S1).

(3) If K(m) admits only a degenerate Seifert fibration, K(m) is not a lens space.
It follows that K(m) is a connected sum of lens spaces. Then Howie [48, Corollary
5.3] shows that K(m) has at most three connected summands, and if it has exactly
three connected summands, then one of them is a Z–homology 3–sphere. Since a
lens space ( 6∼= S3) is not a Z–homology 3–sphere, K(m) is a connected sum of two
lens spaces. �(Proposition 2.8)

Obvious examples of seiferters appear for Seifert surgeries on torus knots.

Example 2.9. Let K be a torus knot Tp,q in S3, and V an unknotted solid
torus in S3 containing K as a (p, q) cable of V . Then the 3–sphere admits a Seifert
fibration S3

p,q such that V is a fibered solid torus with K a regular fiber. The cores
of the solid tori V and S3 − intV are Seifert fibers of S3

p,q of indices |q| and |p|,
respectively; we denote these fibers of indices |q|, |p| by sq and sp, respectively.
Note that sp and sq are trivial knots and form the Hopf link in S3. The Seifert
fibration S3

p,q restricts on the exterior S3 − intN(K) and naturally extends over
K(m) for any integer m. In this (possibly degenerate) Seifert fibration of K(m),
sp and sq are fibers of indices |q| and |p|; and the core of the filled solid torus is a
fiber of index |pq − m|.

(1) Let c be a fiber sp or sq. Then c is a seiferter for (K, m). If m = pq, then
c is a non-degenerate Seifert fiber in the degenerate Seifert fibration of
K(pq) = L(p, q)]L(q, p).

(2) Let cµ be a knot in S3−N(K) which is parallel to a meridian µ of N(K).
Since µ(⊂ ∂N(K)) intersects once a simple closed curve in ∂N(K) rep-
resenting the slope m, µ is isotopic to the core of the filled solid torus
in K(m). Hence cµ is also isotopic to the core of the filled solid torus in
K(m) and hence a seiferter for (K,m). If m = pq, then cµ is a degenerate
Seifert fiber in K(pq) = L(p, q)]L(q, p).

Definition 2.10 (basic seiferter). For a torus knot Tp,q and an integer m,
the seiferters sp, sq, cµ for (Tp,q,m) in Example 2.9 are said to be basic seiferters,
and in particular cµ a meridional seiferter. Since a basic seiferter c is a seiferter for
(Tp,q,m) for any m, we often say that c is a seiferter for Tp,q.

If K is a nontrivial torus knot Tp,q and m is an integer, then a Seifert surgery
(K, m) has exactly three basic seiferters sp, sq, and cµ. See Figure 2.1.

Remark 2.11. If K is a trivial torus knot, then K ∼= T±1,q for any integer q,
and hence there are infinitely many basic seiferters s±1 for K.

Only torus knots are obtained by twisting torus knots along basic seiferters.
Thus to produce a Seifert surgery on a hyperbolic knot from that on a torus knot,
we need a non-basic seiferter.

Example 2.12 (non-basic seiferter). Let K be a trefoil knot in S3, and c a
trivial knot drawn in Figure 2.2. Then as we observe in Sections 2.2 and [21], c is
a seiferter for (K,−1), (K,−2) and (K,−3). Since the linking number between c
and K is zero, c is not a basic seiferter. Except when n = −1, 0, an n–twist along
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s

s

c

q

p

m

Tp,q

Figure 2.1. Basic seiferters

c converts K = T−3,2 into a hyperbolic knot. The (−2)–twist along c yields the
figure–eight knot.

K

c

Figure 2.2. Non-basic seiferter

We determine a Seifert surgery (K, m) with a seiferter c such that c bounds a
disk intersecting K at most once. If a seiferter c bounds a disk in S3 − K, then
twisting (K,m) along c does not change (K, m). Such a seiferter is irrelevant to
construct a network of Seifert surgeries by twisting along seiferters.

Example 2.13 (irrelevant seiferter). Let (K, m) be a Seifert surgery.
(1) If K is a trivial knot and m = ±1, then any knot c bounding a disk in

S3 − K is seiferter for (K, m).
(2) If K(m) admits a degenerate Seifert fibration, then any knot c bounding

a disk in S3 − K is a seiferter for (K, m).

Proof of Example 2.13. (1) Since K is a trivial knot and m = ±1, K(m) ∼= S3. Then
the result follows immediately from the fact that any trivial knot in S3 becomes a
fiber in a Seifert fibration of S3.

(2) Since c bounds a disk D in S3 − K, we have a 3–ball B = N(D) in K(m)
containing c. On the other hand, by Lemma 2.7 a regular fiber t in K(m) also
bounds a disk D′, and hence we have a 3–ball B′ = N(D′) in K(m) containing t.
Then it is easy to see that there is an isotopy of K(m) sending B to B′ and thus c
to t as desired. �(Example 2.13(2))

Conversely we have:

Proposition 2.14. Suppose that a Seifert surgery (K,m) has a seiferter c
which bounds a disk disjoint from K. Then either (1) or (2) below holds.
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(1) K is a trivial knot and m = ±1.
(2) K(m) has a degenerate Seifert fibration in which c is a regular fiber.

Proof of Proposition 2.14. Let X = K(m)−intN(c). By the assumption a longitude
of N(c) bounds a disk in X. If X admits a non-degenerate Seifert fibration, then
the boundary–reducible, Seifert fiber space X is a solid torus, so that K(m) ∼= S3.
It follows from Gordon and Luecke [36] that K is a trivial knot and m = ±1 as
claimed in assertion (1). Assume that X admits only a degenerate Seifert fibration.
Since the rank of Ker[H1(∂X; Q) → H1(X; Q)] is one, where the homomorphism
is induced from inclusion, this kernel is generated by the longitude of N(c). Then
by Lemma 2.7(1) the longitude of N(c) is a regular fiber of X. It follows that
c is a regular fiber in a degenerate Seifert fibration of K(m); assertion (2) holds.

�(Proposition 2.14)

We exclude the irrelevant seiferters described below.

Convention 2.15 (irrelevant seiferter). If a seiferter c for (K, m) bounds
a disk in S3 −K, then in what follows we do not regard c as a seiferter for (K,m).
Note that if S3 − intN(K ∪ c) is reducible, then c bounds a disk disjoint from K.
Therefore, if c is a seiferter for (K, m), then S3 − intN(K ∪ c) is irreducible.

Let us consider which Seifert surgery (K, m) admits a seiferter which bounds
a disk intersecting K exactly once (i.e. a meridional seiferter).

Proposition 2.16 (meridional seiferter). A Seifert surgery (K, m) has a
seiferter c which bounds a disk intersecting K exactly once if and only if K is a
torus knot.

Proof of Proposition 2.16. Let K∗ be the core of the filled solid torus in K(m).
Since the surgery slope m in ∂N(K) is integral, a meridian of K is isotopic to K∗

in K(m).
We first show the “only if” part. Assume that (K, m) has a seiferter c which

bounds a disk intersecting K exactly once. Then c is isotopic to a meridian µ of
N(K), and hence to K∗ in K(m). Let X = S3 − intN(K); then X = K(m) −
intN(K∗) ∼= K(m) − intN(c) is a (possibly degenerate) Seifert fiber space. If X
admits a non-degenerate Seifert fibration, then K is a torus knot as desired. If X
is a degenerate Seifert fiber space, then a regular fiber on ∂X bounds a disk in X
(Lemma 2.7). This implies that K is a trivial knot.

Conversely, if K is a torus knot Tp,q, then K∗ becomes a Seifert fiber in K(m)
for m 6= pq; and a degenerate fiber for m = pq. Since a meridian µ of N(K) is
isotopic to K∗ in K(m), a knot c ⊂ S3 −N(K) parallel to µ is also isotopic to K∗

in K(m). Thus c is a desired seiferter for (K, m). �(Proposition 2.16)

Twisting along a meridional seiferter does not change the knot type, but changes
the surgery slope. Thus twisting along a meridional seiferter does change a Seifert
surgery.

2.2. m–equivalence of seiferters

In this section, for a pair of a knot K and a slope m in ∂N(K) we introduce an
operation “m–move”, which relates simple closed curves in S3 −N(K), and define
m–equivalence via m–move. A trivial knot obtained from a seiferter for a Seifert
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surgery (K, m) via m–move is also a seiferter for (K, m). Thus we can use m–moves
to find a new seiferter from a known one.

Definition 2.17 (m–move). Let K be a knot in S3 with a tubular neighbor-
hood N(K), and c a knot in S3 −N(K). Take a simple closed curve αm on ∂N(K)
representing a slope m. Let b be a band in S3− intN(K) connecting αm and c, and
let b ∩ αm = ταm , b ∩ c = τc. We set τ ′

αm
= αm − intταm and τ ′

c = c − intτc. Then
we obtain the band sum c \bαm = τ ′

c ∪ (∂b− int(τc ∪ ταm))∪ τ ′
αm

in S3 − intN(K).
Pushing the band sum c \bαm away from ∂N(K), we obtain a knot c′ in S3−N(K);
see Figure 2.3. We say that c′ is obtained from c by an m–move using the band b.

c

a

t

t’c

c

b

m

t’am

tam

c’c a
bN(K)

band sum

Figure 2.3. m–move

Note that an m–move is a symmetric operation up to an isotopy in S3 −
intN(K), i.e. c is also obtained from c′ by an m–move and an isotopy in S3 −
intN(K). See Figure 2.4.

c’ a
b’

c

N(K)
c’

band sum
b’

Figure 2.4

Definition 2.18 (m–equivalent). A knot c ⊂ S3 −N(K) is m–equivalent to
a knot c′ ⊂ S3 − N(K) if c′ is a knot obtained from c after a finite sequence of
m–moves and isotopies in S3 − intN(K).

Proposition 2.19. Let K be a knot in S3, m a slope on ∂N(K), and c, c′

knots in S3 − N(K). Then the following hold.
(1) The knots c and c′ are isotopic in K(m) if and only if c and c′ are

m–equivalent.
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(2) Suppose that (K, m) is a Seifert surgery, c and c′ are trivial knots in S3,
and c′ is m–equivalent to c. Then, c′ is a (possibly irrelevant) seiferter
for (K,m) if and only if c is a (possibly irrelevant) seiferter for (K,m).

(3) Let c, c′, and (K, m) be as in part (2), and suppose that K is a nontrivial
knot. Then, c′ is a seiferter for (K, m) if and only if c is a seiferter for
(K, m).

Proof of Proposition 2.19. (1) If c′ is obtained from c by an m–move, then c′ is
isotopic to a band sum of c and αm in S3 − intN(K). Since αm bounds a meridian
disk of the filled solid torus in K(m), the arc ταm

can be isotoped (through the
meridian disk) to τ ′

αm
in K(m) with their endpoints fixed. This observation shows

that an m–move implies an isotopy in K(m). Repeating such isotopies proves the
“if” part of part (1).

Let us consider the “only if” part. If c is isotopic to c′ in K(m), there is an
isotopy F : S1 × [0, 1] → K(m) such that F (S1 × {0}) = c and F (S1 × {1}) = c′.
We may assume that F is transverse to the core K∗ of the filled solid torus V in
K(m), where ∂V = ∂N(K). Set F−1(K∗) = {p1, . . . , pk}, a set of finitely many
points. Under the natural projection from S1×[0, 1] to [0, 1] the images of p1, . . . , pk

have mutually distinct values (if necessary after deforming the isotopy F slightly).
Then there exist t1, t2, . . . , tk+1 ∈ [0, 1] and ε > 0 such that for i = 1, 2, . . . , k,
ti + ε < ti+1, tk+1 = 1, pi ⊂ S1 × (ti, ti + ε), and F |S1 × [ti, ti + ε] is an embedding.
Choosing a sufficiently thin tubular neighborhood V ∗(⊂ V ) of K∗ in K(m), we
obtain k disks D1, . . . , Dk in S1 × [0, 1] such that F−1(V ∗) = {D1, . . . , Dk} and
pi ∈ Di ⊂ S1 × (ti, ti + ε). An ambient isotopy in K(m) − c ∪ c′ deforms V ∗ to V .
Then, applying this isotopy to F , we see that F−1(V ) = {D1, . . . , Dk} and each
F (∂Di) is a simple closed curve on ∂N(K)(⊂ S3) representing the slope m.

Set ci = F (S1 × {ti}), and take a rectangle ri in S1 × [ti, ti + ε] connecting
S1 × {ti} and ∂Di as in Figure 2.5. Then, bi = F (ri) is a band connecting ci and
F (∂Di) in S3 − intN(K). Since F |S1 × [ti, ti + ε] is an embedding, the band sum
ci\biF (∂Di) is isotopic to F (S1×{ti+ε}) in K(m)−intV = S3−intN(K). Note that
c is isotopic to c1, and F (S1×{ti +ε}) is isotopic to ci+1 in S3− intN(K). Putting
all these facts together, we see that c′ = F (S1 ×{1}) = F (S1 ×{tk+1}) is obtained
from c by applying an isotopy in S3 − intN(K) and an m–move alternately. This
shows that c is m–equivalent to c′ as claimed. The “only if” part is thus proved.

D

S

0

t
r

k

t     =1k+1

k

k

1

t  +ek

t
r

1

D1

1

t  +e1 .

p
k
.

p
1

Figure 2.5
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(2) Part (2) is immediate from part (1).
(3) We obtain the desired result by proving that no seiferter is m–equivalent

to an irrelevant one. Assume that c is a seiferter and c′ is an irrelevant seiferter
for (K, m). Since K is nontrivial in S3, Proposition 2.14 shows that c′ is a regular
fiber in some degenerate Seifert fibration of K(m). By part (1) the seiferter c is
also a regular fiber in a degenerate Seifert fibration of K(m). Then, as we prove in
Theorem 3.19 in Section 3.3, K is a trivial torus knot T±1,q and c is a basic seiferter
s±1. This is a contradiction. �(Proposition 2.19)

Remark 2.20. If K is a trivial knot, then a seiferter and an irrelevant seiferter
can be m–equivalent. In Figure 2.6, the irrelevant seiferter c′ is m–equivalent to
the seiferter c = c′\bαm for (O, m).

a

O

c’b

m

Figure 2.6

Example 2.21. Let K be the torus knot T−3,2, and s−3 a basic seiferter for
T−3,2.

(1) As in Figure 2.7, take a band b connecting s−3 and a simple closed curve
α−2 representing slope −2 in ∂N(T−3,2). The first arrow in Figure 2.7
is to apply a (−2)–move to the basic seiferter s−3 using the band b. The
resulting knot c is also a seiferter for (T−3,2,−2) by Proposition 2.19;
the following isotopies in Figure 2.7 simplify c. A (−1)–move to the
meridional seiferter cµ and a (−3)–move to s2 both yield the curve c.
Thus, c is a seiferter for (T−3,2,−1), (T−3,2,−3) as well as (T−3,2,−2).
See [21] for details.

(2) As in Figure 2.8, take a band b connecting s−3 and a simple closed
curve α−7 representing slope −7 in ∂N(T−3,2). Using the band b, apply
(−7)–move to s−3 to obtain a seiferter c′ for (T−3,2,−7); c′ is the same
seiferter as c′ in Figure 1.1. A (−6)–move to the meridional seiferter cµ

and a (−8)–move to s2 both yield the curve c′. Thus, c′ is a seiferter for
(T−3,2,−6), (T−3,2,−8) as well as (T−3,2,−7). See [21] for details.

We close this section with the following observation.

Proposition 2.22. Let K be a knot in S3, m a slope on ∂N(K), and c, c′

knots in S3 − N(K). Then the following hold.

(1) If c is m–equivalent to c′ and c′ has an orientation induced from c, then
lk(K, c′) = lk(K, c) + xm for some integer x.
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-2

s

a

b

c

-3

K

c

(-2)-move

Figure 2.7. The basic seiferter s−3 is (−2)–equivalent to a non-
basic seiferter c for (T−3,2,−2).

(2) Assume that c′ is obtained from c by a single m–move, i.e. c′ is isotopic
in S3 − intN(K) to a band sum of c and αm. The m–move induces an
isotopy of c to c′ in K(m) (Proposition 2.19). Then, an n–framing of c
becomes an (n+2lk(K, c)+m)–framing of c′ after the isotopy, where K
is oriented in the same direction as αm.

Proof of Proposition 2.22. (1) An m–move on c yields a band sum of c and αm (up
to isotopy in S3− intN(K)); the orientation of the band sum c\bαm is induced from
that of c, and the orientation of αm is induced from that of c\bαm. If K is oriented
so that it runs in the same direction as αm (i.e. lk(αm,K) = m), then any m–move
on c changes the linking number with K by m. However, if K is oriented otherwise,
the change of the linking number with K is −m. Thus after a finite sequence of
m–moves, the resulting knot c′ has the linking number lk(K, c′) = lk(K, c) + xm
for some integer x.

(2) Let βm be a simple closed curve in ∂N(K) which is parallel to αm in ∂N(K)
and satisfies lk(αm, βm) = m. Note that αm and βm bound disjoint meridian disks
of the filled solid torus in K(m). Let λ be a simple closed curve on ∂N(c) which
has slope n and is oriented in the same direction as c; the longitude λ determines
the n–framing of c. Then, the longitude of c′ obtained from λ after the isotopy
of N(c) to N(c′) in K(m) is a band sum λ\b̄βm, where b̄ is the band depicted in
Figure 2.9.
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-7

s

a

b

c’

-3

K

c’

(-7)-move

Figure 2.8. The basic seiferter s−3 is (−7)–equivalent to a non-
basic seiferter c′ for (T−3,2,−7).

c

l

a
b

K

b
-

m
m

b

Figure 2.9

The framing of c′ is hence lk(c∪αm, λ∪βm) = lk(c, λ)+lk(αm, λ)+lk(c, βm)+
lk(αm, βm) = n + 2lk(K, c) + m, as desired. �(Proposition 2.22)
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2.3. Pairs of seiferters

For two (possibly irrelevant) seiferters c1 and c2 for a Seifert surgery (K,m),
the (unordered) pair {c1, c2} is called a pair of seiferters if there is a Seifert fibration
of K(m) in which c1 and c2 are simultaneously Seifert fibers. A pair of seiferters
{c1, c2} for (K, m) is called a split pair (resp. Hopf pair) of seiferters if c1 ∪ c2 is
a trivial link (resp. a Hopf link) in S3. (In [45], Hayashi considers a Hopf pair of
seiferters to study Seifert fibered surgeries.)

Example 2.23. Let us take basic seiferters sp, sq and cµ for a torus knot Tp,q

so that sp, sq are fibers simultaneously in a Seifert fibration of S3 − intN(Tp,q) and
cµ bounds a disk in S3 − sp ∪ sq intersecting K in one point (Figure 2.10). Then
each of {sp, sq}, {sp, cµ} and {sq, cµ} is a pair of seiferters for (K, m) for any m. In
particular, {sp, sq} is a Hopf pair, and {sp, cµ} and {sq, cµ} are split pairs.

s

s

c

q

p

m

Tp,q

Figure 2.10. Any two of sp, sq, cµ form a pair of seiferters.

Definition 2.24 (m–move for pairs). Let c1∪c2 be a link in S3−N(K). Let
α ⊂ ∂N(K) be a simple closed curve representing a slope m and b a band connecting
c1 and α with b ∩ c2 = ∅. Isotoping the band sum c1\bα(⊂ S3 − intN(K)) away
from ∂N(K) without meeting c2, we obtain a knot c′1 ⊂ S3 − N(K). Then we say
that the link c′1 ∪ c2 is obtained from c1 ∪ c2 by an m–move using the band b.

Lemma 2.25. Let K be a knot in S3, and m a slope on ∂N(K). Let c1 ∪ c2

and c′1 ∪ c2 be links in S3 −N(K) with each component trivial in S3. Suppose that
c′1 ∪ c2 is obtained from c1 ∪ c2 by an m–move. Then we have:

(1) Two (ordered) links c1∪c2 and c′1∪c2 are isotopic in K(m) as an ordered
links.

(2) If {c1, c2} is a pair of seiferters for (K, m), then {c′1, c2} is also a pair
of seiferters for (K, m).

Proof of Lemma 2.25. (1) Let b and α be the band and the simple closed curve on
∂N(K) with slope m which are used to obtain c′1 ∪ c2 from c1 ∪ c2 by the m–move.
Since (b ∪ α) ∩ c2 = b ∩ c2 = ∅, we can isotope c1 to c1\bα and c′1 in K(m) without
meeting c2.

(2) Let us choose a Seifert fibration F of K(m) in which c1 and c2 are fibers.
Applying an ambient isotopy of K(m) deforming c1 ∪ c2 to c′1 ∪ c2 to the Seifert
fibration, we obtain a Seifert fibration of K(m) in which c′1 ∪ c2 are fibers. Thus
{c′1, c2} is also a pair of seiferters for (K, m). �(Lemma 2.25)
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Corollary 2.26. Let c1 ∪ c2 and c′1 ∪ c′2 be links in S3 − N(K) with each
component trivial in S3. Let αi ⊂ ∂N(K) be a simple closed curve with slope m
and bi a band connecting ci and αi such that (c1∪b1∪α1)∩(c2∪b2∪α2) = ∅. Suppose
that c′1 ∪ c′2 is obtained from (c1\b1α1) ∪ (c2\b2α2) by an isotopy in S3 − intN(K).
Then, if {c1, c2} is a pair of seiferters for (K, m), then {c′1, c′2} is also a pair of
seiferters for (K,m).

Proof of Corollary 2.26. Under the assumption on bi and αi (i = 1, 2), the argument
in the proof of Lemma 2.25(1) shows that c1 ∪ c2 is isotopic to (c1\b1α1)∪ (c2\b2α2)
and c′1 ∪ c′2 as ordered links in K(m). Hence, the result follows from the argument
in the proof of Lemma 2.25(2). �(Corollary 2.26)

Example 2.27. (1) Take a pair of seiferters {s−3, cµ} for (T−3,2,m) as
in Figure 2.11. Applying an m–move to s−3 by the band b in Figure 2.11,
we obtain a seiferter c (Proposition 2.19); the m–move and isotopy in
Figure 2.11 is a modification of Figure 2.7. Since the band b is disjoint
from cµ, {c, cµ} is also a pair of seiferters for (T−3,2,m) (Lemma 2.25(2));
c ∪ cµ is isotopic to s−3 ∪ cµ in T−3,2(m). Note that for any integer m,
{c, cµ} is a Hopf pair for (T−3,2, m).

m

s

a

b

c

-3 c
m cm cm

cm

c

c

T-3, 2

m+3

twist

m+3

twist

m+3

twist

m+3

twist

m+3

twist

m-move

c cm

m+3

twist

Figure 2.11. Pairs of seiferters {s−3, cµ} and {c, cµ} for (T−3,2, m)

(2) Let m = −2 in Figure 2.11. Then we have a pair of seiferters {c, cµ}
for (T−3,2,−2) as in Figure 2.12. The (−2)–twist along c in Figure 2.12
converts T−3,2 to the figure–eight knot K ′, and then cµ remains unknot-
ted under the twisting. The Seifert surgery (K ′,−2) thus admits a pair
of seiferters {c, cµ}, where c, cµ denote the images of the original c, cµ

under the twisting.
(3) Let m = −3 in Figure 2.11. Then we have a pair of seiferters {c, cµ}

for (T−3,2,−3) as in Figure 2.13; we orient c and cµ as in Figure 2.13.
Then, T−3,2 ∪ c∪ cµ in Figure 2.13 is isotopic to T−3,2 ∪ cµ ∪ c as ordered
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c
cm

c

m = 2-

cm

Figure 2.12. Pair of seiferters {c, cµ} for (T−3,2,−2)

link, and in particular the orientations of c and cµ are preserved under
this exchange.

ccm
c

m = 3-

cm

Figure 2.13. Pair of seiferters {c, cµ} for (T−3,2,−3)

Even if c1 and c2 are seiferters for (K,m), {c1, c2} is not necessarily a pair of
seiferters.

Example 2.28 (not a pair of seiferters). (1) Let us place the basic
seiferters s−3 and s2 for (T−3,2,−2) as in Figure 2.14(a). Then {s−3, s2}
is not a pair of seiferters for (T−3,2,−2).

(2) Let us place the meridional seiferter cµ and the seiferter c for (T−3,2,−2)
given in Example 2.21 as in Figure 2.14(b). Then {c, cµ} is not a pair
of seiferters for (T−3,2,−2). Compare with Figure 2.12.

(a)                                                      (b)

c
cm

T-3,2

s-3

T-3,2

s2

Figure 2.14. {s−3, s2} in (a) and {c, cµ} in (b) are not pairs of seiferters.
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Proof of Example 2.28. (1) Recall that T−3,2(−2) has a Seifert fibration F over S2

with three exceptional fibers s−3, s2 and cµ of indices 3, 2 and 4, respectively. To
avoid a confusion, we write s′−3 ∪ s′2 to denote s−3 ∪ s2 given by Figure 2.14(a).
Assume for a contradiction that {s′−3, s

′
2} is a pair of seiferters, i.e. we have a Seifert

fibration F ′ of T−3,2(−2) such that s′−3 and s′2 are Seifert fibers. Since two Seifert
fibrations F and F ′ of T−3,2(−2) are isotopic [52, Corollary 3.12], s′−3 (resp. s′2)
is isotopic to a regular fiber, s−3, s2 or cµ. Since s′−3 (resp. s′2) is isotopic to s−3

(resp. s2) in T−3,2(−2), T−3,2(−2) − intN(s′−3) ∼= T−3,2(−2) − intN(s−3) (resp.
T−3,2(−2)− intN(s′2) ∼= T−3,2(−2)− intN(s2)) is a Seifert fiber space over the disk
with two exceptional fibers of indices 2, 4 (resp. 3, 4). It then turns out that s′−3∪s′2
is isotopic to s−3 ∪ s2 in T−3,2(−2). Then they are isotopic in S3 − intN(T−3,2)
up to (−2)–moves on s′−3. Let s′′−3 be a knot obtained from s′−3 by performing
(−2)–moves x times. Then since lk(s′−3, s

′
2) = 0, lk(K, s2) = −3, s′′−3 has linking

number −3(ε1 + · · ·+ εx) with s′2, where ε = ±1. Since −3x 6= 1 for any integer x,
s′′−3 ∪ s′2 is not isotopic to s−3 ∪ s2 in S3 − intN(T−3,2), a contradiction.

(2) Suppose for a contradiction that there exists a Seifert fibration of T−3,2(−2)
such that cµ and c are Seifert fibers. Then (−1)–twist along c converts (T−3,2,−2)
to (K ′,−2), where K ′ is the figure–eight knot with cµ a meridional seiferter.
Since the figure–eight knot is not a torus knot, this contradicts Proposition 2.16.

�(Example 2.28)

If a pair of seiferters {c1, c2} for (K, m) is a split pair or a Hopf pair, then c1

and c2 cobound an annulus, so that we can perform twisting along the annulus. To
generalize this idea, we define:

Definition 2.29 (annular pair of seiferters). Let (K,m) be a Seifert surgery
with a pair of seiferters {c1, c2}. Assume that c1 and c2 cobound an annulus A in
S3. Then we call an ordered pair (c1, c2) an annular pair of seiferters or annular
pair for short.

Let sp, sq and cµ be the basic seiferters for (Tp,q, m) in Example 2.23 (Fig-
ure 2.10). Then any ordered pair of these is an annular pair of seiferters for (Tp,q,m).
We call them basic annular pairs of seiferters for (Tp,q,m).

Lemma 2.30. Let c1∪c2 be a link in S3 such that each component ci is a trivial
knot, and c1 and c2 cobound an annulus. Then the following hold.

(1) If c1 ∪ c2 is neither a split link nor a Hopf link, then c1 and c2 cobound
a unique annulus up to isotopy.

(2) If c1 ∪ c2 is a Hopf link, then c1 and c2 cobound exactly two annuli A up
to isotopy.

(3) If c1 ∪ c2 is a split link, then c1 and c2 cobound infinitely many annuli
A up to isotopy; for each annulus A, A∩∂N(ci) is a preferred longitude
of ci.

Proof of Lemma 2.30. Let A be an annulus cobounded by c1, c2. Then a bi-collar
neighborhood V = A× [−1, 1] of A is an unknotted solid torus in S3 such that ci is
a longitude of V , where i = 1, 2. The link c1 ∪ c2(⊂ V ) is thus a (2n, 2) torus link
for some integer n. Note that c1 ∪ c2 is a trivial link, a Hopf link, or none of these,
according as n = 0, 1, or |n| ≥ 2. We take regular neighborhoods N(ci) (i = 1, 2)
so that A∩ (S3 − intN(c1 ∪ c2)) is an annulus, and set X = S3 − intN(c1 ∪ c2) and
A′ = A ∩ X.
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If |n| ≥ 2, then X has a unique Seifert fibration (up to isotopy) over the annulus
with just one exceptional fiber of index |n|. Since each component of ∂A′ is isotopic
to a regular fiber in X, A′ is isotopic to a vertical annulus in X. Thus assertion (1)
in Lemma 2.30 holds.

If n = 1, i.e. c1∪c2 is a Hopf link, then X ∼= S1×S1×[1, 2], and A′ is isotopic to
an annulus c×[1, 2] in S1×S1×[1, 2] for some simple closed curve c ⊂ S1×S1; here,
we assume ∂N(ci) corresponds to S1 ×S1 ×{i} for i = 1, 2. Since c′i = A′ ∩∂N(ci)
is a longitude of N(ci) and a preferred longitude of N(ci) is a meridian of cj where
{i, j} = {1, 2}, c×{i} wraps once in both meridional and longitudinal directions of
N(ci). Thus, the slopes of A′ ∩ ∂N(ci) in ∂N(ci) are 1 for both i, or −1 for both i.

If n = 0, i.e. c1 ∪ c2 is a trivial link, then c1, c2 bound disjoint disks D1, D2.
There are infinitely many, embedded 1–handles D2 × I, where I = [0, 1], in S3

connecting D1 and D2 up to isotopy fixing D2 × ∂I. Since ∂D2 × I is an annulus
connecting c1, c2, we see that c1 and c2 cobound infinitely many annuli A up to
isotopy fixing ∂A = c1∪c2. Let us show that li = A∩∂N(ci) is a preferred longitude
of N(ci). Since l1 is isotopic to c2 in S3−c1 and c2 bound a disk disjoint from c1, l1
is null-homologous in S3 − c1. Hence l1 is a preferred longitude of N(c1). Similarly
l2 is a preferred longitude of N(c2). �(Proposition 2.30)

Remark 2.31. Let (c1, c2) be an annular pair of seiferters cobounding an an-
nulus A.

(1) If c1, c2 are oriented so as to be homologous in A, then the linking number
lk(c1, c2) coincides with the slope given by A ∩ ∂N(ci)(⊂ ∂N(ci)). If
c1∪c2 is a Hopf pair, then as shown in Lemma 2.30(2) c1 and c2 cobound
two annuli. Orienting c1, c2 as above, we can identify the annuli with
lk(c1, c2).

(2) In the following, when we need to specify orientations of c1, c2, they
are oriented so as to be homologous in A. In particular, if c1 ∪ c2 is an
oriented Hopf link, then A is understood to be the annulus corresponding
to lk(c1, c2).

We define a twisting along an annular pair of seiferters as a pair of surgeries,
which is in fact “a twisting along an annulus”.

Definition 2.32 (twisting along an annular pair). Let (c1, c2) be an an-
nular pair of seiferters cobounding an annulus A. Denote l = lk(c1, c2).

(1) A (− 1
p + l, 1

p + l)–surgery along (c1, c2) (i.e. a pair of (− 1
p + l)–surgery

along c1 and ( 1
p + l)–surgery along c2) is said to be a p–twist along

(c1, c2). Note that a p–twist along (c1, c2) is equivalent to (−p)–twist
along (c2, c1).

(2) For i = 1, 2, A∩∂N(ci) is a longitude λi+lµi of N(ci), where (µi, λi) is a
preferred meridian–longitude pair of ci, and thus the surgery coefficient
− 1

p +l (resp. 1
p +l) is expressed as − 1

p (resp. 1
p ) in terms of the meridian–

longitude pair (µ1, λ1 + lµ1) (resp. (µ2, λ2 + lµ2)). Hence, p–twist along
(c1, c2) is equivalent to “twisting p times along the annulus A”. See
Figure 2.15.

Let (c1, c2) be an annular pair. If lk(c1, c2) = 0, then since c1 and c2 cobound
a flat annulus, a twisting along (c1, c2) can be realized as a composition of two
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Figure 2.15. Twisting along an annular pair of seiferters (c1, c2);
lk(c1, c2) = 2

twistings along c1 and c2. Besides, if lk(c1, c2) ≤ 2, then a twisting along (c1, c2)
can be realized as a sequence of alternate twistings along c1, c2. However, in general,
this is not the case.

Twistings along annular pairs of seiferters have the following basic properties
similar to twistings along seiferters (Proposition 2.6).

Proposition 2.33 (inheritance of annular pairs of seiferters). Let (K, m)
be a Seifert surgery with an annular pair of seiferters (c1, c2) cobounding an annulus
A. Then the following hold.

(1) For any integer p, p–twist along (c1, c2) changes (K,m) to a Seifert
surgery (Kp,mp). The images of c1, c2 under the p–twist along (c1, c2),
i.e. the cores of solid tori filled along ∂N(ci)(⊂ S3− intN(c1∪c2)), form
an annular pair of seiferters for (Kp, mp).

(2) The surgery slope mp in (1) is m + p(l21 − l22) + lp2(l1 − l2)2, where
l = lk(c1, c2), li = lk(K, ci).

Proof of Proposition 2.33. (1) We prove the case when p = ±1. Assertion (1) is
obtained by applying this case repeatedly.

Take ε ∈ {±1}. The ε–twist along (c1, c2) is a pair of surgeries along c1, c2,
so that we obtain the commutative diagram below. It follows that Kε(mε) is
obtained from K(m) − intN(c1 ∪ c2) by attaching two solid tori along ∂N(ci).
Hence Kε(mε) admits a (possibly degenerate) Seifert fibration in which the images
of ci are (possibly degenerate) fibers. On the other hand, the ε–twist along (c1, c2)
is a twisting along the annulus A. Since any twisting along the annulus A does
not change the link type of ∂A = c1 ∪ c2, after the ε–twist the images of c1, c2 are
trivial knots and cobound an annulus in S3. We thus see that the images of c1, c2

form an annular pair of seiferters for (Kε, mε).
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(K, m)
ε–twist along (c1,c2)−−−−−−−−−−−−−→ (Kε,mε)

m–surgery on K

y ymε–surgery on Kε

K(m) −−−−−−−−−−−−−→
surgeries along c1,c2

Kε(mε)

Diagram 2. Twisting along an annular pair before/after Dehn surgery

(2) Take a disk D in S3−K that intersects A transversely in a single arc connecting
two components of ∂A. We denote by c′i, A

′ the images of ci, A respectively under
(−l)–twist along ∂D; then c′1 ∪ c′2 is a trivial link cobounding a “flat” annulus A′.
Since D∩K = ∅, the twisting along ∂D does not change K and its framing. There-
fore Kp is obtained from K by applying p–twist along c′1, (−p)–twist along c′2 (i.e.
p–twist along the “flat” annulus A′), and then l–twist along ∂D; see Figure 2.16.

1

2

c

c

K

p-twist along (c  , c  )

K

p-twist along a flat annulus A’

D

A

A’

K’p

1

2

c’

c’

m

m

D

l-twist along   D

1 2

Figure 2.16

This sequence of twistings changes the slope m to m+p(lk(K, c′1))
2−p(lk(K, c′2))

2+
l(pω)2, where ω is the algebraic intersection number of K and the annulus A′.
The fact D ∩ K = ∅ implies li = lk(K, ci) = lk(K, c′i). Also note that ω =
±(lk(K, c′1) − lk(K, c′2)). Assertion (2) is thus proved. �(Proposition 2.33)

We say that the Seifert surgery (Kp,mp) in Proposition 2.33 is obtained from
(K, m) by p–twist along an annular pair of seiferters (c1, c2). For simplicity, we
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often use the same symbol (c1, c2) to denote the image of (c1, c2) after p–twist
along (c1, c2).

As we call seiferters irrelevant if no twistings along them change Seifert surgeries
(Convention 2.15), we define irrelevant annular pairs.

Convention 2.34 (irrelevant annular pair of seiferters). Let (c1, c2) be
an annular pair for a Seifert surgery (K, m). If (c1, c2) satisfies condition (1) or (2)
below, twistings along (c1, c2) either do not change (K,m) or have the same effect
as twistings along one of c1 and c2. Hence, in what follows we do not regard the
pairs satisfying (1) and (2) as annular pairs of seiferters.

(1) There exists an annulus which is cobounded by c1, c2, and disjoint from
K. In particular, there exists a 2–sphere separating K and c1 ∪ c2.

(2) There exists a 2–sphere separating K ∪ ci and cj , where {i, j} = {1, 2}.
Therefore, if (c1, c2) is an annular pair of seiferters for (K,m), then S3 − intN(K ∪
c1 ∪ c2) is irreducible.

Remark 2.35. (1) The annular pair of seiferters in Figure 7.5 satisfies
none of those conditions in Convention 2.34 and thus is relevant, but
one component c1 is an irrelevant seiferter.

(2) Let c be a seiferter for (K, m) such that c is a regular fiber in K(m).
Let N(c) be a small fibered, tubular neighborhood of the regular fiber
c in K(m) which is disjoint from the filled solid torus, and c′ a regular
fiber on ∂N(c) ⊂ K(m). Note that as a knot in S3 c′ is a trivial knot
and so a seiferter for (K,m). Since c and c′ cobound an annulus in
S3 − intN(K), (c, c′) is an irrelevant annular pair of seiferters. However,
both components are relevant seiferters. For example, the basic seiferter
s1 for (Tp,1,m) (m 6= p) becomes a regular fiber after the surgery.

The next proposition is useful to show that a given pair of seiferters (K, m)
does not cobound an annulus disjoint from K.

Proposition 2.36. Let c1 and c2 be possibly irrelevant seiferters for (K, m)
with respect to a (possibly degenerate) Seifert fibration F of K(m). Suppose that c1

and c2 cobound an annulus A in S3 − intN(K). Then the following hold.
(1) lk(c1,K) = lk(c2,K).
(2) If K(m) is not a lens space, then c1 and c2 are regular fibers in F . If

K(m) is a lens space, then we have a Seifert fibration (possibly distinct
from F) having c1 and c2 as regular fibers.

Proof of Proposition 2.36. The first assertion is obvious, so we prove the second
assertion. Set X = K(m) − intN(c1 ∪ c2); we choose the tubular neighborhood
N(c1 ∪ c2) so that A ∩ X is a properly embedded annulus in X and N(c1 ∪ c2) is
fibered in F .

Case 1. X is a non-degenerate Seifert fiber space.
If X ∼= S1×S1× [0, 1], then K(m) is a lens space. Choose a Seifert fibration F ′

of X so that A′ = A ∩ X is vertical. Then extend F ′ over K(m) so that c1 and c2

are regular fibers. Assume that X 6∼= S1 × S1 × [0, 1]. Then the base orbifold of X
is an annulus with non-empty cone points or a once punctured Möbius band with
or without cone points, and thus a Seifert fibration of X is unique up to isotopy
[50, Theorem VI.18]. We may assume that the essential annulus A′ = A ∩ X is
vertical or horizontal in X with respect to F|X. In the former case, c1 and c2 are
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regular fibers in F . In the latter case, the annulus A′ is a branched cover of the
base orbifold of X. Then by the Riemann–Hurwitz formula A′ would have negative
Euler characteristic, a contradiction.

Case 2. X is a degenerate Seifert fiber space; it has at most two degenerate
fibers (Proposition 2.8).

Subcase 1. X contains exactly one degenerate fiber t.
We may assume, by an isotopy, that A′ ∩N(t) is empty or consists of meridian

disks of N(t), where N(t) is a small fibered, tubular neighborhood; assume further
that the number of the meridian disks is minimal. Then A′′ = A′∩ (X− intN(t)) =
A∩(K(m)− intN(c1∪c2∪t)) is essential in the Seifert fiber space K(m)− intN(c1∪
c2 ∪ t), which has the unique Seifert fibration F|K(m)− intN(c1 ∪ c2 ∪ t). We may
assume that A′′ is vertical or horizontal. If A′′ is vertical, then A′′ is an annulus
and hence A′ = A′′ (i.e. A′ ∩ N(t) = ∅). Then as in Case 1, c1 and c2 are regular
fibers in F of K(m).

Suppose that A′′ is horizontal. Then A′′ ∩ N(t) 6= ∅; each component of A′′ ∩
N(t) is a meridian of t. Since t is a degenerate fiber, A′′ ∩ N(t) consists of regular
fibers. Hence A′′ cannot be horizontal, a contradiction.

Subcase 2. X contains exactly two degenerate fibers t, t′.
As in Subcase 1, we may assume A′ ∩ (N(t) ∪ N(t′)) is empty or consists of

meridians of N(t)∪N(t′), and consider an essential surface A′′ = A′∩(X−int(N(t)∪
N(t′)) = A ∩ K(m) − intN(c1 ∪ c2 ∪ t ∪ t′). By the same argument as above A′′ is
a vertical annulus (hence A′′ = A′), and c1 and c2 are regular fibers in F of K(m).

�(Proposition 2.36)

2.4. Seifert Surgery Network

We regard that two Seifert surgeries (K, m) and (K ′, m′) are the same, and
write (K, m) = (K ′,m′) if K and K ′ are isotopic in S3 and m = m′.

Let c and c′ be seiferters for a Seifert surgery (K,m). We say that c and c′

are the same if the links K ∪ c and K ∪ c′ are isotopic in S3 as ordered links,
and otherwise they are distinct. Two annular pairs of seiferters (c1, c2) and (c′1, c

′
2)

for (K, m) are said to be the same if the links K ∪ c1 ∪ c2 and K ∪ c′1 ∪ c′2 are
isotopic in S3 as ordered links; if (c1, c2) and (c′1, c

′
2) are Hopf pairs of seiferters,

we furthermore require that the orientations of ci (i = 1, 2) are both the same or
opposite of those of c′i. If two annular pairs of seiferters are not the same, then we
say that they are distinct.

We remark that a Seifert surgery (K, m) may have two seiferters c1, c2 which
are the same but not isotopic in S3 −K. An example is a (pq + rs)–surgery on the
connected sum of two torus knots K = Tp,q]Tr,s; (K, pq + rs) is a Seifert surgery
such that the basic seiferters sp, sq, sr and ss for each connected summand of K
are seiferters for (K, pq + rs) (Proposition 8.7). See Figure 2.17.
Assume p = r and q = s. Then the ordered links K ∪ sp and K ∪ sr are isotopic
in S3, so that sp and sr are the same seiferter for (K, pq + rs). However, sp and sr

are not isotopic in S3 − K.

Definition 2.37 (S–related). Two Seifert surgeries (K, m) and (K ′,m′) are
S–related by c (resp. (c1, c2)) if condition (1) (resp. (2)) below is satisfied.

(1) One of (K, m) and (K ′,m′) has a seiferter c, and the other Seifert surgery
is obtained by 1–twist along c.
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sq
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T    # Tp,q r,s

ss

s r

Figure 2.17. Seiferters for (Tp,q]Tr,s, pq + rs)

(2) One of (K, m) and (K ′,m′) has an annular pair of seiferters (c1, c2), and
the other Seifert surgery is obtained by 1–twist along (c1, c2).

Remark 2.38. If (K ′,m′) is obtained from (K,m) by (−1)–twist along a seifer-
ter c, then (K,m) is obtained from (K ′,m′) by 1–twist along c′, the seiferter for
(K ′,m′) which is the image of c under the 1–twist along c. Hence, (K,m) and
(K ′,m′) are S–related by c′.

Now we are ready to define a network consisting of Seifert surgeries.

Definition 2.39 (Seifert Surgery Network). Regard each Seifert surgery
(K, m) as a vertex. If two vertices v = (K,m) and v′ = (K ′, m′) are S–related
by c (resp. (c1, c2)), then we connect them by an edge corresponding to c (resp.
(c1, c2)) as in Figure 2.18. Thus we obtain a 1–dimensional complex, called the
Seifert Surgery Network. Let v = (K, m) and v′ = (K ′, m′) be Seifert surgeries. If
(K ′,m′) is obtained from (K, m) by 1–twist along two distinct, seiferters c and c′

(resp. annular pairs (c1, c2) and (c′1, c
′
2)), then v and v′ are connected by two edges

corresponding to c and c′ (resp. (c1, c2) and (c′1, c
′
2)).

1-twist

along c

(K, m) (K , m )’ ’

1-twist

along (c  , c   )1       2

(K, m) (K , m )’ ’

Figure 2.18. S–related vertices and edges

If there is a path from (K,m) to (K ′,m′) in the Seifert Surgery Network,
then (K ′,m′) is obtained from (K,m) by applying a sequence of ±1–twists along
seiferters and/or annular pairs.

Given a Seifert surgery with a seiferter or an annular pair of seiferters, we obtain
a subcomplex of the network by twisting the Seifert surgery along the seiferter or
the annular pair of seiferters successively.

Definition 2.40 (S–family Sc(K,m)). Let (K,m) be a Seifert surgery with
c a seiferter. Let (Kp,mp), p ∈ Z, be the Seifert surgery obtained from (K, m)
by p–twist along c, and cp the image of c under the p–twist; cp is a seiferter for
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(Kp,mp) (Proposition 2.6). The subcomplex that consists of all vertices (Kp,mp)
and all edges corresponding to cp (p ∈ Z) is called the S–family Sc(K,m) generated
by c. (For simplicity, cp is often abbreviated to c.)

Example 2.41. Let c be the seiferter for the Seifert surgery (T−3,2,−2) given
in Example 2.12. Twistings on (T−3,2,−2) along c produce (−2)–surgeries on twist
knots. As described in Figure 2.19, the S–family Sc(T−3,2,−2) is homeomorphic to
a real line, i.e. a linear tree. In Section 5.2, we show that all S–families generated
by seiferters are linear trees.

c

K

c

K   = T

c

1-twist

along c

1-twist

along c

K    = O

(                   ), -2 (                   ), -2(                   ), -2

c

(                   ), -22p+2

1-twist

along c

1-twist

along c

K

-2 -1 p

-2 -1 0 -3,2 p

-2 -1 p

Figure 2.19. S–family Sc(T−3,2,−2) forms a linear tree.

Definition 2.42 (S–family S(c1,c2)(K, m)). Let (c1, c2) be an annular pair
of seiferters for (K,m). Let (Kp,mp) be the Seifert surgery obtained by twisting
(K, m) p times along (c1, c2), and cp

i the image of ci under the p–twist along (c1, c2),
equivalently (−p)–twist along (c2, c1); (cp

1, c
p
2) is an annular pair of seiferters for

(Kp,mp) (Proposition 2.33). The subcomplex that consists of all vertices (Kp,mp)
and all edges corresponding to annular pair of seiferters (cp

1, c
p
2) for (Kp,mp) (p ∈ Z)

is called the S–family S(c1,c2)(K, m) generated by (c1, c2).

In the setting of Definition 2.42, the vertex v = (K,m) is obtained from v1 =
(K1,m1) by (−1)–twist along (c1

1, c
1
2) and thus 1–twist along (c1

2, c
1
1). This implies

that the vertices v and v1 are connected also by the edge corresponding to the
annular pair (c1

2, c
1
1). Note that the image of c1

i under 1–twist along (c1
2, c

1
1) (i.e.

(−1)–twist along (c1
1, c

1
2)) is ci itself. Therefore, v = (K, m) and v1 = (K1,m1)

are connected by two edges corresponding to (c1, c2) and (c1
2, c

1
1) unless v = v1 and

(c1, c2) is the same as (c2, c1). See Figure 2.20.

Remark 2.43. The S–family of (K, m) generated by an annular pair (c1, c2)
and the one generated by (c2, c1) contain exactly the same Seifert surgeries. If
these annular pairs are distinct and each S–family is a linear tree, then the union
S(c1,c2)(K, m) ∪ S(c2,c1)(K, m) contains infinitely many bigons as described in Fig-
ure 2.20.

Let us consider the case when annular pairs (c1, c2) and (c2, c1) are the same.
Then the existence of isotopy exchanging c1 and c2 implies that p–twist along
(c1, c2) is equivalent to p–twist along (c2, c1), i.e. (−p)–twist along (c1, c2).

We thus have the following.

Lemma 2.44. If (c1, c2) and (c2, c1) are the same annular pairs for (K, m), then
(Kp,mp) = (K−p,m−p) for any integer p. Furthermore, (cp

1, c
p
2) and (c−p

2 , c−p
1 ) are

the same annular pairs for (Kp,mp) and correspond to the same edge in the Seifert
Surgery Network. See Figure 2.21.
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Example 2.45 (folded linear tree). Let (c, cµ) be the Hopf pair of seiferters
for (T−3,2,−3) given in Figure 2.13. (As mentioned in Remark 2.31, the orientations
of c, cµ determine the annulus in which they are homologous.) Let (Kp,mp) be
the Seifert surgery obtained from (T−3,2,−3) by p–twist along (c, cµ), where p ∈
Z. Then, (Kp,mp) = (K−p, m−p) for all integers p. Furthermore, the S–family
S(c,cµ)(T−3,2,−3) is a “folded linear tree” (folded at (T−3,2,−3)) as described in
Figure 2.22.

(T ), -3

1-twist along

(c   , c ) = (c, c   )m

S         (K, m)( , )c cm
-3,2 ( )K  ,  11 ( )K  ,  132

m

Figure 2.22. S–family of (T−3,2,−3) generated by (c, cµ)

Proof of Example 2.45. The observation in Example 2.27(3) shows that the annu-
lar pairs (c, cµ) and (cµ, c) are the same. It then follows from Lemma 2.44 that
(Kp,mp) = (K−p, m−p) and the images of (c, cµ) and (cµ, c) under p–twist along
(c, cµ) and (cµ, c) respectively (i.e. (cp, cp

µ) and (c−p
µ , c−p)) correspond to the same

edge. Hence, it remains to show that (Kp,mp) and (Kq,mq) are distinct vertices
for p > q ≥ 0.

Since mp = −3 + 12 − (−1)2 + (2p)2 = 4p2 − 3 by Proposition 2.33, we obtain
(Kp,mp) 6= (Kq,mq) for p > q ≥ 0. �(Example 2.45)

Example 2.45 shows that an S–family generated by an annular pair of seiferters
is not necessarily a linear tree.
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Note that if a Seifert surgery (K, m) has no seiferter, then (K,m) is an isolated
vertex in the network. It has been conjectured [65] that every Seifert surgery has
a seiferter, i.e. there is no isolated vertex in the Seifert Surgery Network.

Our main subjects are Seifert fibered surgeries on knots, but many Seifert
fibered surgeries are contained in S–families of degenerate Seifert surgeries (Tp,q, pq).
See Section 4.2 and Chapter 9.

2.5. Distance and complexity for Seifert surgeries

We introduce a “distance” on the Seifert Surgery Network, and a “complex-
ity” for Seifert surgeries which gives how far a given Seifert surgery is away from
Seifert surgeries on torus knots in the network. For the Seifert Surgery Network
we can define an “edge distance” between two vertices to be the minimal number
of edges needed to connect the vertices. Then the edge distance between (K, m)
and (Kp,mp) may go to ∞ if |p| → ∞. (In Section 5.2, we show that S–families
generated by seiferters are linear trees.) However, we want a “distance” to measure
how many distinct seiferters and/or annular pairs of seiferters are needed to ob-
tain one Seifert surgery from another one by twistings. We thus give the following
definition.

Definition 2.46 (distance). Let v = (K, m) and v′ = (K ′,m′) be two Seifert
surgeries. The distance between them, denoted by d(v, v′), is defined to be the
minimal number of S–families that appear in a path from v to v′ in the Seifert
Surgery Network. If v = v′, set d(v, v′) = 0; if there is no path, set d(v, v′) = ∞.

Clearly we have:

Lemma 2.47. The distance in Definition 2.46 above gives a distance function
on the Seifert Surgery Network.

(K, m)

(K , m )’ ’

Figure 2.23

In Figure 2.23, we assume that each line is an S–family in the network. Since
the path in Figure 2.23 from (K,m) to (K ′,m′) goes along five S–families, we have
d((K, m), (K ′,m′)) ≤ 5.

We denote by T the subnetwork consisting of surgeries on torus knots and
edges corresponding to basic seiferters. Seifert surgeries on torus knots are just
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extensions of Seifert fibrations of the torus knot exteriors; in a sense T consists of
the most basic Seifert surgeries. In Section 8.1, we show that T is connected.

We define “complexity” of a Seifert surgery as follows.

Definition 2.48 (complexity). Let (K, m) be a Seifert surgery. Then the
complexity of (K, m), denoted by c(K, m), is defined to be 0 if (K,m) ∈ T , and the
minimal distance between (K, m) and a vertex in T if (K,m) 6∈ T .

As we see later, some known Seifert surgeries have small complexity. We ask:

Question 2.49. For an integer n, does there exist a Seifert surgery (K, m)
with c(K,m) ≥ n?



CHAPTER 3

Classification of seiferters

3.1. Hyperbolic seiferters

We have shown in Example 2.41 that for each link K ∪ c in Figure 3.1, c
is a seiferter for the Seifert surgery (K,−2). Each complement S3 − K ∪ c is
diffeomorphic to the Whitehead link complement. Hence K ∪ c is a hyperbolic link,
i.e. their complements admit complete hyperbolic metrics of finite volumes.

c c

T

c

figure-eight knot unknot trefoil knot

K K K

-3,2

Figure 3.1. Hyperbolic seiferters

We say that c is a hyperbolic seiferter for a Seifert surgery (K,m) if c is a
seiferter for (K, m) and K ∪ c is a hyperbolic link in S3. We will investigate
hyperbolic seiferters for Seifert surgeries on the trivial knot in Section 6.3. In [22],
we give a list of hyperbolic seiferters for Seifert surgeries on torus knots.

In the following two sections, we put some restrictions on the positions of
seiferters c for Seifert surgeries (K, m). We separate into two cases according as
c is a fiber in a non-degenerate Seifert fibration (Section 3.2) or c is a fiber in a
degenerate Seifert fibration (Section 3.3). In particular, we try to determine non-
hyperbolic links K ∪ c.

For instance, as an immediate consequence of Corollary 3.14 and Theorem 3.19
(together with Lemma 3.16), we have:

Theorem 3.1. Let (K,m) be a Seifert surgery on a hyperbolic knot K with
a seiferter c. Then c is a hyperbolic seiferter or a cable of a hyperbolic seiferter.
Furthermore, if c becomes a (possibly degenerate) exceptional fiber in K(m), then c
is a hyperbolic seiferter.

3.2. Seiferters for non-degenerate Seifert fibrations

If K(m) has a non-degenerate Seifert fibration with c a fiber, the following
theorem classifies links K ∪ c.

31
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Theorem 3.2 (Classification of seiferters: non-degenerate case). Let
(K, m) be a Seifert fibered surgery with a seiferter c. Then the following hold.

(1) K ∪ c is of one of the following types.
type 1. K is a torus knot and c is a basic seiferter for K.
type 2. c is a hyperbolic seiferter.
type 3. There is a solid torus V in S3 containing K in its interior such

that K is not a core of V and the core of V is a nontrivial torus
knot, V −K is irreducible and boundary–irreducible, and c is an
exceptional fiber of the Seifert fiber space S3 − intV ; in other
words c is a non-meridional basic seiferter for the core of V .

type 4. There is a seiferter c′ for (K,m) such that for some Seifert fi-
bration of K(m), c′ is an exceptional fiber and c is a regular fiber
of a fibered neighborhood N(c′), where K ⊂ V = S3 − intN(c′).
If K(m) has more than one Seifert fibrations with c a fiber, then
V (K;m) ∼= S1 × D2 and thus K(m) is a lens space.

(2) In types 3, 4 above a Seifert fibration of K(m) with c a fiber restricts to
a fibration on V (K; m) with a longitude of V a regular fiber. Regarding
the position of K in V and the induced Seifert fibration on V (K; m),
one of the following (i)–(iv) holds.

(i) V − intN(K) is a hyperbolic manifold, and V (K; m) is a Seifert
fiber space over the disk with exactly two cone points.

(ii) K is a 0– or 1–bridge braid in V , and V (K;m) ∼= S1 × D2.
(iii) For some n, K is a (2n±1, 2) cable of V , m = 4n, and V (K; m)

is a Seifert fiber space over the Möbius band with no cone points;
then, a regular fiber of V (K; m) in ∂V has slope n.

(iv) If V is knotted, re-embed V onto an unknotted solid torus in S3.
Then, K is a nontrivial torus knot, and K wraps V geometrically
once.

Proof of Theorem 3.2. Set X = S3 − intN(K ∪ c). We start with the following
lemma.

Lemma 3.3. If X is Seifert fibered, then K is a torus knot Tp,q and c is a basic
seiferter sp or sq; K ∪ c is of type 1 in Theorem 3.2(1).

Proof of Lemma 3.3. If the base surface of X is non-orientable, then X(⊂ S3)
contains a Klein bottle, a contradiction. If the base surface is an orientable sur-
face which is not an annulus, then X(⊂ S3) contains a non-separating torus, a
contradiction. It follows that the base space of X is an annulus.

Suppose first that the base orbifold of X is an annulus without cone point, then
X is T 2 × [0, 1] and K ∪ c is a Hopf link. Hence K is a trivial torus knot T1,q and c
is a basic seiferter sq as claimed. Then assume that the base orbifold is an annulus
with at least one cone point. If a meridian of N(c) is a regular fiber of X, then
S3 − intN(K) = X ∪ N(c) is a reducible manifold, contradicting the irreducibility
of a knot exterior in S3. For the same reason a meridian of N(K) is not a regular
fiber of X. Then S3− intN(K) = X ∪N(c) admits a Seifert fibration extendable to
a Seifert fibration S3

p,q for some integers p, q of S3 so that both K and c are fibers.
Thus K is a (possibly trivial) torus knot. If c is an exceptional fiber in S3

p,q, then
c is a basic seiferter sp or sq for (K, m). Let us suppose that c is a regular fiber
in S3

p,q. Since c is trivial in S3, |p| = 1 or |q| = 1 and hence K is also a trivial
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knot. Then, K is a trivial torus knot T1,q or Tp,1 and c is the basic seiferter s1.
�(Lemma 3.3)

Let us then assume that X is not Seifert fibered. If X contains no essential
tori, then X is hyperbolic [68], and hence K ∪ c is of type 2. To prove Theorem 3.2
the remaining case to consider is when X contains an essential torus.

We distinguish two cases according as X = S3 − intN(K ∪ c) contains an
essential torus separating ∂N(K) and ∂N(c).

Case 1. X contains an essential torus separating K and c.
Let T be an essential torus in X separating K and c. Since c is trivial in S3,

T bounds a solid torus, V , containing K. Set E = S3 − intV . By retaking T if
necessary, we may assume that there is no essential torus in E − intN(c) which
bounds a solid torus in S3 − intN(c) containing K. (V is a “maximal” solid torus
containing K but not c.)

Subcase 1. T is compressible in V (K; m).
If V (K; m) is reducible, K(m)− intN(c) is a reducible Seifert fiber space with

boundary. Since such a Seifert fiber space does not exist, V (K; m) is irreducible
and has reducible boundary. We thus see:

Lemma 3.4. V (K; m) ∼= S1 × D2

Since V (K; m) is a solid torus, by Gabai [29] K is a 0– or 1–bridge braid in
V , where K is not the core of V . The winding number w of K in V is greater
than one; then for homological reason no longitude of V bounds a disk in V (K; m).
Denote the core of V by K ′. We then have K(m) ∼= K ′( m

w2 ); m
w2 is not an integer

[34]. The knot K ′ is contained in the solid torus V ′ = S3 − intN(c). Since c is
a fiber of K(m), V ′(K ′;m′) is Seifert fibered. Hence, by [65, Theorem 1.2] K ′ is
a cable or a cable of a cable of V ′. The latter, however, is not the case because
V ′ − intV = E − intN(c) contains no essential torus which bounds a solid torus in
S3 − intN(c) containing K. It follows that K is a 0– or 1–bridge braid of V and
the core K ′ of V is a nontrivial cable of the unknotted solid torus V ′.

If the cable K ′ of V ′ is a nontrivial torus knot in S3, then c is an exceptional
fiber of the torus knot exterior S3 − intV . This shows that K ∪ c is of type 3 and
(ii) in Theorem 3.2(2) holds.

If K ′ is a trivial knot in S3, then K ′ is a (±1, p) cable of V ′ = S3 − intN(c)
for some p > 1. Then the components of the link K ′ ∪ c in S3 are exchangeable by
isotopy. It follows that c is a (±1, p) cable of the solid torus S3 − intV = E. Note
that K(m) ∼= V (K; m) ∪ E is a lens space in which a meridian of V (K; m) wraps
more than once in the meridional direction of the solid torus E; K(m) admits a
Seifert fibration which makes E a fibered solid torus with c a regular fiber and a core
c′ of E an exceptional fiber of index p. (K(m) may admit a Seifert fibration with c
an exceptional fiber.) It is shown that K ∪ c is of type 4 and (ii) in Theorem 3.2(2)
holds. This completes the proof in Subcase 1 of Case 1. �(Subcase 1)

Subcase 2. T is incompressible in V (K; m).
Note that T is essential in the Seifert fiber space K(m) − intN(c). Then,

K(m) − intN(c) has the unique Seifert fibration [50, Theorem VI.18]. Hence T is
vertical with respect to the Seifert fibration of K(m) with c a fiber. It follows that
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such a Seifert fibration of K(m) restricts on each of V (K; m) and E = S3 − intV ;
in particular, c is a fiber of E.

If V is a knotted solid torus, then a core of V is a nontrivial torus knot, and c
is an exceptional fiber of the (nontrivial) torus knot exterior E. This implies that
K ∪ c is of type 3. Regarding the position of K in V , we apply Theorem 1.2 in
[63] (with [48, Corollary 5.3] for an improvement) and Lemma 4.2 in [64]. These
results describe toroidal Seifert fibered surgeries on satellite knots. If K(m) is a
toroidal Seifert fiber space over S2, then [63] shows that the Seifert fibration of
K(m) restricts to a Seifert fibration of V (K; m) with a longitude of V a regular
fiber. In [63] Theorem 1.2 states that V (K; m) has a Seifert fibration over the disk
with at least two exceptional fibers. Now due to [48, Corollary 5.3] we can improve
this to assert that V (K;m) has exactly two exceptional fibers as follows. Let us
assume V (K;m) has a Seifert fibration over the disk with n(≥ 2) exceptional fibers.
Attach a solid torus W to V so that a meridian of W is identified with a regular
fiber of ∂V (K; m) = ∂V . Since the regular fiber is a longitude of V , V ∪W is S3; we
denote the image of K (resp. m) in the resulting 3–sphere by K ′ (resp. m′). Note
that K ′(m′) = (V ∪W )(K ′,m′) ∼= V (K; m)∪W is a connected sum of n lens spaces.
It follows from [48, Corollary 5.3] that n = 2 as desired. Furthermore, Lemma 4.2
in [64] completely determines when toroidal Seifert fiber spaces over the projective
plane are obtained. We then see that one of (i), (iii), (iv) of Theorem 3.2(2) holds.

If V is an unknotted solid torus, then E is a solid torus with Seifert fibration
induced from K(m). Since a fiber c of E is a trivial knot in S3, c is a (±1, p) cable
of E for some p > 1. Hence the Seifert fibration of K(m) has the core of E an
exceptional fiber of index p and c a regular fiber. It follows that K ∪ c is of type 4.
Let us consider the position of K in V . We have shown that a regular fiber on ∂E is a
(±1, p) cable of E. The (±1, p) cable of E is a (±p, 1) cable of V = S3−intE. Thus,
V (K;m) is a boundary–irreducible Seifert fiber space such that a longitude of V is
a fiber. Let K0 be a nontrivial torus knot and f : V → N(K0) a homeomorphism
such that the image of a fiber of V (K; m) in ∂V has the slope of the boundary of
the cabling annulus of K0 (i.e. the slope of a regular fiber of S3 − intN(K0)). Then
f(K) is a satellite knot in S3 such that m–surgery on f(K) gives a Seifert fiber
space containing essential torus. By [63, Theorem 1.2] (with [48, Corollary 5.3]),
the classification of non-simple Seifert fibered surgeries on satellite knots, one of (i),
(iii), (iv) holds; see the argument in the case where V is knotted. This completes
the proof in Subcase 2. �(Case 1)

Case 2. No essential torus in X separates K and c.
Then, each essential torus in X bounds a solid torus in S3 containing K and c.

Take an essential torus T in X which bounds a solid torus V in S3 such that V −
intN(K ∪ c) contains no essential torus which bounds a solid torus in V containing
K ∪ c. (V is a “minimal” solid torus containing K ∪ c.) Set E = S3 − intV , which
is a nontrivial knot exterior. Since c is a trivial knot in S3 and V is knotted in S3,
c is contained in a 3–ball in V . Thus ∂V is compressible in V − intN(c).

Subcase 1. T = ∂V is compressible in V (K; m) − intN(c).
Let M = V − intN(c); then M − K is irreducible and boundary–irreducible.

Note that T is compressible both in M and M(K; m) = V (K; m)− intN(c). Then,
Scharlemann [79] implies that K is a cable knot in M and m is the boundary slope
of the cabling annulus. On the other hand, since c is a fiber in some non-degenerate
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Seifert fibration of the Seifert fiber space K(m), K(m) − intN(c) is a Seifert fiber
space with non-empty boundary, which is irreducible and, in particular, cannot
have a (nontrivial) lens space summand. This is a contradiction. �(Subcase 1)

Subcase 2. T is incompressible in V (K; m) − intN(c).
Then T is vertical in the Seifert fiber space K(m)− intN(c), so that S3 − intV

and V (K; m) are Seifert fibered. Since S3−intV is a torus knot exterior, a longitude
of V is a regular fiber of V (K; m).

The proposition below, together with our assumption on essential tori in X,
shows that K is a core of V and c is a meridian of K. Therefore, we see that K
is a torus knot, c is a meridian of K (type 1). This completes the proof in Case 2.

�(Theorem 3.2)

Proposition 3.5. Let K and c be disjoint knots in a solid torus V . Suppose
that c is trivial in V , and that V (K; γ) is a Seifert fiber space with c and a longitude
l of V fibers. Then, one of the following holds.

(1) K is a core of V and c is a meridian of K.
(2) V − intN(K ∪ c) contains an essential torus which either separates K

and c or bounds a solid torus in V containing K ∪ c.

Proof of Proposition 3.5. First note that V (K; γ) has the unique Seifert fibration
(up to isotopy) with l a fiber [50, Lemma VI.19]. In the following we only deal
with such a Seifert fibration for V (K; γ).

Lemma 3.6. The winding number of K in V is one.

Proof of Lemma 3.6. Let w be the winding number of K in V , and lγ a simple
closed curve on ∂N(K) of the slope γ. The first homology group H1(V − intN(K))
is freely generated by [l] and [µ], where µ is a meridian of K. Define the projection
p : H1(V − intN(K)) → Z to be p(x[l] + y[µ]) = x. Note that p([lγ ]) is a multiple
of w.

If c is a regular fiber of V (K; γ), then c is isotopic to l in V (K; γ). Hence,
c is isotopic in V − intN(K) to a band sum of l and simple closed curves on
∂N(K) of slope γ (Section 2.2). We then see that [c] = [l] + (a multiple of [lγ ])
in H1(V − intN(K)). Since c is null-homologous in V , [c] is a multiple of [µ] in
H1(V − intN(K)). It follows that 0 = p([c]) = p([l]) + (a multiple of p([lγ ])), so
that 0 = 1 + (a multiple of w). This implies w = 1, as claimed.

If c is an exceptional fiber of index n, then for a regular fiber t in a small tubular
neighborhood N(c)(⊂ V − intN(K)), we have n[c] = [t] in H1(V − intN(K)). The
above argument shows that [t] = [l] + (a multiple of [lγ ]) in H1(V − intN(K)). It
follows that n[c] = [l]+(a multiple of [lγ ]) in H1(V −intN(K)). As we have already
seen, this leads to w = 1. �(Lemma 3.6)

Lemma 3.7. V (K; γ) has a Seifert fibration over the disk such that V (K; γ)−
intN(c) has at most one exceptional fiber.

Proof of Lemma 3.7. Note that the base space B of V (K; γ) is either the disk or
the Möbius band. Suppose that V (K; γ) − intN(c) contains n exceptional fibers,
where n ≥ 1. We embed V onto an unknotted solid torus V ′ in S3 so that l(⊂ ∂V )
bounds a disk in S3 − intV ′. Then, denote the image of K, c, γ to be K ′, c′, γ′,
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respectively. Note that c′ is a trivial knot in S3, and U = S3 − intN(c′) is a solid
torus. The surgered manifold U(K ′; γ′) is obtained from the Seifert fiber space
V (K; γ) − intN(c) by attaching a solid torus so that regular fibers on ∂V become
meridians. Hence, it follows that
U(K ′; γ′) ∼= S1×D2](a connected sum of n lens spaces) if B is the disk;
U(K ′; γ′) ∼= S1×D2] S2×S1](a connected sum of n lens spaces) if B is the Möbius
band, where lens spaces exclude S2 × S1 and S3.

Claim 3.8. U − K ′ is irreducible and boundary–irreducible.

The proof of the claim is deferred for a while. Applying Scharlemann [79]
to the reducible surgery U(K ′; γ′), we see that K ′ ⊂ U(⊂ S3) is cabled. Hence,
there is a knot K0 in U and coprime integers p, q with p > 1 such that K ′ is the
(q, p) cable of N(K0), γ is the pq–slope of K ′, and U − K0 is irreducible. Then,
U(K ′; γ′) ∼= L(p, q)]U(K0; q

p ). Since q
p is not an integer, it cannot be the slope of a

cabling annulus for K0 ⊂ U even if K0 is a cable of U . Again by [79] we see that
U(K0; q

p ) is irreducible. This implies that the base space of V (K; γ) is the disk and
n = 1. This completes a proof. �(Lemma 3.7)

Proof of Claim 3.8. If U − K ′ is reducible, then K ′ is contained in a 3–ball in the
solid torus U , so that there is a boundary compressing disk for U − K ′. Hence, it
suffices to show that U − K ′ is boundary–irreducible. Assume for a contradiction
that U −K ′ = S3− intN(c′)−K ′ is boundary–reducible. Then a longitude of N(c′)
bounds a disk in U = S3− intN(c′) disjoint from K ′. We obtain a planar surface P
in V − intN(K∪c) = V ′− intN(K ′∪c′) such that a component of ∂P is a longitude
of N(c) and the other components l1, . . . , lk of ∂P are simple closed curves in ∂V
parallel to l. It follows that c is homologous to l1 ∪ · · · ∪ lk in V − intN(K). Since
c is trivial in V , the union of longitudes l1 ∪ · · · ∪ lk is null-homologous in V , and
thus in ∂V . We then obtain a compact orientable surface S in V − intN(K ∪ c)
such that ∂S is a longitude of N(c). The surface S is contained also in the Seifert
fiber space M = V (K; γ) − intN(c). By compressing S if possible, we obtain an
essential surface S′ in M ; then S′ is horizontal or vertical in M . However, ∂S′ has
only one component and ∂M has two components, so that S′ is neither horizontal
nor vertical, a contradiction. �(Claim 3.8)

Let α be the slope of the Seifert fibration on ∂N(c) induced from that of
V (K; γ). Let µK , λK (resp. µc, λc) denote the slopes of a preferred meridian–
longitude pair of N(K) (resp. N(c)). Let β be a slope on ∂N(c) satisfying ∆(α, β) =
1. Denote V (c;β) by Mβ , and the core of the filled solid torus in V (c; β) by cβ . Since
∆(α, β) = 1, Lemma 3.7 shows that Mβ(K; γ) = V (K; γ)(c; β) is a Seifert fiber
space over the disk with at most one exceptional fiber, so that Mβ(K; γ) ∼= S1×D2.
Note that Mβ(K; γ) has cβ and l fibers. Since c is trivial in V , if ∆(λc, β) = 1,
then Mβ

∼= S1 ×D2; if ∆(λc, β) 6= 1, then Mβ
∼= S1 ×D2](a lens space), where lens

spaces exclude S3. We distinguish two cases whether α = λc or not.

Case 1. α = λc

Since ∆(λc, β) = 1, cβ is parallel to a preferred longitude λc of N(c) on ∂N(c) =
∂N(cβ). Note that λc bounds a disk in V − intN(c), so that cβ is a trivial knot
in the solid torus Mβ . Note also that l is a longitude of Mβ . Then by applying
Lemma 3.6 to K ⊂ Mβ , cβ and l, we see that the winding number of K in Mβ is
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one. On the other hand, the γ–surgery of the solid torus Mβ along K is a solid
torus. Hence, by Gabai [30] K is a core of Mβ ,

Since ∆(λc, β) = 1, β is expressed as − 1
n for some n in (µc, λc) coordinate.

The knot K in Mβ is obtained from K in V by twisting n times along c. Hence,
twisting K ⊂ V n times along c yields a core of V for any n. This shows that c is
a meridian of K and K is a core of V by [55]. Proposition 3.5(1) then holds.

Case 2. α 6= λc

Set S = {slope β on ∂N(c) | ∆(α, β) = 1, ∆(λc, β) 6= 1}; S is an infinite set.
Denote the core of the filled solid torus in the Dehn surgered manifold Mβ(K; γ)
by K∗; we regard µK as the slope on ∂N(K∗) = ∂N(K). We have obtained the
following.

Lemma 3.9. For any β ∈ S, Mβ(K; γ) is a solid torus, and the µK–surgery of
Mβ(K; γ) along K∗ yields the reducible manifold Mβ.

Let X = V − intN(K ∪ c).

Lemma 3.10. X is irreducible and boundary–irreducible.

Proof of Lemma 3.10. It is enough to show that X is irreducible. If X were
reducible, it would contain an essential 2–sphere which bounds a 3–ball B(⊂ V )
containing K or c. Since c is a fiber of the Seifert fiber space V (K; γ), c is not
homotopically trivial in V (K; γ) [51, Corollary II.2.5]. In particular, c is not con-
tained in any 3–ball in V (K; γ). Assume that B contains K in its interior. Since
V (K; γ) = (V −B)∪B(K; γ) is a Seifert fiber space with non-empty boundary, it is
irreducible and hence B(K; γ) is a 3–ball. If c ⊂ B, then c is contained in the 3–ball
B(K; γ) ⊂ V (K; γ), a contradiction. Hence c ⊂ V −B. Since c is trivial in V , there
is a 3–ball B′ ⊂ V −B containing c. This implies that c ⊂ B′ ⊂ V (K; γ), a contra-
diction. It follows that B would contain c but not K. In this case, c ⊂ B ⊂ V (K; γ).
This is a contradiction. �(Lemma 3.10)

Since X is irreducible and boundary–irreducible, only for finitely many slopes
β on ∂N(c) the Dehn fillings of X along β contain either essential disks or spheres
[43, 16]. Hence, there is an infinite subset {β1, β2, β3, . . .} of S such that Mβi −
intN(K), the Dehn filling of X along the slope βi, is irreducible and boundary–
irreducible for any i.

Lemma 3.11. For each βi there is an essential planar surface Pi in X such
that two components of ∂Pi are contained in ∂N(K) with slope µK and if other
components exist, all other components are contained in ∂N(c) with slope βi.

Proof of Lemma 3.11. By Scharlemann [79] and Lemma 3.9, K∗ is a cable knot in
Mβi(K; γ) such that the slope µK is the boundary slope of the cabling annulus of
K∗. Isotope the cabling annulus Ai in Mβi(K; γ)− intN(K∗) = Mβi − intN(K) so
that |Ai ∩ cβ | is minimal, where cβ is the core of the filled solid torus in the Dehn
filling Mβi = V (c; βi). Then Ai − intN(cβ) is an essential planar surface in X with
the desired boundary slopes. �(Lemma 3.11)

Attach two copies E, E′ of the exterior of a nontrivial knot in S3 to X along
∂N(K), ∂V respectively so that a preferred longitude of E has slope µK in ∂N(K).
For each Pi, take two disjoint, incompressible Seifert surfaces S1, S2 in E with
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∂S1 ∪ ∂S2 = Pi ∩ ∂N(K). Then the union Pi ∪ S1 ∪ S2 is an essential surface in
X ∪ E ∪ E′. If Pi ∪ S1 ∪ S2 has boundary, the boundary consists of simple closed
curves of slope βi in ∂(X ∪E ∪E′) = ∂N(c). By Hatcher’s finiteness theorem [43]
there are only finitely many boundary slopes of essential surfaces in X ∪ E ∪ E′.
Therefore, Pi ∪ S1 ∪ S2 has the boundary slope βi only for finitely many i. This
implies that for some i0, Pi0 is an essential annulus in X with ∂Pi0 meridians of
N(K). In the solid torus V , the annulus Pi0 and two meridian disks of N(K)
bounded by ∂Pi0 make a 2–sphere meeting K in two points. Let B be the 3–ball
in V bounded by the 2–sphere. The 2–sphere ∂B is disjoint from c and intersects
K in two points.

If B ∩ c = ∅, then the boundary of the solid torus B ∪ N(K) is a torus which
separates K and c; K is essential in B ∪ N(K) and not isotopic to the core of
B ∪ N(K) because of the essentiality of Pi0 in X. Hence, ∂(B ∪ N(K)) is an
essential torus in X which separates K and c, so that (2) in Proposition 3.5 holds.

Suppose c ⊂ B. The torus T = ∂(B − intN(K)) separates K and c. Let us
consider whether T is essential in X. If T is essential in X, (2) in Proposition 3.5
holds. If T is not essential in X, then T bounds a solid torus in V − intN(K), and
c is a core of the solid torus. This implies that K ∩ B is a trivial arc in B and c is
a meridian of K. If K is a core of V , (1) in Proposition 3.5 holds. Otherwise, the
solid torus B∪N(K) contains K ∪ c, and the boundary of B∪N(K) is an essential
torus in X. This is the case of (2) in Proposition 3.5. The proof of Proposition 3.5
is completed. �(Proposition 3.5)

Theorem 3.12. Let (K, m) be a Seifert fibered surgery on a hyperbolic knot K
with a seiferter c. Then either (1) or (2) below holds.

(1) c is a hyperbolic seiferter for (K, m).
(2) K(m) has a unique Seifert fibration with c a fiber. There is also a

hyperbolic seiferter c′ for (K, m) such that c′ is an exceptional fiber and c
is a regular fiber in a fibered neighborhood N(c′) where K ⊂ S3−intN(c′).

Proof of Theorem 3.12. Since K is a hyperbolic knot, K ∪ c is of either type 2 or
type 4 in Theorem 3.2(1), and in case of type 4, we have (i) or (ii) in Theorem 3.2(2).
It suffices to prove that type 4 with (i) or (ii) implies part (2) of Theorem 3.12.

Let V, c′ be as in type 4(i), (ii) in Theorem 3.2. Then V = S3 − intN(c′) is an
unknotted solid torus containing K in its interior; c′ is the core of the solid torus
S3 − intV , and c is a cable of S3 − intV . A Seifert fibration of K(m) restricts on
each of V (K; m) and S3 − intV with c a regular fiber and c′ an exceptional fiber.
We need to show the hyperbolicity of S3 − K ∪ c′ and the uniqueness of Seifert
fibration of K(m) with c a fiber. If S3 − intN(K ∪ c′) = V − intN(K) is not
hyperbolic, (ii) in Theorem 3.2(2) holds, i.e. K is a 0– or 1–bridge braid in V such
that V (K; m) ∼= S1×D2. Then K is a cable of V or a cable of a cable of V by [6,
Theorem 3.2]. It follows that K is a cable of a (possibly trivial) torus knot in S3,
a contradiction to the hyperbolicity of K in S3. We have shown that K ∪ c′ is a
hyperbolic link.

Suppose for a contradiction that K(m) has more than one Seifert fibrations with
c a fiber; then V (K; m) ∼= S1×D2 because K ∪ c is of type 4. Recall that K(m)
admits a Seifert fibration which restricts on each of the two solid tori V (K; m)
and S3 − intV with c a regular fiber and c′ an exceptional fiber. We then see
that M = K(m) − intN(c) has a Seifert fibration over the disk with one or two



3.2. SEIFERTERS FOR NON-DEGENERATE SEIFERT FIBRATIONS 39

exceptional fibers. If M has a single exceptional fiber, then M is a solid torus. Note
that M is the m–surgery of the solid torus V ′ = S3 − intN(c). The knot K is then
a 0– or 1–bridge braid of V ′ by Gabai [30]. Since V ′− intN(K) = S3− intN(K∪c)
contains an essential torus ∂V , by [6] K is a cable of V ′ or a cable of a cable of V ′.
This leads to a contradiction to the fact that K is hyperbolic in S3. Hence, M has
a Seifert fibration over the disk with two exceptional fibers.

Since K(m) has more than one Seifert fibrations with c a fiber, M = K(m) −
intN(c) has more than one Seifert fibrations. Then M is a Seifert fiber space over
the disk with two cone points of indices 2. It follows that K(m) = V (K; m)∪ (S3−
intV ) admits a Seifert fibration over the 2–sphere such that c is a regular fiber, and
c′ and the core of the solid torus V (K; m) are exceptional fibers of indices 2. We fix
a Seifert fibration of K(m) to this fibration. Since c is a regular fiber in a fibered
neighborhood N(c′) = S3 − intV and a trivial knot in S3, c is a (±1, 2) cable of
S3 − intV . Then regular fibers of K(m) on ∂(S3 − intV ) are 2λ ± µ curves, where
µ, λ is a preferred meridian–longitude pair of S3 − intV . The core of V (K; m) is
an exceptional fiber of index 2. Hence, a meridian of V (K; m) meets the 2λ ± µ
curve twice. Note that the 2λ ± µ curve on ∂V is a longitude of V . Therefore, a
contradiction is derived from the lemma below. �(Theorem 3.12)

Lemma 3.13. Let K be a knot in a solid torus V . Assume that V (K; γ) is a
solid torus whose meridian has slope 2

Q , where Q is odd, in a meridian–longitude
coordinate of V . Then K is a cable of V or a cable of a cable of V .

Proof of Lemma 3.13. Apply [6, Theorem 2.5] to K ⊂ V , the theorem which
describes knots in a solid torus yielding a solid torus by surgery. In case (2) of [6,
Theorem 2.5], K is a cable of V . In case (1) of [6, Theorem 2.5], the knots are
described in terms of integral parameters A,B, δ, b with 0 < 2A ≤ B, (A,B) = 1,
δ = ±1 such that ±2 = bB + δA, Q = b2 and A,B, δ, b satisfy one of six classes
types I, . . . , VI in Table 3 on p.15 of [6].

If A = 1, then the knot K satisfies type I or II. The knots of these types are
cables of V or cables of cables of V , as claimed in Lemma 3.13. So assume A ≥ 2.
It follows B ≥ 5 from the condition 0 < 2A ≤ B and (A,B) = 1. Then the equality
±2 = bB + δA holds only if b = 0 and A = 2. In case A = 2, K is of type III.
However, under the constraints in type III, b = 0 implies 4 ≡ 0 mod B and thus
B = 4. This contradicts (A,B) = 1. The proof of Lemma 3.13 is completed.

�(Lemma 3.13)

As a direct consequence of Theorem 3.12 we obtain:

Corollary 3.14. Let (K,m) be a Seifert fibered surgery on a hyperbolic knot
K with a seiferter c. Then c is a hyperbolic seiferter or a cable of a hyperbolic
seiferter c′. In particular, if c becomes an exceptional fiber in K(m), then c is a
hyperbolic seiferter for (K, m).

If K is a torus knot, we have the following.

Corollary 3.15. Let (K,m) be a Seifert fibered surgery on a torus knot K
with a seiferter c. Then, one of the following (1)–(7) holds; in particular, if c is an
exceptional fiber, then one of (1)–(3) holds .

(1) c is a basic seiferter.
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(2) K is a torus knot Tp,2, m = 2p + ε, and c is a (1, p+ε
2 ) cable of the basic

seiferter sp for Tp,2, where ε = ±1 and |p+ε
2 | > 1; we denote c by sp,ε

(Figure 3.2).
(3) c is a hyperbolic seiferter for (K, m).
(4) K is a hyperbolic knot in an unknotted solid torus V such that a Seifert

fibration of V (K; m) obtained by restricting that of K(m) is over the
disk with exactly two exceptional fibers; c is a (1, n) cable of the solid
torus S3 − intV for some integer |n| > 1.

(5) There is an unknotted solid torus V containing K in its interior such
that V (K; m) ∼= S1 × D2, and c is a (1, n) cable of S3 − intV for some
integer |n| > 1. There are three cases on the position of K ⊂ V .

(i) K is a cable of V .
(ii) K is a 1–bridge braid in V , and V −K is a hyperbolic manifold.
(iii) K is a (p, 2) cable of a (1, p+ε

2 ) cable of V , and m = 2p+ε, where
ε = ±1 and |p+ε

2 | > 1. Then c is a (1, n) cable of the seiferter
sp,ε for K = Tp,2 in part (2) above.

(6) K is a torus knot Tp,2, m = 2p + 2ε where ε = ±1 and |p+ε
2 | > 1, and

c is sp,ε in (2) above. Then c is a regular fiber in a Seifert fibration of
K(m) over the base orbifold RP 2(p+ε

2 ).
(7) K is a nontrivial torus knot Tp,q, and c is a (1,m − pq) cable of a

meridian of K.

sp,e

Tp,2

(1)                                                                                     (2)

s

s

c

q

p

m

Tp,q

Figure 3.2

Proof of Corollary 3.15. Since K is a torus knot, K ∪ c is of either type 1, type 2
or type 4 in Theorem 3.2(1). To prove Corollary 3.15, it is enough to show that if
c becomes an exceptional fiber (resp. a regular fiber), then type 4 implies part (2)
(resp. parts (4)–(7)) of Corollary 3.15.

Suppose that K ∪ c is of type 4 in Theorem 3.2(1), and let V, c′, N(c′) be as in
type 4.

Case 1. The seiferter c is an exceptional fiber in some Seifert fibration of K(m).
Then, from the statement of type 4 K(m) also admits a fibration with c a

regular fiber and c′ an exceptional fiber. Furthermore, K(m) is a lens space and
V (K;m) ∼= S1 × D2. Take a tubular neighborhood N(c) so that N(c) ⊂ intN(c′),
and let V ′ = S3 − intN(c), a solid torus containing V . Since c′ is an exceptional
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fiber in the fibered solid torus N(c′) and the regular fiber c in N(c′) is a trivial knot
in S3, c is a (1, x) cable of N(c′) = S3−intV for some |x| > 1. Then an isotopy of S3

exchanges the components of the link formed by c and the core K ′ of V . It follows
that K ′ is a (1, x) cable of V ′. Let us determine the position of K in V (⊂ V ′).
Since c is an exceptional fiber of the lens space K(m), V ′(K; m) = K(m)− intN(c)
is a solid torus. The lemma below determines a toroidal knot in S1×D2 yielding a
solid torus after surgery.

Lemma 3.16. Let k be a knot in an unknotted solid torus U in S3 such that
U − intN(k) is toroidal. If U(k; m) is a solid torus for some m ∈ Z, then k is a
(2rs − ε, 2) cable of an (r, s) cable of U and m = 4rs − ε, where ε = ±1.

Applying Lemma 3.16 to K ⊂ V ⊂ V ′ and V ′(K; m), we see that r = 1, s = x,
and thus K is a (2x − ε, 2) cable of V . Set 2x − ε = p. It follows x = p+ε

2 and
m = 2p + ε. Since the core K ′ of V is a trivial knot in S3, K is the torus knot Tp,2

in S3. Then the core of S3 − intV = intN(c′) is the exceptional fiber of index p in
the Seifert fiber space S3− intN(K). Hence, c′ is the basic seiferter sp for K = Tp,2

and c is a (1, p+ε
2 ) cable of sp, where |p+ε

2 | > 1, as claimed in part (2).

Proof of Lemma 3.16. By [6, Lemma 3.2], k is of type II in [6, Table 3 on p.15].
The R-R diagram of type II knots given in [6, Figure 6 on p.7] shows that k is an
(x, 2) cable of an (r, s) cable of U for some integers x, r, s. Then there is a solid
torus U ′ in U such that k is the (x, 2) cable of U ′ and the core k′ of U ′ is the
(r, s) cable of U . Since the solid torus U(k;m) contains neither an essential sphere
nor torus, U ′(k; m) is irreducible and boundary–reducible. It follows that U ′(k; m)
is a solid torus. Since k is an (x, 2) cable of U ′, by [34, Lemma 7.2] we obtain
m = 2x + ε (ε = ±1). Then, for homological reason a meridian of U ′(k; m) has
slope m

4 in a preferred meridian–longitude coordinate of U ′ in S3. This implies
U(k;m) ∼= U(k′; m

4 ). Since k′ is an (r, s) cable of U , again by [34, Lemma 7.2] we
obtain |m−4rs| = 1 and so |(2x+ε)−4rs| = 1. Since x is an odd integer, it follows
that x = 2rs−ε and m = 4rs−ε. This leads to the desired result. �(Lemma 3.16)

Case 2. The seiferter c is a regular fiber in some Seifert fibration of K(m).
In type 4, K is a knot in an unknotted solid torus V , and c is a (1, n) cable of

the solid torus S3 − intV for some |n| > 1. Furthermore, K(m) admits a Seifert
fibration in which S3 − intV is a fibered solid torus with its core an exceptional
fiber of index |n|. There are four cases on the position of K in V : cases (i)–
(iv) in Theorem 3.2(2). Cases (i) and (iii) directly lead to parts (4) and (6) in
Corollary 3.15, respectively. Case (ii) states that K ⊂ V is a 0– or 1–bridge braid
and V (K; m) ∼= S1 × D2. Part (5)(i) is the case when K ⊂ V is a 0–bridge braid.
We divide the case when K ⊂ V is a 1–bridge braid into two cases whether V −K
is a hyperbolic manifold or not. The former case is exactly part (5)(ii). In the
latter case, it follows from Lemma 3.16 that K is a (2rs − ε, 2) cable of an (r, s)
cable of V , and m = 4rs− ε, where ε = ±1. Since K is a torus knot, we see r = 1.
By setting p = 2s − ε, we obtain part (5)(iii). In case (iv) in Theorem 3.2(2),
K = Tp,q is a nontrivial torus knot, and c is a cable of the meridional seiferter cµ

for K. Let µ, λ (resp. µ′, λ′) be a preferred meridian–longitude pair of N(K) (resp.
N(cµ)); note [µ] · [λ] = [µ′] · [λ′] = 1. A tubular neighborhood N(cµ) ⊂ S3 − K is
isotopic to the filled solid torus U in K(m). Then µ′ is isotoped to a ±(λ + mµ)
curve, a meridian of U , and λ′ is isotoped to ∓µ, a meridian of N(K); in fact,
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[µ′] · [λ′] = −([λ] + m[µ]) · [µ] = −[λ] · [µ] = −(−1) = 1. A regular fiber in
∂U = S3− intN(Tp,q) is a λ+pqµ curve. Note [λ+pqµ] = (pq−m)[µ]+([λ]+m[µ]).
Hence, a (m−pq)λ′+µ′ curve on ∂N(cµ), which is a (1,m−pq) cable of cµ, becomes
a regular fiber in K(m). Part (7) is now obtained. �(Corollary 3.15)

Remark 3.17. (1) If a Seifert surgery in part (4) of Corollary 3.15 exists
for some n with |n| > 3, the cabling conjecture is false. Let K, V, m, n be
as in part (4) with |n| > 3. Apply (−n)–twist on V , and let K ′,m′, V ′

be the images under the twisting. Then a regular fiber in ∂V ′(K ′;m′) is
a preferred longitude of V ′ ⊂ S3, so that K ′(m′) is a connected sum of
two lens spaces. Since K ′ is a hyperbolic knot in S3 by Proposition 5.11
we will prove later, m′–surgery on K ′ is a counterexample to the cabling
conjecture.

(2) In each part (1)–(7) of Corollary 3.15, an example does exist. We will in-
vestigate hyperbolic seiferters for torus knots (part (3) of Corollary 3.15)
in details in [22]; in particular, we will focus on hyperbolic seiferters for a
trefoil knot in [21]. The Seifert surgery (T5,2, 7) has a seiferter described
in part (4) with n = −2. We refer to [22] for the example.

(3) Let us present a seiferter described in part (5)(ii). Let c′(⊂ S3 − T−3,2)
be the seiferter for (T−3,2,−7) depicted in Figure 2.8; c′ is isotopic to
an exceptional fiber s−3 (of index 3) in T−3,2(−7) (Proposition 2.19).
Then we have (1), (2), or (3) of Corollary 3.15. Since the linking num-
ber lk(c′, T−3,2) = 5, c′ is not a basic seiferter. If (2) happens, i.e.
c′ = s−3,−1, then lk(c′, T−3,2) = lk(s−3,−1, T−3,2) = 4, a contradic-
tion. Hence c′ is a hyperbolic seiferter for the lens surgery (T−3,2,−7).
Since s−3 becomes an exceptional fiber in the lens space T−3,2(−7),
we see that (−7)–surgery of the solid torus V = S3 − intN(c′) along
T−3,2 yields a solid torus. Thus T−3,2 ⊂ V is a 1–bridge braid in V
with V − T−3,2 hyperbolic. Since lk(c′, T−3,2) = 5, the meridian of
the solid torus V (T−3,2;−7) is a −7µ + 25λ curve and not a longitude
of V in S3, where (µ, λ) is a preferred meridian–longitude pair of V .
Choose a Seifert fibration of N(c′) so that a (1, n) cable c of N(c′)
is a regular fiber. It extends to a non-degenerate Seifert fibration of
T−3,2(−7) = V (T−3,2;−7)∪N(c′). Hence, c is a seiferter for (T−3,2,−7)
described in part (5)(ii).

3.3. Seiferters for degenerate Seifert fibrations

Let us consider the case where K(m) admits a degenerate Seifert fibration.
[34, Theorem 7.5] classifies Dehn surgery on iterated torus knots yielding con-
nected sums of two lens spaces, i.e. degenerate Seifert fiber spaces. The proposition
below shows that among non-hyperbolic knots only iterated torus knots produce
degenerate Seifert fiber spaces after surgery.

Proposition 3.18. Let K be a non-hyperbolic knot in S3. If K(m) is a de-
generate Seifert fiber space, then K is either a torus knot Tp,q and m = pq, or an
(r, s) cable of Tp,q and m = rs, where r = pqs ± 1; K(m) is L(p, q)]L(q, p) in the
former case, and L(r, sq2)]L(s, r) in the latter.
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Proof of Proposition 3.18. It is enough to prove that the proposition when K is
not a torus knot. It follows that the exterior of K contains an essential torus. By
[79] K is then an (r, s) cable, where s ≥ 2, of some nontrivial knot k and m = rs.
We see that K(rs) ∼= L(s, r)]k( r

s ). Since the degenerate Seifert fiber space K(rs)
is a connected sum of two lens spaces (Proposition 2.8(3)), k( r

s ) is a lens space.
Note that r

s is not an integer. It then follows from [16] that k is a torus knot,
and hence K is a cable of a torus knot. The desired result then follows from [34,
Theorem 7.5]. �(Proposition 3.18)

We describe the position of a seiferter which becomes a fiber in a degenerate
Seifert fibration.

Theorem 3.19 (Classification of seiferters: degenerate case). Let (K, m)
be a Seifert surgery with c a seiferter such that K(m) admits a degenerate Seifert
fibration with c a fiber. Set V = S3 − intN(c), a solid torus containing K in its
interior. Then the following (1)–(3) hold. In cases (1), (2)(i), and (3)(i)(ii), K(m)
are lens spaces; in the rest cases, K(m) are connected sums of two lens spaces.

(1) If c is a regular fiber, then K is a (±1, q) cable of V . In other words, K
is a trivial torus knot T±1,q and c is a basic seiferter s±1.

(2) If c is a non-degenerate exceptional fiber, then one of the following holds.
(i) K is a 0– or 1–bridge braid in V such that V (K; m) ∼= S1 ×D2.
(ii) K is a (p, q) cable of V (|p| > 1 and |q| > 1), i.e. a nontriv-

ial torus knot Tp,q, m = pq, and c is a non-meridional, basic
seiferter.

(iii) K is an (r, s) cable of (p, q) cable of V (s ≥ 2, |p| ≥ 1, q > 1),
i.e. an (r, s) cable of a (possibly trivial) torus knot Tp,q, where
r = pqs ± 1, and m = rs. The seiferter c is a basic seiferter sp

or sq for the companion torus knot Tp,q.
(3) If c is a degenerate fiber, then one of the following holds.

(i) K is a 0– or 1–bridge braid in V such that V (K; m) ∼= S1×D2.
(ii) K is a (±1, 2) cable of V , i.e. a trivial torus knot T±1,2, m = 0,

and c is a basic seiferter s±1. K(m) ∼= S2 × S1 admits a Seifert
fibration over the projective plane with no exceptional fiber other
than c.

(iii) K is a nontrivial torus knot Tp,q, m = pq, and c is a meridional
seiferter for K.

(iv) c is a hyperbolic seiferter for (K,m) such that lk(K, c) 6= 0.

Remark 3.20. sp and sq in Theorem 3.19(2)(iii) are actually seiferters for
(K, m); see Lemma 8.8.

The following is a direct consequence of Theorem 3.19.

Corollary 3.21. Let (K, m) be a Seifert surgery such that K(m) is a degen-
erate Seifert fiber space, i.e. a connected sum of two lens spaces. Then the following
hold.

(1) No seiferter for (K, m) is a regular fiber of K(m).
(2) If a seiferter c for (K, m) is a non-degenerate exceptional fiber of K(m),

then either K is a nontrivial torus knot and c is a non-meridional basic
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seiferter for K, or K is a cable of a (possibly trivial) torus knot and c
is a non-meridional basic seiferter for the companion torus knot.

(3) If a seiferter c for (K,m) is a degenerate fiber in K(m), then (K,m) =
(Tp,q, pq) and c is a meridional seiferter for K = Tp,q, or c is a hyperbolic
seiferter for (K, m).

Proof of Theorem 3.19. Let F be a degenerate Seifert fibration of K(m) in which
c is a fiber. Set V = S3 − intN(c), a solid torus containing K in its interior.
Convention 2.15 implies that V − K is irreducible.

Suppose that c is not a degenerate fiber. Then V (K; m) admits a degenerate
Seifert fibration F ′ which is a restriction of F . Then V (K; m) is boundary–reducible
by Lemma 2.7(1)(i). It follows that V (K; m) is either a solid torus or a reducible,
boundary–reducible manifold.

If V (K; m) is a solid torus, by Gabai [29] K is a 0– or 1–bridge braid in V .
If c is a non-degenerate exceptional fiber, this is the result claimed in part (2)(i)
in Theorem 3.19. So assume c is a regular fiber. Since V (K; m) ∼= S1 × D2,
the degenerate Seifert fibration F ′ contains exactly one degenerate fiber t and
no other exceptional fibers (Lemma 2.7(1)(ii)), and so does F on K(m). This,
together with Proposition 2.8(1)(ii), implies that K(m) − intN(t) is a Seifert fiber
space over the disk with no exceptional fiber (i.e. a regularly fibered solid torus)
or the Möbius band with no exceptional fiber. In the latter case, the solid torus
V (K;m) = K(m) − intN(c) has an S2 × S1 summand, a contradiction. Thus
K(m) = (K(m) − intN(t)) ∪ N(t), where a meridian of N(t) is a longitude of
K(m) − intN(t), is S3. Then, by [36] K is a trivial knot and m = ±1. The 0– or
1–bridge braid K ⊂ V is a trivial knot in S3 if and only if K is a (±1, q) cable of
V by [66, Proposition 3.2]. This shows part (1).

Then V (K; m) is a reducible, boundary–reducible manifold. The reducibility
implies that K is cabled in V and m is the slope of the cabling annulus (Scharlemann
[79]). Without loss of generality K is an (r, s) cable of a knot k in V , where
s ≥ 2 and k is not contained in a 3–ball in V . It follows that m = rs and
V (K; rs) ∼= V (k; r

s )]L(s, r); note that r
s is not an integer. If V (k; r

s ) is reducible,
then again by [79] k is cabled in V and r

s is the slope of the cabling annulus. This
implies that r

s is an integer, a contradiction. We see that V (k; r
s ) is irreducible and

boundary–reducible, and thus V (k; r
s ) is a solid torus. Since the surgery slope r

s
is not an integer, [29, Theorem 1.1 and Lemma 3.5] shows that k is a (p, q) cable
of V for some p, q, where q ≥ 1. If q = 1, then k is a core of V , so that K is a
torus knot Tr,s and K(rs) = Tr,s(rs) = L(r, s)]L(s, r). If q ≥ 2, then the second
conclusion of Proposition 3.18 holds with possibly |p| = 1, so that r = spq ± 1
and K(rs) ∼= L(r, sq2)]L(s, r). If c is a non-degenerate exceptional fiber, these are
the results claimed in parts (2)(ii), (iii). So assume that c is a regular fiber in the
degenerate Seifert fibration F . Then a longitude λc of N(c) is a regular fiber in
F restricted on ∂V (K; rs), and thus bounds a disk in V (K; rs). This implies that
λc bounds a disk in the solid torus V (k; r

s ), so that V (k; r
s ) ∪ N(c) ∼= S3. Thus

K(rs) = V (K; rs) ∪ N(c) ∼= (V (k; r
s ) ∪ N(c))]L(s, r) ∼= L(s, r). It follows that

L(r, s) ∼= S3 if q = 1, and that L(r, sq2) ∼= S3 if q ≥ 2. Hence, we have |r| = 1.
This implies part (1) if q = 1. If q ≥ 2, then the fact that |r| = 1, r = spq ± 1, and
s ≥ 2 implies q = 1, a contradiction.

Finally suppose that c is a degenerate fiber in K(m). Then the preferred
longitude λV of V is a regular fiber in F . Note that if V (K;m) ∼= S1×D2, we obtain
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part (3)(i). Hence, we assume that V (K;m) is not a solid torus. If F contains a
degenerate fiber other than c, then V (K;m) = K(m) − intN(c) is a solid torus by
Proposition 2.8(1), a contradiction. It follows that V (K;m) has a non-degenerate
Seifert fibration and is boundary–irreducible. Now re-embed V into S3 so that the
core of the image V ′ of V becomes a nontrivial torus knot Tp,q and the longitude
λV becomes a regular fiber of the torus knot exterior S3 − intV ′. (Note that λV is
sent to λ+pqµ, where µ, λ is a preferred meridian–longitude pair of V ′ = N(Tp,q).)
Then the image K ′(⊂ V ′) of K(⊂ V ) after the re-embedding is a satellite knot in S3

having Tp,q as a companion knot. We denote the image of m by m′. By construction,
(K ′,m′) is a Seifert fiber space containing the essential torus ∂V (K; m). From [63,
Theorem 1.2] K ′ satisfies one of the following: (i) V ′ − K ′ = V − K is hyperbolic;
(ii) K ′ is the (2pq ± 1, 2) cable of Tp,q, and m′ = 4pq; (iii) K ′ is a connected sum
of two torus knots. In case (iii), a meridian disk of V intersects K in one point
and K is a torus knot in S3. This is the case in part (3)(iii). In case (ii), K is
the (±1, 2) cable of V and m = 0 [63, Example 8.2] as claimed in part (3)(ii). In
case (i) c is a hyperbolic seiferter for (K, m). The statement on the linking number
in part (3)(iv) follows from the general result Lemma 3.22(1) below. Part (3) is
thus proved. �(Theorem 3.19)

Lemma 3.22. Let K be a knot in a solid torus V such that V −K is irreducible
and the winding number of K in V is zero. If V (K; m) has a Seifert fibration F ,
then F is not a degenerate one, and the following (1) and (2) hold.

(1) Neither a longitude nor a meridian of V becomes a fiber in F .
(2) The base surface of F is not the Möbius band.

Proof of Lemma 3.22. Embed V into S3 as an unknotted solid torus V ′. Denote
by K ′,m′,F ′ the image of K,m,F under this embedding, respectively. By twisting
V ′ if necessary, we may assume that the image of a regular fiber in ∂V (K; m) is
not a preferred longitude of V ′. Let c be the core of the solid torus S3− intV ′. If F
is a degenerate Seifert fibration, then F ′ extends to a degenerate Seifert fibration
of K ′(m′) in which c is not a degenerate fiber. Then, by parts (1) and (2) of
Theorem 3.19 we see that K ′ is either a cable of V ′, a cable of a cable of V ′, or a
1–bridge braid in V ′. In each case, the winding number of K ′ in V ′ is not zero, a
contradiction. Hence, F is a non-degenerate Seifert fibration.

(1) Since K is null-homologous in V , a meridian µ of V is null-homologous in
V − K. It follows that µ is null-homologous also in V (K; m). Hence, V (K; m)
contains an orientable, essential surface S with ∂S = µ. After isotoping the Seifert
fibration F of V (K; m), S is either vertical or horizontal with respect to F . How-
ever, since ∂S is connected, S cannot be vertical. It follows that S is horizontal.
This excludes the case where a meridian of V is a fiber of V (K; m). If a longitude
of V is a fiber in V (K; m), the horizontal surface S meets each regular fiber in
V (K;m) in one point. This means that V (K; m) contains no exceptional fibers
and so V (K; m) ∼= S × S1. Hence, S is the disk for homological reason. This
contradicts the assumption that V − K is irreducible.

(2) Assume for a contradiction that the base surface of F is the Möbius
band. Since the base surface is non-orientable but V (K; m) is orientable, V (K; m)
contains a vertical Klein bottle. This implies that for a regular fiber t, 2[t] =
0 in H1(V (K; m)). In particular, a regular fiber in ∂V (K;m) represents 0 ∈
H1(V (K; m), Q). Since the rank of Ker[H1(∂V (K;m); Q) → H1(V (K;m); Q)] is
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one, where the homomorphism is induced from the inclusion, this kernel is gener-
ated by a regular fiber in ∂V (K; m). A meridian of V is thus a regular fiber of
V (K;m), a contradiction to assertion (1). �(Lemma 3.22)

Remark 3.23. If the cabling conjecture [33] is true, then K(m) cannot be a
degenerate Seifert fiber space for a hyperbolic knot K. On the other hand, for any
torus knot Tp,q, (Tp,q, pq) has a hyperbolic seiferter (the proof of Theorem 4.5), and
many Seifert surgeries on hyperbolic knots are adjacent to these degenerate Seifert
surgeries in the network. See Section 4.2 and Chapter 9.

Regarding an annular pair of seiferters (c1, c2) for (K, m), we say that (c1, c2)
for (K, m) is hyperbolic if S3 − K ∪ c1 ∪ c2 admits a complete hyperbolic metric
of finite volume. The theorem below proves a result analogous to Theorem 3.2 for
annular pairs of seiferters.

Theorem 3.24. Let (K,m) be a Seifert fibered surgery with an annular pair
of seiferters (c1, c2). Assume that K is not a satellite knot, K(m) admits a Seifert
fibration with c1 and c2 exceptional fibers, and K(m) is not a lens space. Then one
of the following holds:

(1) (c1, c2) is hyperbolic.
(2) K is a torus knot and (c1, c2) is a basic annular pair of seiferters (Figure 3.3).

s

s

q

p

Tp,q

cm

Tp,q

(a)                                                           (b)                                                            (c)

sq

Tp,q

cm

sp

Figure 3.3. Basic annular pairs of seiferters

Remark 3.25. If (K,m) is a Seifert surgery such that K is a satellite knot with
a torus knot Tp,q a companion, then the basic annular pair of seiferters (sp, sq) for
the companion Tp,q is an annular pair of seiferters for (K, m).

As a direct consequence of Theorem 3.24, we obtain the following corollary.
A small Seifert fiber space is a 3–manifold which admits a non-degenerate Seifert
fibration over S2 containing exactly three exceptional fibers.

Corollary 3.26. Let (K,m) be a Seifert surgery with an annular pair of
seiferters (c1, c2) such that K(m) is a small Seifert fiber space. If K is a hyperbolic
knot and c1, c2 are exceptional fibers, then (c1, c2) is hyperbolic.

Proof of Theorem 3.24. Set X = S3 − intN(K ∪ c1 ∪ c2). By Convention 2.34 we
have:

Claim 3.27. X is irreducible.
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Furthermore, we see that S3 − intN(K ∪ ci) is irreducible.

Claim 3.28. The link K ∪ ci is not a split link for i = 1, 2.

Proof of Claim 3.28. Assume for a contradiction that there were a 2–sphere splitting
K and ci (i = 1 or 2). It then follows from Proposition 2.14 that K is a trivial knot
and m = ±1, or K(m) has a degenerate Seifert fibration in which ci is a regular
fiber. This contradicts the assumption of the theorem. �(Claim 3.28)

Let us now consider the case where X is Seifert fibered.

Lemma 3.29. If X is Seifert fibered, then K is a torus knot Tp,q and {c1, c2} =
{sp, sq} as in Figure 3.3 (a).

Proof of Lemma 3.29. Suppose that X is Seifert fibered. If the base surface of X is
non-orientable, then we have a Klein bottle in X ⊂ S3, a contradiction. Since there
is no non-separating torus in X ⊂ S3, the base surface contains no non-separating
simple loop, and hence it is topologically the disk with two holes. Let us show
that the Seifert fibration of X can be extended over S3 − intN(K) = X ∪ N(c1) ∪
N(c2) ⊂ S3. If a meridian of ci is a regular fiber of X, then we have a 2–sphere in
X∪N(ci) and thus in S3 splitting K and cj , where {i, j} = {1, 2}. This contradicts
Claim 3.28. Hence a meridian of N(ci) is not a regular fiber of X for i = 1, 2. So we
can extend the Seifert fibration of X to that of S3 − intN(K) = X ∪N(c1)∪N(c2)
so that both c1 and c2 are fibers. Hence K is a (possibly trivial) torus knot in S3.
Since by the assumption of the theorem K(m) is not a lens space, K is a nontrivial
torus knot. Furthermore, since ci is unknotted in S3 and a fiber in the nontrivial
torus knot space S3 − intN(K), both c1 and c2 are exceptional fibers. This means
that {c1, c2} = {sp, sq} as in Figure 3.3(a). �(Lemma 3.29)

Let us show that if X contains an essential torus T , then K is a torus knot Tp,q

and {c1, c2} = {sp, cµ} or {sq, cµ}. Since T separates S3, by cutting S3 along T ,
we obtain two pieces V, W . We may assume that K ⊂ V .

Case 1. V ⊃ K ∪ c1 ∪ c2.
Since W is boundary–irreducible, V is a knotted solid torus in S3.

Claim 3.30. V − intN(K ∪ c1 ∪ c2) is irreducible and boundary–irreducible.

Proof of Claim 3.30. Suppose for a contradiction that V − intN(K ∪ c1 ∪ c2)
is reducible. Then since S3 − intN(K ∪ c1 ∪ c2) is irreducible, there is a 3–ball
B ⊂ V containing K ∪ c1 ∪ c2 in its interior. Then T = ∂V is compressible in
V − intN(K ∪ c1 ∪ c2), a contradiction. The irreducibility of V − intN(K ∪ c1 ∪ c2)
implies also the boundary–irreducibility of V − intN(K ∪ c1 ∪ c2). �(Claim 3.30)

Claim 3.31. There exists a 3–ball in V containing c1 ∪ c2.

Proof of Claim 3.31. Since V is knotted and ci (i = 1, 2) is unknotted in S3,
ci is contained in a 3–ball Bi in V . Let A be an annulus cobounded by c1 and
c2. Consider the intersection of A and T . We may assume that A intersects T
transversely, and thus A∩T consists of circles and further assume that the number
of components of A ∩ T is minimal.
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If A ∩ T = ∅, then A is entirely contained in intV . Using the annulus A, we
can isotope c2 into B1 keeping c1 invariant. This implies that we can isotope B1 so
that B1 ⊃ c1 ∪ c2.

Let us suppose that A ∩ T 6= ∅. Assume that we have a circle component
bounding a disk in A. Choose an innermost one, say α, bounding a disk Dα in
A. If Dα lies in W , then by incompressibility of T in W , we can eliminate the
component α, contradicting the minimality. Assume that Dα lies in V . If ∂Dα is
essential in ∂V , then Dα is a meridian disk of V , and hence we have a 3–ball in V
containing c1∪c2 as desired. If ∂Dα is inessential (i.e. ∂Dα bounds a disk D in ∂V ),
then we have a 2–sphere Dα∪D bounding a 3–ball B in V . If B∩(c1∪c2) = ∅, then
we can eliminate α using the 3–ball B, contradicting the minimality. If c1∪c2 ⊂ B,
then B is the desired 3–ball in V . If B contains exactly one of c1 and c2, then
c1 ∪ c2 is a split link in V , and hence we find a 3–ball which contains c1 ∪ c2, as
desired. Thus we may assume that A ∩ T has no inessential circles in A. Hence
A∩T consists of circles parallel to ci (i = 1, 2); since both c1 and c2 lie in intV , the
number of the circles is even. Let α1 and α2 be the components of A∩T closest to
c1 and c2, respectively. Then we have two disjoint annuli A1 ⊂ A and A2 ⊂ A in
V such that ∂A1 = c1 ∪ α1 and ∂A2 = c2 ∪ α2. Since ci is contained in the 3–ball
Bi ⊂ V , αi is a meridian of V or an inessential loop on T . This means that c1 and
c2 are split in V , and hence we have a single 3–ball containing c1 ∪ c2 as desired.

�(Claim 3.31)

Lemma 3.32. The torus T is incompressible in V (K; m) − intN(c1 ∪ c2).

Proof of Lemma 3.32. Set M = V − intN(c1 ∪ c2). Claim 3.30 shows that M −
intN(K) is irreducible and boundary–irreducible. By Claim 3.31 T is compressible
in M . Assume for a contradiction that T is compressible in M(K; m) = V (K; m)−
intN(c1 ∪ c2). Then it follows from [79] that K is cabled in M and m is the
boundary slope of the cabling annulus. Hence M(K; m) has a (nontrivial) lens
space summand. Thus K(m)−intN(c1∪c2) = M(K; m)∪W has also a (nontrivial)
lens space summand. On the other hand, since c1 and c2 are fibers in K(m),
K(m) − intN(c1 ∪ c2) is a Seifert fiber space with boundary and then irreducible,
a contradiction. �(Lemma 3.32)

It follows from Lemma 3.32 that T is essential in K(m)− intN(c1∪ c2). Hence,
isotoping the Seifert fibration of K(m)− intN(c1 ∪ c2) if necessary, we may assume
that T is a vertical torus in K(m) − intN(c1 ∪ c2). This implies that W and
V (K;m) − intN(c1 ∪ c2) are Seifert fiber spaces, so that V (K;m) is also Seifert
fibered.

Note that V is a knotted solid torus and K is not a satellite knot. It follows
that K is a core of V or a knot contained in a 3–ball in V . In the former case, since
c1 and c2 are assumed to be exceptional fibers, V (K; m) is a solid torus with two
exceptional fibers c1 and c2, a contradiction. In the latter case, V (K; m) = S1×
D2]K(m). Since V (K;m) is a Seifert fiber space, we see K(m) ∼= S3, contradicting
the assumption that K(m) is not a lens space. Therefore, Case 1 does not occur.

Case 2. V ⊃ K and W ⊃ c1 ∪ c2.
We show that this case does not occur. We first show that both V and W are

unknotted solid tori in S3. If W were not a solid torus, then V would be a knotted
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solid torus. Since T is essential in V − intN(K), K would be a satellite knot, a
contradiction. Hence W is a solid torus. If W is knotted in S3, then the argument
in the proof of Claim 3.31 shows that T is compressible in W − intN(c1 ∪ c2),
contradicting the assumption. Hence V and W are unknotted solid tori.

Claim 3.33. The torus T is incompressible in V (K;m).

Proof of Claim 3.33. Note that V −intN(K) is irreducible and boundary–irreducible.
If T were compressible in V (K; m), then [79] implies that V (K; m) would be a solid
torus or have a (nontrivial) lens space summand. Since W is also a solid torus, the
Seifert fiber space K(m) should be a lens space, contradicting the assumption.

�(Claim 3.33)

It follows from Claim 3.33 that T is essential in K(m) − intN(c1 ∪ c2) =
V (K;m) ∪ (W − intN(c1 ∪ c2)). Hence, if necessary isotoping the Seifert fibra-
tion of K(m)− intN(c1 ∪ c2), we may assume that T is a vertical torus in K(m)−
intN(c1 ∪ c2). Thus W − intN(c1 ∪ c2) has a Seifert fibration induced from that of
K(m). This then implies that the solid torus W has a Seifert fibration with two
exceptional fibers c1 and c2, a contradiction.

Case 3. V ⊃ K ∪ ci and W ⊃ cj, where {i, j} = {1, 2}.
If V were not a solid torus, W = S3 − intV would be a knotted solid torus in

S3. This contradicts the fact that cj is essential in W and trivial in S3. Thus, V
is a solid torus. Without loss of generality, we may assume that V ⊃ K ∪ c1 and
W ⊃ c2.

First we note:

Claim 3.34. V − intN(K) is irreducible and boundary–irreducible.

Proof of Claim 3.34. If V − intN(K) were reducible, then we would have a 3–
ball in V containing K in its interior. This means that K ∪ c2 is a split link,
contradicting Claim 3.28. Thus V − intN(K) is irreducible, and hence it is also
boundary–irreducible. �(Claim 3.34)

Claim 3.35. W is not a solid torus.

Proof of Claim 3.35. Assume for a contradiction that W is a solid torus. If T
is incompressible in V (K;m) − intN(c1), then T is an essential torus in K(m) −
intN(c1 ∪ c2) = (V (K;m) − intN(c1)) ∪ (W − intN(c2)). This implies that T is a
vertical torus in the Seifert fiber space K(m)− intN(c1 ∪ c2). Then, W is a fibered
solid torus with c2 an exceptional fiber. It follows that c2 is a core of W and thus
∂W is parallel to ∂N(c2). This contradicts the fact that T = ∂W is essential in
S3 − intN(K ∪ c1 ∪ c2).

If T is compressible in V (K; m)−intN(c1), then V −K is irreducible, boundary–
irreducible (Claim 3.34), but T = ∂V is compressible in both V and V (K; m).
Applying [79] to K ⊂ V , we see that V (K; m) is a solid torus or K is cabled
in V with m the slope of a cabling annulus. The former implies that K(m) =
V (K;m) ∪ W is a lens space, a contradiction. The latter implies that K(m) has a
nontrivial lens space summand. Then the Seifert fiber space K(m) is a lens space,
a contradiction. �(Claim 3.35)
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Now we note that by Claim 3.28 c1 is a seiferter for (K, m) in the sense of
Convention 2.15. Thus we can apply Theorem 3.2 to K ∪ c1. It follows from
Claim 3.35 that T = ∂W is an essential torus in S3 − intN(K ∪ c1), hence c1 is
not a hyperbolic seiferter for (K, m) and K ∪ c1 is not of type 2 in Theorem 3.2.
Furthermore, by the assumption of Theorem 3.24, K ∪ c1 is neither of type 3 nor
4 in Theorem 3.2. Thus K is a torus knot Tp,q, and c1 is a basic seiferter for K
(type 1 in Theorem 3.2). Since ∂V is an essential torus in S3 − intN(K ∪ c1) by
Claim 3.35, we see that K is a core of the solid torus V and c1 is a meridional
seiferter cµ for K. Note that V (K; m) is a solid torus and c1 is isotopic to the
core of the filled solid torus in V (K;m). Hence there is a diffeomorphism from
K(m) − intN(c1) = W ∪ (V (K; m) − intN(c1)) to W = S3 − intV sending c2 to
itself. Since c2 is an exceptional fiber in K(m)− intN(c1), it is an exceptional fiber
in the torus knot exterior W = S3 − intN(Tp,q). Therefore c2 is a non-meridional
basic seiferter for K, and (c1, c2) is a basic annular pair of seiferters (cµ, sp) or
(cµ, sq). �(Theorem 3.24)



CHAPTER 4

Geometric aspects of seiferters

4.1. Geodesic seiferters

Let K be the figure–eight knot, and c ⊂ S3 − K a trivial knot in S3 as in
Figure 4.1.

c

K

Figure 4.1. Geodesic seiferter

Then as we have mentioned in Section 3.1, c is a hyperbolic seiferter for (K,−2).
Besides, a computer experiment using Weeks’ computer program SnapPea [85]
shows that c is a shortest closed geodesic in the hyperbolic space S3 − K; see [65,
Section 7] and [71].

In general, if (K, m) is a Seifert surgery on a hyperbolic knot K, then we expect
from experience that short closed geodesics, especially shortest one, in S3 − K are
seiferters. A seiferter c is called a geodesic seiferter if c is a closed geodesic in
S3 −K with respect to a complete hyperbolic metric of S3 −K; geodesic seiferters
are defined only for Seifert surgeries on hyperbolic knots. It is shown by Sakai
[78] and Kojima [54] that if c is a closed geodesic in S3 − K, then S3 − K ∪ c is
hyperbolic. Although the converse is not true in general [61], Thurston’s hyperbolic
Dehn surgery theorem [81, 82, 4, 75, 10] gives a partial converse to this.

Theorem 4.1. Let (K,m) be a Seifert surgery with a hyperbolic seiferter c,
and (Kp, mp) the Seifert surgery obtained from (K, m) by twisting p times along
c. Then, for all but finitely many integers p, Kp is a hyperbolic knot and c is a
shortest geodesic seiferter for (Kp,mp).

Proof of Theorem 4.1. Thurston’s hyperbolic Dehn surgery theorem [81, 82, 4,
75, 10] asserts that for all but finitely many p, Kp is hyperbolic and c is a geodesic
in S3 − Kp; moreover, the length of c tends to zero as |p| → ∞. Thus except for
finitely many p, c is a shortest closed geodesic in S3 − Kp. �(Theorem 4.1)

Concerning annular pairs of seiferters, the proof of Theorem 4.1 shows:

51
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Theorem 4.2. Let (K, m) be a Seifert surgery with a hyperbolic, annular pair
of seiferters (c1, c2). Then for all but finitely many integers p, (Kp,mp) are Seifert
surgeries on hyperbolic knots Kp with {c1, c2} a set of a shortest geodesic and a
second shortest geodesic in S3 −Kp. Furthermore, the length of ci tends to zero as
|p| → ∞ for each i.

Remark 4.3. Theorem 4.2, together with Mostow’s rigidity theorem [70],
shows that if (c1, c2) is a hyperbolic annular pair of seiferters for (K, m), then
the S–family S(c1,c2)(K,m) contains infinitely many Seifert surgeries on hyperbolic
knots.

Question 4.4. Let (K, m) be a Seifert surgery on a hyperbolic knot K. Then,
is a hyperbolic seiferter for (K, m) a geodesic seiferter?

4.2. Seiferters with arbitrarily large volume

For a hyperbolic knot or a link L in S3, denote by vol(L) the hyperbolic volume
of S3 − L. The aim of this section is to show:

Theorem 4.5. For any positive number r, there is a nontrivial torus knot Tp,q

and a hyperbolic seiferter c+
p,q for (Tp,q, pq) such that vol(Tp,q ∪ c+

p,q) > r.

The proof essentially relies on Baker [3, Theorem 4.2]. [3] shows that volumes
of hyperbolic knots contained in a genus one Seifert surface of a trefoil knot or the
figure–eight knot are unbounded. Such knots admit Seifert surgeries yielding lens
spaces, and are called Berge knots of Types VII, VIII; see [5, 3, 20]. We find that
these lens surgeries are obtained from (Tp,q, pq), typical degenerate Seifert surgeries,
by ±1–twist along some hyperbolic seiferters. (Dehn surgeries yielding lens spaces
are called lens surgeries.)

Let c+
p,q be a knot in S3 − Tp,q depicted in Figure 4.2. Note that the linking

number lk(Tp,q, c
+
p,q) is p+ q, and that c+

p,q is a meridian of Tp,q if |p+ q| = 1. Then
[63, Lemma 9.1] shows that Tp,q(pq) − intN(c+

p,q) is a Seifert fiber space over the
disk with two exceptional fibers of indices |p|, |q|, and that a meridian of N(c+

p,q)
is a regular fiber in Tp,q(pq) − intN(c+

p,q). Hence, c+
p,q is a degenerate fiber in the

degenerate Seifert fiber space Tp,q(pq). If |p + q| 6= 1 (i.e. c+
p,q is not a meridian of

Tp,q), then Theorem 3.19(3) implies that c+
p,q is a hyperbolic seiferter for (Tp,q, pq).

(The hyperbolicity also follows from [63, Claim 9.2].)

Tp, q

cp,q
+

Figure 4.2. Hyperbolic seiferter c+
p,q for (Tp,q, pq)
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Let us denote by K(p, q, n) the knot obtained from Tp,q by an n–twist along
c+
p,q; note K(p, q, 0) = Tp,q. (K(p, q, n) is the twisted torus knot K(p, q, p + q, n)

defined in [65, Subsection 6.3], [66, Section 5].) Then twisting (Tp,q, pq) n times
along the seiferter c+

p,q, we obtain a Seifert surgery (K(p, q, n), pq +n(p+ q)2). The
resulting manifold K(p, q, n)(pq + n(p + q)2) is a (possibly degenerate) Seifert fiber
space over S2 with at most three exceptional fibers of indices |p|, |q|, |n|. If n = 0,
the result is a degenerate Seifert fiber space; if n = ±1, the result is a lens space.
Hence (K(p, q, ε), pq + ε(p + q)2) where ε = ±1 is a lens surgery.

Lemma 4.6. The set of lens surgeries {(K(p, q, ε), pq + ε(p + q)2)| p, q are co-
prime integers} coincides with the set of Berge’s lens surgeries of Types VII, VIII
if ε = 1,−1, respectively.

Proof of Lemma 4.6. We first review Berge’s lens surgeries of Types VII and VIII.
Let g1 and g2 be simple closed curves embedded in a genus two Heegaard surface F
of S3, and c′ the unknot in S3, as in Figure 4.3(i). We take a regular neighborhood
N(g1 ∪ g2) of g1 ∪ g2 in F , which is a once punctured torus. Then the curve
∂N(g1 ∪ g2) becomes a trefoil knot after the (−1)–twist along c′, and the figure–
eight knot after the 1–twist along c′. Let k be a knot in N(g1 ∪ g2) representing
a[g1]+b[g2] ∈ H1(N(g1∪g2)), where a and b are coprime integers. Then k = Ta+b,−a

and k has the surface slope on F equal to −a(a+b). The lens surgeries of Types VII
and VIII are γ–surgeries on the knots obtained by twisting k along c′ 1 time and
(−1) time respectively, where γ is the surface slope of the twisted knot in (the
twisted surface) F . The series of isotopies in Figure 4.3 shows that Ta+b,−a ∪ c′

is isotopic to Ta+b,−a ∪ c+
a+b,−a given in Figure 4.2. This observation implies the

desired result with p = a + b and q = −a. �(Lemma 4.6)

(i)                                                                                                  (ii)

(iii)

.

g1

g2

c’N( )Ug     g
1 2

.

g1

g2c’

.

g1

g2

c =c’

Figure 4.3. Tp,q ∪ c′ is isotopic to Tp,q ∪ c
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Proof of Theorem 4.5. Applying [3, Theorem 4.2], we obtain a sequence of knots
{K(pn, qn, εn)}n∈N such that lim

n→∞
vol(K(pn, qn, εn)) = ∞. Hence for any r some

integer s satisfies vol(K(ps, qs, εs)) > r. Let us take the hyperbolic seiferter c+
ps,qs

for (Tps,qs , psqs). Recall that S3 − Tps,qs ∪ c+
ps,qs

∼= S3 −K(ps, qs, εs)∪ c+
ps,qs

. Then
from [81, Theorem 6.5.6] we obtain the desired inequality vol(Tps,qs ∪ c+

ps,qs
) =

vol(K(ps, qs, εs) ∪ c+
ps,qs

) > vol(K(ps, qs, εs)) > r. �(Theorem 4.5)

Remark 4.7. Consider a torus knot T−p,q instead of Tp,q and take the hyper-
bolic seiferter c+

−p,q for (T−p,q,−pq). Taking the mirror image of the link T−p,q ∪
c+
−p,q, obtain a link Tp,q ∪ c+

−p,q. Clearly c+
−p,q is also a hyperbolic seiferter for

(Tp,q, pq). The linking number lk(Tp,q, c
+
−p,q) = (−p) + q 6= p + q = lk(Tp,q, c

+
p,q).

We denote the seiferter c+
−p,q by c−p,q. See Figure 4.4. Thus (Tp,q, pq) has at least

two hyperbolic seiferters c+
p,q and c−p,q.

Tp,q

c p,q
-

Figure 4.4. Hyperbolic seiferter c−p,q for (Tp,q, pq)

In [3] Baker finds a sequence of lens surgeries on hyperbolic knots whose volume
goes to infinity. We conclude this section with a slight modification of Baker’s
sequence using seiferters. In fact, twisting a Seifert surgery (Tps,qs , psqs) along the
hyperbolic seiferter c+

ps,qs
, we have:

Corollary 4.8. For any positive number r, there is a Seifert surgery (K, m)
on a hyperbolic knot K with the shortest geodesic seiferter c such that K(m) is a
small Seifert fiber space and vol(K ∪ c) > r and vol(K) > r.

Proof of Corollary 4.8. For any r, we choose a Seifert surgery (Tps,qs , psqs) so that
vol(Tps,qs∪c+

ps,qs
) > r. Then we consider Seifert surgeries (K(ps, qs, n), psqs+n(ps+

qs)2); the resulting manifolds are Seifert fiber spaces over S2 with at most three
exceptional fibers of indices |ps|, |qs|, |n|. Proposition 5.11 shows that K(ps, qs, n)
is a hyperbolic knot if |n| > 3. Furthermore, Thurston’s hyperbolic Dehn surgery
theorem [81, 82, 4, 75, 10] shows that lim

|n|→∞
vol(K(ps, qs, n)) = vol(Tps,qs

∪ cs).

Thus vol(K(ps, qs, n)) > r for infinitely many n. Hence we have the desired Seifert
fibered surgery. �(Corollary 4.8)



CHAPTER 5

S–linear trees

Twisting a Seifert surgery (K, m) successively along a seiferter c or an annu-
lar pair of seiferters (c1, c2), we obtain the S–family Sc(K, m) or S(c1,c2)(K,m), a
1–dimensional subcomplex in the Seifert Surgery Network, defined in Section 2.4.
As observed in Section 2.4 (Figure 2.22), an S–family S(c1,c2)(K, m) is not neces-
sarily a linear tree; see also Figure 6.12. In this chapter, we analyze the structure
of an S–family generated by a seiferter. An S–family Sc(K, m) turns out to be
homeomorphic to a real line, called an S–linear tree (Section 5.2). Then we will
study what types of Seifert surgeries are on S–linear trees, and determine possible
structures of S–linear trees (Section 5.3).

5.1. Seifert invariants of seiferters

Let (K, m) be a Seifert surgery with a seiferter c, and (Kp,mp) the Seifert
surgery obtained from (K, m) by twisting p times along c. Recall that the image of
c after a p–twisting along c is also a seiferter for (Kp,mp) and denoted by the same
symbol c for simplicity; however, in this section, to make precise we often denote
the image of c after p–twist by cp. We study how the Seifert invariant of the fiber
c changes under the twisting.

First we fix a (possibly degenerate) Seifert fibration of K(m) such that c is
a (possibly degenerate) fiber in K(m), and take a fibered tubular neighborhood
N(c). Let (µ0, λ0) be a preferred meridian–longitude pair of N(c) ⊂ S3. Then
a regular fiber t ⊂ ∂N(c) is expressed as [t] = q0[µ0] + p0[λ0] ∈ H1(∂N(c)); we
may assume p0 ≥ 0. Note that the index of c is p0, which is 0 if c is a degenerate
Seifert fiber, and 1 if c is a regular fiber. Let E be K(m) − intN(c) with a fibered
tubular neighborhood of the union of all exceptional fibers deleted. Then E is a
product circle bundle over a surface with boundary. Take a cross section on E and
let s be the boundary curve in ∂N(c) of the cross section such that [s] · [t] = 1.
Then s can be written as [s] = −y0[µ0] − x0[λ0] for some integers x0, y0 satisfying
q0x0 − p0y0 = 1. We thus obtain:(

[s]
[t]

)
=

(
−y0 −x0

q0 p0

)(
[µ0]
[λ0]

)
Hence, it follows: (

[µ0]
[λ0]

)
=

(
p0 x0

−q0 −y0

)(
[s]
[t]

)
We have [µ0] = p0[s] + x0[t], so that the Seifert invariant of the fiber c in

K(m) is (p0, x0). We compute the Seifert invariants of cp in Kp(mp) under the
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56 5. S–LINEAR TREES

same cross section on E. Twisting p times along c is equivalent to performing − 1
p–

surgery on c. A preferred meridian–longitude pair (µp, λp) of N(cp) ⊂ S3 satisfies
[µp] = [µ0] − p[λ0] and [λp] = [λ0] in H1(∂N(cp)) = H1(∂N(c)). We thus have:

(
[s]
[t]

)
=

(
−y0 −py0 − x0

q0 pq0 + p0

)(
[µp]
[λp]

)
It follows: (

[µp]
[λp]

)
=

(
pq0 + p0 py0 + x0

−q0 −y0

)(
[s]
[t]

)
Hence, the Seifert invariant of the fiber cp in Kp(mp) is (pq0 + p0, py0 + x0).

5.2. Linear trees generated by seiferters

We first prove that for a Seifert surgery (K, m) with a seiferter c, the S–family
Sc(K, m) is a linear tree. Thus Sc(K, m) is often called an S–linear tree. See
Figure 2.19.

Theorem 5.1 (S–linear tree). Let (K, m) be a Seifert surgery with a seiferter
c. If (Kp,mp) = (Kq,mq), then p = q, i.e. Sc(K,m) is a linear tree.

Proof of Theorem 5.1. A Seifert surgery (Kq,mq) is obtained from (Kp,mp) by
twistings (q − p) times along cp ⊂ S3 − Kp. Thus, it is sufficient to prove that
(Kp,mp) = (K, m) implies p = 0.

Assume that (Kp,mp) = (K,m), i.e. Kp and K are isotopic in S3 and mp = m.
Then, Kp(mp) ∼= K(m) as oriented manifolds.

If the linking number l between c and K is not zero, then the fact that mp =
m + pl2 and m are equal implies p = 0. Hence, we may assume l = 0.

Take a (possibly degenerate) Seifert fibration of K(m) in which c is a fiber,
and call it F . Denote X = K(m) − intN(c) where N(c) is a fibered tubular
neighborhood, and write F|X for the restriction of F on X. We let Fp be a (possibly
degenerate) Seifert fibration of Kp(mp) obtained by extending F|X over Kp(mp)
so that cp is a fiber. As in Section 5.1, E denotes X with a fibered neighborhood
of all exceptional fibers in F deleted. We compute Seifert invariants of c and cp

under a cross section of F|E = Fp|E.
We first show the following.

Lemma 5.2. (1) X admits a unique Seifert fibration up to isotopy, but
no degenerate Seifert fibration.

(2) The Seifert fibration of X has its base surface the disk, and contains at
least two exceptional fibers. In particular, X is irreducible and boundary–
irreducible.

Proof of Lemma 5.2. Set V = S3 − intN(c), a solid torus containing K in its
interior; V − intN(K) is irreducible by Convention 2.15. Note that the winding
number of K in V is zero, and hence Lemma 3.22 shows that X = V (K; m)
has no degenerate Seifert fibration. Thus X, which is a Seifert fiber space with
non-empty boundary, is irreducible. If X = V (K; m) were boundary–reducible
and thus a solid torus, then K would be a 0– or 1–bridge braid in V by [29].
The winding number of K in V would then be greater than zero, a contradiction.
Hence, X is boundary–irreducible. If X admitted more than one Seifert fibrations
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up to isotopy, then by [50, Theorem VI.18] X would be a twisted I–bundle over
the Klein bottle, and thus have a Seifert fibration over the Möbius band. This
contradicts Lemma 3.22(2). Hence, the Seifert fibration of X is unique up to
isotopy (assertion (1)). Assertion (2) now follows from homological reason and
boundary–irreducibility of X. �(Lemma 5.2)

Case 1. c is a Seifert fiber in a degenerate Seifert fibration of K(m).
Lemma 5.2 shows that if Kq(mq) admits a degenerate Seifert fibration with

cq a Seifert fiber for some q, then cq is a unique degenerate fiber in the fibration.
Hence, the assumption K(m) ∼= Kp(mp) implies that each meridian of c and cp is a
regular fiber in ∂X. Since X has a unique Seifert fibration (Lemma 5.2), meridians
of c and cp are isotopic in ∂X. This proves p = 0 as claimed.

Case 2. c is a Seifert fiber in a non-degenerate Seifert fibration of K(m).

Subcase 1. K(m) ∼= Kp(mp) is a Seifert fiber space which is neither a lens
space nor a prism manifold.

We begin by recalling:

Lemma 5.3. Under the assumption of subcase 1, there exists an orientation
preserving diffeomorphism f : K(m) → Kp(mp) which sends F to Fp.

Proof of Lemma 5.3. By the assumption we have an orientation preserving dif-
feomorphism h : K(m) → Kp(mp). Let us consider Seifert fibrations F and the
pull-back fibration h−1(Fp) of K(m). Then, K(m) admits an orientation preserving
diffeomorphism sending F to h−1(Fp) if K(m) is not one of the following mani-
folds [50, Theorem VI.17]: a lens space, a prism manifold, and the double of the
twisted I–bundle over the Klein bottle. Our assumption excludes the first two
possibilities. Besides the last manifold does not arise by Dehn surgery on knots
for homological reason. Hence we have an orientation preserving diffeomorphism
ϕ : K(m) → K(m) sending F to h−1(Fp). Then f = h ◦ ϕ : K(m) → Kp(mp) is
the desired diffeomorphism. �(Lemma 5.3)

The Euler number of a non-degenerate Seifert fibration FM of a Seifert fiber
space M is −

∑ βi

αi
, where (αi, βi) are Seifert invariants of Seifert fibers in a non-

empty set T that consists of all exceptional fibers in FM and some regular fibers in
FM . The Euler number of a closed, orientable Seifert fiber space is an invariant of
its Seifert fibration and orientation [74, 72, 44]. Lemma 5.3 shows that F and Fp

have the same Euler numbers. Since F and Fp coincide on X = K(m)− intN(c) =
Kp(mp)− intN(cp), the Seifert invariants of c and cp are equal under the same cross
section on F|E. From computations in Section 5.1 we obtain the equation below.

py0 + x0

pq0 + p0
=

x0

p0

It follows p(p0y0−q0x0) = 0. Since q0x0−p0y0 = 1, we obtain p = 0 as desired.

Subcase 2. K(m) ∼= Kp(mp) is a lens space or a prism manifold.
First we show that K(m) is a prism manifold. By Lemma 5.2 c is not a trivial

knot in K(m), and K(m) − intN(c) is not a solid torus. Then, if K(m) were a
lens space, Theorem 3.2 in [58] would imply that Kp(mp) cannot be orientation
preservingly diffeomorphic to K(m), a contradiction. So in the following we assume
that K(m) is a prism manifold.
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Assume for a contradiction that there does not exist a diffeomorphism of X
sending µ to µp. Then since X is boundary–irreducible, it follows from Rong [77,
Theorem 1] that K(m) and Kp(mp) cannot be orientation preservingly diffeomor-
phic. This contradicts (K,m) = (Kp,mp). Therefore there exists a diffeomorphism
h of X sending µ to µp. Since X has a unique Seifert fibration (Lemma 5.2(1)),
we may assume that h preserves the Seifert fibration F|X. Extend h to a diffeo-
morphism f : K(m) → Kp(mp) such that f carries F to Fp. If h is an orientation
preserving diffeomorphism, so is f . Then, equating the Euler number of F with
that of Fp as in Subcase 1 above, we obtain p = 0.

Assume that h : X → X is orientation reversing. By Lemma 5.2(2) the base
surface of X is the disk. Then, since K(m) is a prism manifold, F is a Seifert
fibration over S2 with three exceptional fibers of indices 2, 2, x, where x is an
odd integer. Hence by Lemma 5.2(2) F|X has two or three exceptional fibers.
Furthermore, by the assumption on h it follows from [72, 8.6] that F|X has exactly
two exceptional fibers whose Seifert invariants are (α, β), (α, α−β), α ≥ 2, under a
suitable choice of a section of F|X. This implies that the index α of both exceptional
fibers in F|X is 2, so that X is a Seifert fiber space over the disk with exactly two
exceptional fibers of indices 2. Then, X has a Seifert fibration over the Möbius
band, a contradiction to Lemma 5.2(2). We have completed the proof in Case 2.

�(Theorem 5.1)

5.3. Classification of S–linear trees

As shown in Theorem 5.1, a seiferter c for a given Seifert surgery (K, m) creates
a linear tree called S–linear tree. In this section, we consider the classes of Seifert
surgeries that appear in S–linear trees and how those classes are positioned in
S–linear trees.

A Seifert surgery (K, m) is called a lens surgery or a (lens)](lens) surgery ac-
cording as K(m) is a lens space or a connected sum of two lens spaces. A 3–manifold
is toroidal if it contains an essential (i.e. incompressible and non-boundary–parallel)
torus. A Seifert surgery (K, m) is called a toroidal Seifert fibered surgery or a small
Seifert fibered surgery according as K(m) is a toroidal Seifert fiber space or a small
Seifert fiber space. (A Seifert fiber space is small if it admits a Seifert fibration over
S2 with exactly three exceptional fibers.)

Theorem 5.4 (classification of S–linear trees). Let (K, m) be a lens surgery,
a (lens)](lens) surgery or a small Seifert fibered surgery with a seiferter c. Then the
S–linear tree Sc(K, m) is one of the following types given in Figures 5.1 and 5.2.

Remark 5.5. Each type of S–linear trees in Figure 5.1 does appear in the
Seifert Surgery Network. On the contrary, types in Figure 5.2 may not appear.
The lens spaces produced by lens surgeries in types TL, TLL, TLS have Seifert
fibrations over RP 2; hence these lens surgeries are not Berge’s lens surgery [49].
Since all lens surgeries are conjectured to be Berge’s lens surgeries [5, 35], we do
not expect that S–linear trees of types TL, TLL, TLS appear in the network.

Proof of Theorem 5.4. In Lemmas 5.6, 5.7 and 5.8, we investigate the structure of
an S–linear tree Sc(K, m) in case of (K, m) being a (lens)](lens), a small Seifert
fibered surgery, and a lens surgery, respectively. Theorem 5.4 follows by combining
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type L

lens

small Seifert

type S

(lens)#(lens)

type D

(lens)#(lens)
lens

(lens)#(lens) lenslens

small Seifertsmall Seifert

(lens)#(lens)

(lens)#(lens)
lens

(lens)#(lens)
lens

type DL

typeDLL

type SLD

lenslens
small Seifertsmall Seifert

lens
small Seifertsmall Seifert

toroidal Seiferttoroidal Seifert
small Seifert

typeSLL

type SL

type TS

typeTSS

small Seifert
toroidal Seifert toroidal Seifert

small Seifert

Figure 5.1. S–linear trees

lens small Seifert

small Seifert lens
typeTLS

toroidal Seifert toroidal Seiferttoroidal Seiferttoroidal Seifert

lens

type TL

typeTLL

lens lens
toroidal Seifert toroidal Seifert

Figure 5.2. Unexpected S–linear trees

these lemmas. �(Theorem 5.4)

Lemma 5.6. Let (K, m) be a (lens)](lens) surgery with a seiferter c. Then
exactly one of (1)–(4) below holds.

(1) Sc(K,m) is of type SLD if and only if c is a degenerate fiber in K(m).
(2) Sc(K,m) is of type DL if and only if (K, m) = (T±1−pq,q, (±1 − pq)q)

(q > 2) and c is a basic seiferter s±1−pq; hence Sc(K,m) consists of
Seifert surgeries on torus knots.

(3) Sc(K,m) is of type DLL if and only if (K, m) = (T±1−2p,2, (±1 − 2p)2)
and c is a basic seiferter s±1−2p; hence Sc(K,m) consists of Seifert
surgeries on torus knots.

(4) Sc(K,m) is of type D if and only if either (K, m) = (Cr,s(Tp,q), rs)
(r = pqs ± 1, s ≥ 2, q ≥ 2) and c is a basic seiferter sp or sq for the
companion torus knot Tp,q, or (K,m) = (Tp,q, pq) (|p| ≥ 2, q ≥ 2, p 6≡
±1 mod q, q 6≡ ±1 mod p) and c is a basic seiferter sp or sq. Hence
Sc(K,m) consists of Seifert surgeries on torus knots, or torus knots and
cable of torus knots.
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Proof of Lemma 5.6. By Corollary 3.21(1) c is not a regular fiber in K(m).
Assume that c is a non-degenerate exceptional fiber. Then it follows from

Corollary 3.21(2) that either K is a nontrivial torus knot and c is a non-meridional
basic seiferter for K, or K is a cable of a (possibly trivial) torus knot and c is
a non-meridional basic seiferter for the companion torus knot. Since K(m) is a
connected sum of two lens spaces, it has exactly one degenerate fiber t and K(m)−
intN(t) is a Seifert fiber space over the disk with two exceptional fibers (Lemma 2.7,
Proposition 2.8); one of the exceptional fibers is c.

We denote the image of c after an p–twist along c by cp. The index of the fiber
cp in Kp(mp) is not 0 for any p, for otherwise Kp(mp) ∼= S2 × S1](a lens space)
for some p, a contradiction. Thus cp is a non-degenerate fiber for any integer p.
Assume that the index of cp is 1 for some p. Then cp is a regular fiber in the lens
space Kp(mp). From Theorem 3.19(1) we see that Kp is a trivial knot T±1,q (q ≥ 2)
and cp is a basic seiferter s±1 with lk(cp, Kp) = q. Then, after the (−p)–twist of
Kp along cp we obtain K = T±1−pq,q and m = (±1 − pq)q. Twist K x times
along c; then setting y = ±1 − pq + xq, we see that Kx = Ty,q, mx = yq, and
Kx(mx) = L(y, q)]L(q, y). Hence, Kx(mx) is a lens space only when |y| = 1. This
condition is equivalent to: x = p if q > 2, and x = p, p∓1 if q = 2. Hence, Sc(K, m)
is of type DL if q > 2, and of type DLL if q = 2. We thus obtain assertions (2), (3)
in Lemma 5.6.

If the index of cp is greater than 1 for each p, then the S–linear tree Sc(K, m)
consists of (lens)](lens) surgeries (type D). We have just proved that K is a torus
knot T±1−pq,q (q ≥ 2) if and only if Kp(mp) is a lens space for some p. This shows
that if Sc(K,m) is of type D, then K is either a torus knot other than T±1−pq,q or
a cable of a torus knot given in Theorem 3.19(2)(iii). Assertion (4) of the lemma
is now proved.

Let us assume that c is a degenerate fiber. Then K(m) − intN(c) is a Seifert
fiber space over the disk with two exceptional fibers. Since c is a degenerate fiber, a
regular fiber t contained in ∂N(c) is a meridian of N(c). After (− 1

p )–surgery along
c, a meridian of cp (the core of the filled solid torus) intersects t in |p| times. Thus
the index of cp in Kp(mp) is |p|. If p = ±1, then Kp(mp) is a Seifert fiber space
over S2 with two exceptional fibers (i.e. a lens space); if |p| ≥ 2, then Kp(mp) is
a Seifert fiber space over S2 with three exceptional fibers (i.e. a small Seifert fiber
space). Thus Sc(K, m) is of type SLD; assertion (1) is proved. �(Lemma 5.6)

Lemma 5.7. Let (K, m) be a small Seifert fibered surgery with a seiferter c.
Then Sc(K,m) is one of types S, SLD,SLL, SL, TS, TLS, TSS. In particular,
Sc(K, m) contains at most two lens surgeries and at most one (lens)](lens) surgery.

Proof of Lemma 5.7. Let (p0, x0) be a Seifert invariant of c in K(m), where p0 ≥ 0.
As shown in Section 5.1, there are coprime integers q0, y0 such that q0x0−p0y0 = 1
and the Seifert invariant of cp in Kp(mp) is (pq0 + p0, py0 + x0). In particular, the
index of cp in Kp(mp) is |pq0 + p0|. A small Seifert fiber space K(m) admits either
a Seifert fibration over S2 with exactly three exceptional fibers or a Seifert fibration
over RP 2 with at most one exceptional fibers.

Case 1. c is a fiber of a Seifert fibration of K(m) over S2.
Suppose that c is an exceptional fiber of index p0 ≥ 2. Then, Kp(mp) is either

a lens space, a connected sum of two lens spaces, or a small Seifert fiber space
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according as |pq0 + p0| is equal to 1, 0, or greater than or equal to 2. Since p0 and
q0 are coprime, we see q0 6= 0. If |q0| = 1, then as an integer p varies pq0 + p0

yields the arithmetic progression: . . . ,−2,−1, 0, 1, 2, . . .. Hence, Sc(K; m) is of
type SLD. If |q0| = 2, then since p0 is an odd integer, pq0 + p0 yields the arithmetic
progression: . . . ,−3,−1, 1, 3, 5, . . ., so that Sc(K;m) is of type SLL. Finally assume
|q0| ≥ 3. Then, since p0 and q0 are coprime, |pq0 + p0| cannot be 0 for any integer
p. If |pq0 +p0| = 1 for some p, then |pq0 +p0| cannot be 0 or 1 for any other integer
p. Hence Sc(K; m) is of type SL. If |pq0 + p0| ≥ 2 for all integers p, then Sc(K; m)
is of type S.

Suppose that c is a regular fiber in K(m), i.e. p0 = 1. Then Kp(mp) is either
a connected sum of three lens spaces, a small Seifert fiber space, or toroidal Seifert
fiber space, according as |pq0 + 1| is equal to 0, 1, or greater than or equal to 2.
By Proposition 2.8(3) the first case does not occur, and thus |pq0 + 1| 6= 0 for any
integer p, in particular |q0| 6= 1. Applying the same argument as above, we see that
Sc(K, m) is of type S, TSS, or TS according as |q0| = 0, 2, or |q0| ≥ 3.

Case 2. c is a fiber of a Seifert fibration of K(m) over RP 2.
Let F be such a fibration of K(m); F contains at most one exceptional fiber.

Let us decompose the base orbifold into the Möbius band with no cone points and
the disk with at most one cone point. Furthermore, we take the decomposition
so that the interior of the disk contains the point corresponding to the fiber c.
Correspondingly, K(m) is decomposed into a Seifert fiber space M over the Möbius
band without exceptional fibers and a fibered solid torus V over the disk. Note
that c is a core of V if and only if either c is an exceptional fiber in F or F has no
exceptional fiber.

If c is a core of V , then we change a Seifert fibration of M so that its base
orbifold is the disk with two cone points of indices 2, 2. If a meridian of V coincides
with a regular fiber of the (new) Seifert fibration of M , then K(m) ∼= RP 3]RP 3,
a contradiction. So we extend the Seifert fibration of M to that of K(m); then
the Seifert fibration of V is changed, but c remains a non-degenerate fiber. Let x
be the index of c. Thus K(m) has a Seifert fibration over S2 with at most three
exceptional fibers of indices 2, 2, x(≥ 1). Since K(m) is a small Seifert fiber space,
we have x ≥ 2. Now apply the argument in Case 1 and we conclude that Sc(K, m)
is of type S, SL, SLL, or SLD. However, type SLD does not occur. If (Kp,mp) is a
(lens)](lens) surgery for some p, then cp is a degenerate fiber in Kp(mp). It follows
Kp(mp) ∼= RP 3]RP 3, a contradiction.

Suppose that c is not a core of V . Then the core τ of V is a unique exceptional
fiber in F and c is a regular fiber in F . As in Section 5.1, let (µ0, λ0) be a preferred
meridian–longitude pair of c, and t a regular fiber in ∂N(c). Since c is a regular
fiber, we have [t] = q0[µ0] + [λ0]. Choose a cross section of K(m) − intN(c ∪ τ)
so that a boundary curve s ⊂ ∂N(c) of the cross section is written as [s] = [µ0].
Under this cross section, the Seifert invariant of c is (1, 0), and let that of τ be
(α, β), where α ≥ 2. After (− 1

p )–surgery along c, the image cp then has a Seifert
invariant (pq0 + 1,−p) as shown in Section 5.1. As in Case 1 we determine the
class of the Seifert surgery (Kp,mp) according as the index |pq0 + 1| of cp is 0, 1,
or greater than or equal to 2.

Note that |pq0 + 1| of cp cannot be zero for any integer p. For otherwise,
Kp(mp)− intN(cp), the exterior of the degenerate fiber cp, contains an exceptional
fiber τ , a contradiction to Proposition 2.8(1)(ii). It follows |q0| 6= 1. If |pq0 +1| ≥ 2,
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then Kp(mp) has a Seifert fibration over RP 2 with two exceptional fibers, and thus
(Kp,mp) is a toroidal Seifert surgery.

Suppose |pq0 +1| = 1; then the Seifert invariant of cp is (ε,−p) (ε = ±1). Then
it follows from [74, Subsection 6.2] that Kp(mp) is RP 3]RP 3, a lens space, or a
prism manifold according as |pα − εβ| is 0, 1, or greater than or equal to 2. The
first case cannot happen because Kp(mp) 6∼= RP 3]RP 3 for any p.

If q0 6= 0, then since |q0| ≥ 2, |pq0 + 1| = 1 implies p = 0 or (p, q0) = ±(−1, 2).
Hence, for at most two values of p, Kp(mp) is either a lens space or a small Seifert
fiber space; for all other values of p, Kp(mp) are toroidal Seifert fiber spaces. Since
K(m) = K0(m0) is a small Seifert fiber space, Sc(K, m) has at most one lens
surgery (type TS, TSS, or TLS).

If q0 = 0, then the index |pq0 + 1| = 1 for any integer p. Since α ≥ 2, we see
|pα−εβ| = 1 for at most two integers p. If there is no such integer p, then Sc(K, m)
is of type S. If there is exactly one such an integer p, then Sc(K,m) is of type SL.
If there are two such integers p, then α = 2 and p = εβ±1

2 , adjacent integers. Hence
Sc(K; m) consists of two adjacent lens surgeries and small Seifert fibered (in fact,
prism manifolds) surgeries (type SLL). �(Lemma 5.7)

Lemma 5.8. Let (K, m) be a lens surgery with a seiferter c. Then Sc(K, m) is
one of types L, DL, DLL, SLD, SLL, SL, TL, TLL, and TLS. More precisely, the
following (1), (2), (3) hold.

(1) Sc(K,m) is of type DL if and only if (K, m) = (T±1,q,±q) (q > 2) and c
is a basic seiferter s±1; hence Sc(K, m) consists of Seifert surgeries on
torus knots.

(2) Sc(K,m) is of type DLL if and only if (K,m) = (T±1,q,±q) (q = 2) and
c is a basic seiferter s±1; hence Sc(K, m) consists of Seifert surgeries on
torus knots.

(3) If Sc(K, m) is of type TL, TLL or TLS, then c is a Seifert fiber in a
Seifert fibration of the lens space K(m) over the projective plane.

Proof of Lemma 5.8. If Sc(K, m) consists of lens surgeries, then it is of type L.
We assume Sc(K,m) contains a Seifert surgery (Kp,mp) other than lens surgeries
for some integer p. If Kp(mp) is a degenerate Seifert fiber space, then by Propo-
sition 2.8(3) it is a connected sum of exactly two lens spaces, i.e. (Kp,mp) is a
(lens)](lens) surgery. Then Lemma 5.6 applies to (Kp,mp). If Kp(mp) is a non-
degenerate Seifert fiber space, then it is a small Seifert fiber space or a toroidal
Seifert fiber space. In the former case, Lemma 5.7 applies to (Kp,mp). Thus we
may assume that Sc(K,m) has a Seifert surgery (Kp,mp) such that Kp(mp) is a
toroidal Seifert fiber space.

Let F be a (possibly degenerate) Seifert fibration of K(m) in which c is a fiber,
and Fp the Seifert fibration of Kp(mp) induced from F ; cp is a fiber in Fp. Since
Kp(mp) is a toroidal Seifert fiber space, Fp is a Seifert fibration over S2 with more
than three exceptional fibers or over RP 2 with more than one exceptional fibers.
If the former were the case, then F would have at least three exceptional fibers.
This is because a surgery of Kp(mp) along the regular or exceptional fiber cp in
Fp reduces the number of exceptional fibers in Fp by at most one. It follows that
K(m) would not be a lens space, a contradiction. Hence, Fp is a Seifert fibration
over RP 2 with at least two exceptional fibers. Since a surgery of Kp(mp) along
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cp yields the lens space K(m), F is a Seifert fibration over RP 2 with at most one
exceptional fiber. This implies that cp is an exceptional fiber in Fp and thus c is
a regular fiber in F . Then applying the argument used in Case 2 in the proof of
Lemma 5.7, we see that Sc(K, m) is of type TL, TLL, or TLS. (Since (Kp, mp) is a
toroidal Seifert surgery, we may assume q0 6= 0 and omit the last paragraph of the
proof of Lemma 5.7.) �(Lemma 5.8)

Let L be a knot or a link in S3. An orientation preserving diffeomorphismf :
S3 → S3 of finite order which leaves L invariant is called a symmetry of L. A
seiferter c for a Seifert surgery (K,m) is said to be symmetric if K ∪ c has a
symmetry f : S3 → S3 with f(c) = c; otherwise, c is called an asymmetric seiferter.

If (K, m) is a Seifert surgery with a symmetric seiferter c, then we have the
proposition below.

Proposition 5.9. Let (K,m) be a Seifert surgery with a symmetric seiferter
c, and (Kp,mp) a Seifert surgery obtained from (K, m) by twisting p times along
c. If Kp(mp) is a degenerate Seifert fiber space (i.e. a connected sum of two lens
spaces), then Kp is a torus knot or a cable of a torus knot.

Proof of Proposition 5.9. First we remark that since c is symmetric, Kp has a
symmetry. Assume that Kp(mp) is a degenerate Seifert fiber space. Then by
Proposition 2.8(3) it is a connected sum of two lens spaces. Since the cabling
conjecture [33] is true for symmetric knots [24, 56, 46, 47], Kp is cabled. Thus
Kp is either a torus knot or an (r, s) cable of a nontrivial knot, where s ≥ 2.
Assume that the latter case happens. Then Kp(rs) = k( r

s )]L(s, r). Since Kp(rs)
is a connected sum of two lens spaces, the unique factorization theorem [62] shows
that k( r

s ) is also a lens space. Then [16] implies that k is a torus knot or s = ±1.
Since s ≥ 2, k is a torus knot and Kp is a cable of a torus knot. It follows that Kp

is a torus knot or a cable of a torus knot as desired. �(Proposition 5.9)

5.4. Hyperbolic seiferters and S–linear trees

Let (K,m) be a Seifert surgery with a hyperbolic seiferter c. Recall that the S–
linear tree Sc(K,m) generated by c consists of Seifert surgeries (Kp,mp) obtained
from (K, m) by p–twist along c (p ∈ Z). Then as mentioned in Theorem 4.1 all
but finitely many vertices on the S–linear tree Sc(K,m) are Seifert surgeries on
hyperbolic knots. Recent results on Dehn fillings enable us to improve this as
follows.

Theorem 5.10. Let (K,m) be a Seifert surgery with a hyperbolic seiferter c.
Then all but at most four vertices on the S–linear tree Sc(K,m) are Seifert surgeries
on hyperbolic knots.

Proof of Theorem 5.10. It follows from Proposition 5.11 below that if both Kp and
Kq are non-hyperbolic, then |p − q| ≤ 3. Hence there are at most four integers p
such that Kp are non-hyperbolic. �(Theorem 5.10)

Proposition 5.11. Let K ∪ c be a hyperbolic link with c a trivial knot. Let Kp

be the knot obtained from K by p–twist along c. Then we have:
(1) If K is a trivial knot, then Kp is hyperbolic for |p| > 1.
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(2) If K is a (nontrivial) torus knot, then Kp is hyperbolic for |p| > 3.
(3) If K is a satellite knot, then Kp is hyperbolic for |p| > 3.

Proof of Proposition 5.11. (1) In the case where K is a trivial knot, the result
follows from [1, 2]; see also [39, Corollary A.2] and [65].

(2) Assume that K is a nontrivial torus knot. Set M = S3 − intN(K ∪ c), and
denote by Mc(r) the manifold obtained from M by r–Dehn filling along ∂N(c).
Then Mc( 1

0 ) = E(K) is a torus knot exterior and hence annular and atoroidal.
Suppose that Kp is not a hyperbolic knot (i.e. a torus knot or a satellite knot)
for some integer p with |p| > 3. From (1) we may assume that Kp is a nontrivial
knot. If Kp is a torus knot, then both E(K) = Mc( 1

0 ) and E(Kp) = Mc(− 1
p )

are Seifert fibered. Then Gordon and Wu [41, Corollary 1.2] show that |p| ≤ 3, a
contradiction. Assume that Kp is a satellite knot, i.e. E(Kp) = Mc(− 1

p ) is toroidal.
Then it follows from [40, Theorem 1.1] that both Mc( 1

0 ) and Mc(− 1
p ) are annular

and toroidal. This means that the torus knot space E(K) = Mc( 1
0 ) is toroidal, a

contradiction. Hence Kp is a hyperbolic knot if |p| > 3.
(3) Assume that K is a satellite knot. Let M and Mc(r) be as above. Then

Mc( 1
0 ) = E(K) is a satellite knot exterior and contains an essential torus. Sup-

pose for a contradiction that Kp is not a hyperbolic knot for some integer p with
|p| > 3. From (1) and (2) we may assume that Kp is also a satellite knot, i.e.
E(Kp) = Mc(− 1

p ) contains an essential torus. Since M has more than one bound-
ary component, it follows from [42, Corollary 1.4] that M is homeomorphic to one
of the four manifolds M1,M2,M3,M14 defined in [42, Definition 21.3]; ∂Mi consists
of two tori Ti, T ′

i , and Mi has two toroidal Dehn filling slopes ri, si on T ′
i . By [42,

Corollary 1.4] there is a homeomorphism f from M to one of Mi (i = 1, 2, 3, 14)
such that f(∂N(K)) = Ti, f(∂N(c)) = T ′

i , and f sends the toroidal surgery slopes
1
0 , − 1

p on ∂N(c) to ri, si on T ′
i , respectively. However, M is not homeomorphic to

M14 because M14 is not homeomorphic to the exterior of a link in S3 as shown in
the proof of [42, Lemma 24.2]. It remains to show that the above homeomorphism
f : M → Mi does not exist for i = 1, 2, 3. Each Mi (i = 1, 2, 3) is the exterior of the
link Li = Ki∪K ′

i in S3 given in Figure 5.3 ([40, Theorem 1.1], [42, Definition 21.3]);
Ti = ∂N(Ki) and T ′

i = ∂N(K ′
i). Let γ be the slope on ∂N(K) = ∂N(Kp) which is

sent to the meridional slope on ∂N(Ki) by f . Then, note that K(γ) ∼= K ′
i(ri) and

Kp(γ) ∼= K ′
i(si) for some i ∈ {1, 2, 3}. We derive a contradiction by showing that

for each i either K ′
i(ri) or K ′

i(si) is a manifold which cannot be obtained from a
Dehn surgery on a satellite knot.

K
1

K
2

K
3

K’
1

K’
2

K’
3

L                                                L                                                        L1 2 3

Figure 5.3

Assume that the above f is a homeomorphism from M to M1. Then, by
[42, Lemmas 24.1(1) and 24.3(1)] {r1, s1} = {0, 4} with respect to the preferred
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meridian–longitude pair on K ′
1. Since K ′

1 is a trivial knot, we have K ′
1(0) ∼= S2×S1,

so that either K(γ) or Kp(γ) is homeomorphic to S2 × S1. The satellite knot K
or Kp is then a trivial knot [28, Corollary 8.3], a contradiction. Assume that
f is a homeomorphism from M to M2. By [42, Lemmas 24.1(2) and 24.3(1)],
{r2, s2} = {2,−2}. Since K ′

2 is a trivial knot, K ′
2(r2) is the lens space L(2, 1). This

contradicts the fact that the order of the fundamental group of a lens space obtained
by Dehn surgery on a satellite knot is greater than or equal to 23 [9, 84, 86]. Finally,
let us assume that f is a homeomorphism from M to M3. By [42, Lemmas 24.1(3)
and 24.3(1)], {r3, s3} = {−9,−13

2 }. Since K ′
3 is the trefoil knot T−3,2, K ′

3(−13
2 ) ∼=

L(13, 5) [69, 34]. The order of π1(L(13, 5)) is less than 23, so that K ′
3(− 13

2 ) cannot
be obtained from Dehn surgery on satellite knots, as desired. �(Proposition 5.11)

One can find infinitely many hyperbolic seiferters for a given Seifert surgery on
the trivial knot (O, m) in Theorem 6.21. We will investigate hyperbolic seiferters
for Seifert surgeries on torus knots in [22, 21]. For hyperbolic seiferters for Seifert
surgeries on satellite knots, see Subsections 8.1 and 8.4 in [20]. Let (K, m) be a
Seifert surgery (C6n+1,n(T3,2), n(6n+1)) with a seiferter c given in [20, Subsection
8.1]. Then the S–linear tree Sc(K,m) is of type SLD as shown in [20, Subsection
8.1]. It follows from Lemma 5.6(1) and Corollary 3.21(3) that c is a hyperbolic
seiferter for (K, m) = (C6n+1,n(T3,2), n(6n + 1)).

In the Seifert Surgery Network, each edge corresponds to a seiferter or an annu-
lar pair of seiferters. Theorems 4.1 and 4.2 show that if (K, m) is a Seifert surgery
with a hyperbolic seiferter c or a hyperbolic annular pair of seiferters (c1, c2), then
all but finitely many edges in the S–family Sc(K,m) or S(c1,c2)(K, m) correspond
to shortest geodesic seiferters or a pair of a shortest geodesic and a second shortest
geodesic.

Example 5.12. Let K be a trefoil knot, and c a seiferter given in Figure 2.2.
Since c is neither a basic seiferter nor sp,ε defined in Corollary 3.15(2), c is a hyper-
bolic seiferter for (K,−2) (Corollary 3.15). All but two vertices (K,−2), (O,−2) on
the S–linear tree Sc(K,−2) are Seifert surgeries on hyperbolic knots. Experiments
via Weeks’ computer program SnapPea [85] suggests that c is a shortest geodesic
seiferter for (Kp,−2) if p 6= 0,−1.

figure-eight unknot trefoil

1-twist

hyperbolic knots hyperbolic knots

shortest geodesic shortest geodesic

K K-2 K-1

(                          ), -2 , -2, -2 , -2

K1

c c c

1-twist 1-twist

(                          ) (                          ) (                          )c

Figure 5.4

Corollary 3.14 shows that if a Seifert fibered surgery on a hyperbolic knot has a
seiferter, then the surgery has also a hyperbolic seiferter. Hence, roughly speaking,
among Seifert surgeries on hyperbolic knots with seiferters, most of them have
shortest geodesic seiferters.





CHAPTER 6

Combinatorial structure of Seifert Surgery
Network

In the previous chapter, we study the structure of an S–linear tree in detail.
In this chapter, let us turn to the configuration of S–linear trees. We first show
that any two S–linear trees intersect in at most finitely many vertices (Section 6.1).
As we observed in Figure 2.20, the Seifert Surgery Network contains a cycle that
consists of two edges corresponding to annular pairs of seiferters. Here, we find
infinitely many cycles whose edges correspond to seiferters and vertices are Seifert
surgeries on hyperbolic knots (Section 6.2). We also show that the Seifert Surgery
Network contains a loop edge, which corresponds to an annular pair of seiferters
(Section 6.2). Finally, we show that the Seifert Surgery Network is not locally finite
(Section 6.3).

6.1. Intersection of two S–linear trees

We say that two S–linear trees intersect if they have at least one vertex in
common. Note that two distinct S–linear trees might have all their vertices in
common. However, our main goal is to prove:

Theorem 6.1. Any two S–linear trees intersect in at most finitely many ver-
tices.

If two S–linear trees intersect at a vertex v = (K, m), then the Seifert surgery
(K, m) has two distinct seiferters c1 and c2 (i.e. the links K ∪ c1 and K ∪ c2 are not
isotopic in S3 as ordered links), and the S–linear trees are written as Sc1(K, m)
and Sc2(K, m). Theorem 6.1 is thus a consequence of Proposition 6.2 below.

Proposition 6.2. Let (K, m) be a Seifert surgery with two distinct seiferters
c1 and c2. Then the two S–linear trees Sc1(K,m) and Sc2(K,m) intersect in only
finitely many vertices.

Proof of Proposition 6.2. Let (Kci,p,mci,p) be the Seifert surgery obtained from
(K, m) after a p–twist along the seiferter ci (i = 1, 2). Denote Ei = S3−intN(K∪ci)
(i = 1, 2). The exterior S3 − intN(Kci,p) is the result of Dehn filling on Ei along
∂N(ci) with surgery slope − 1

p , where the slope is parametrized in terms of a pre-
ferred meridian–longitude pair of ci in S3. Let us consider the torus decomposition
of Ei [51, 53, 44], and let Pi be the component of the torus decomposition such
that Pi ⊃ ∂N(ci). Then Pi is hyperbolic or Seifert fibered [68].

Lemma 6.3. If the torus decomposition piece Pi is Seifert fibered, then it is
S1 × S1 × [0, 1], a cable space or a composing space. In the latter two cases, their
Seifert fibrations are unique up to isotopy.

67
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Proof of Lemma 6.3. Assume that Pi 6∼= S1×S1× [0, 1] and so Ei 6∼= S1×S1× [0, 1].
Put Vi = S3 − intN(ci), which is an unknotted solid torus containing K in its

interior. Let f : Vi ↪→ S3 be an embedding such that the core of f(Vi) is a hyper-
bolic knot, say the figure–eight knot. Let T1, · · · , Ts be tori which give the torus
decomposition of Vi − intN(K) = S3 − intN(K ∪ ci) = Ei. Then f(T1), · · · , f(Ts)
and f(∂Vi) give the torus decomposition of the knot space S3 − intN(f(K)) =
f(Vi − intN(K)) ∪ E, where E denotes the figure–eight knot exterior. Now apply
[51, Lemma VI.3.4] to conclude that each Seifert component of the torus decom-
position of f(Vi − intN(K)) ∼= Vi − intN(K) is a torus knot space, a cable space or
a composing space. Since Pi has at least two boundary components, Pi is either a
cable space or a composing space. �(Lemma 6.3)

If P1
∼= S1 × S1 × [0, 1], i.e. E1

∼= S1 × S1 × [0, 1], then K is a trivial knot
and c1 is a meridian of K. Then Kc1,p is a trivial knot for any integer p. On the
other hand, for the seiferter c2 distinct from c1, a p–twisted trivial knot Kc2,p is
unknotted possibly for p = 0, 1 or p = 0,−1 [55]. Thus the two S–linear trees
Sc1(K,m) and Sc2(K, m) intersect in at most two vertices; see Example 6.8. In the
following we assume that Pi 6∼= S1 × S1 × [0, 1] for i = 1, 2.

For a Seifert surgery (K, m) with a seiferter c, the link K ∪ c is classified in
Theorems 3.2, 3.19, and in particular, the type of decomposition of S3−intN(K∪c)
is completely determined. In the case where Pi is Seifert fibered, more precisely we
have:

Lemma 6.4. (1) If Pi is a cable space, then the regular fiber of Pi on
∂N(ci) has slope y

x , where |x| ≥ 1, y > 1, in terms of a preferred
meridian–longitude parametrization.

(2) Pi is a composing space if and only if K is a torus knot and ci is a
meridional seiferter.

Proof of Lemma 6.4. We set Vi = S3 − intN(ci), an unknotted solid torus in S3.
Assume that ci is a fiber in a non-degenerate Seifert fibration of K(m). Theorem 3.2
classifies the position of K in Vi into four types. In type 1, K is a torus knot and
ci is a basic seiferter; then Pi is a composing space or a cable space according as
ci is a meridional basic seiferter or not. In the latter case, K is an (x, y) cable
of Vi (|x| ≥ 1, y > 1). In type 2, Ei is hyperbolic and so Pi = Ei. In types 3
and 4, K is a nontrivial knot in a tubular neighborhood V ′

i of an (x, y) cable of
Vi, where |x| > 1, y > 1 in type 3, and |x| = 1, y > 1 in type 4. Then Vi − intV ′

i

is an (x, y) cable space. Let us show that Pi = Vi − intV ′
i . Let Qi be a torus

decomposition piece of V ′
i − intN(K) containing ∂V ′

i . If Pi∪Qi were Seifert fibered
(i.e. their Seifert fibrations match on Pi ∩Qi), then it has an essential torus and an
exceptional fiber of index y; in particular it is neither a cable space nor a composing
space. This contradicts Lemma 6.3. Thus Pi is an (x, y) cable space (Vi − intV ′

i ),
in which a regular fiber on ∂N(ci) has slope y

x . Lemma 6.4 holds in these cases.
Assume that ci is a (possibly degenerate) fiber in a degenerate Seifert fibration

of K(m). Then Theorem 3.19 classifies the position of K in the solid torus Vi =
S3 − intN(ci) into four cases. That is, K is either (a) an (x, y) cable of Vi, where
|x| ≥ 1, y > 1 (parts (1), (2)(i)(ii), (3)(i)(ii) of Theorem 3.19), (b) a cable of an
(x, y) cable of Vi, where |x| ≥ 1, y > 1 (part (2)(i)(iii), (3)(i)), (c) a hyperbolic
knot in Vi (part (2)(i), (3)(i)(iv)), or (d) a torus knot in S3 with ci a meridian of
K (parts (3)(iii)). The decomposition piece Pi is a cable space in cases (a), (b),



6.1. INTERSECTION OF TWO S–LINEAR TREES 69

and hyperbolic in case (c), and a composing space in case (d). Lemma 6.4 is thus
proved. �(Lemma 6.4)

We denote by Pi(− 1
p ) the result of Dehn filling on Pi along ∂N(ci)(⊂ ∂Pi)

with surgery slope − 1
p , where the slope is parametrized in terms of a preferred

meridian–longitude pair of ci in S3. We denote the core of the filled solid torus by
ci,p.

If Pi is a cable space, then for any integer p, Pi(− 1
p ) is a Seifert fiber space

whose Seifert fibration is an extension of that of Pi, and the index of ci,p is |py +x|
(Lemma 6.4(1)). Note lim

p→∞
|py + x| = ∞. We obtain the lemma below.

Lemma 6.5. If Pi is a cable space, then (1) below holds except for at most two
successive integers p (satisfying |py + x| = 1), and there is a constant Ni such that
(2) below holds for all p with |p| ≥ Ni.

(1) The set of decomposing tori in Ei = S3− intN(K ∪ ci) also gives a torus
decomposition of S3 − intN(Kci,p).

(2) The simple closed curve ci,p is the exceptional fiber in the Seifert fiber
space Pi(− 1

p ) which has the unique maximal index among all excep-
tional fibers in Seifert fibered pieces in the torus decomposition of S3 −
intN(Kci,p) and that of Ej (j 6= i).

If Pi is hyperbolic, then we obtain the following lemma as a direct consequence
of Thurston’s hyperbolic Dehn surgery theorem [81, 82, 4, 75, 10].

Lemma 6.6. If Pi is hyperbolic, then there is a constant Ni such that (1) and
(2) below hold for all p with |p| ≥ Ni.

(1) The set of decomposing tori in Ei = S3− intN(K ∪ ci) gives also a torus
decomposition of S3 − intN(Kci,p).

(2) Pi(− 1
p ) is hyperbolic, and ci,p is the unique shortest geodesic among all

closed geodesics in hyperbolic pieces in the torus decomposition of S3 −
intN(Kci,p) and that of Ej (j 6= i).

We are ready to prove Proposition 6.2. Suppose for a contradiction that
Sc1(K,m) and Sc2(K,m) intersect in infinitely many vertices. Then, since both
Sc1(K,m) and Sc2(K, m) are linear trees (Theorem 5.1), for any C ∈ N there are
p1, p2 such that (Kc1,p1 ,mc1,p1) = (Kc2,p2 ,mc2,p2), |p1| ≥ C, and |p2| ≥ C.

Assume first that P1 is a composing space. Then by Lemma 6.4 c1 is a merid-
ional seiferter and the knot Kc1,p1

∼= K for any p1. It follows that Kc2,p2
∼= K for

infinitely many p2. By [55, Theorem 4.2] c2 is also a meridional seiferter for K, so
that K ∪ c1 and K ∪ c2 are isotopic, a contradiction.

Let us suppose that P1 is a cable space or a hyperbolic manifold. We may
assume that P2 is also a cable space or a hyperbolic manifold.

For each i = 1, 2, let Ni be the constant given in Lemma 6.5 (resp. 6.6) if Pi

is a cable space (resp. a hyperbolic manifold). Now choose p1, p2 ∈ Z such that
(Kc1,p1 ,mc1,p1) = (Kc2,p2 , mc2,p2), |p1| ≥ N1, and |p2| ≥ N2. Let f : S3 → S3 be
an orientation preserving diffeomorphism sending Kc1,p1 to Kc2,p2 . Without loss
of generality, f(N(Kc1,p1)) = N(Kc2,p2), and f sends the union of decomposing
tori of S3 − intN(Kc1,p1) to that of S3 − intN(Kc2,p2) [50, 53]. Note that S3 −
intN(Kci,pi ∪ ci,pi) = S3 − intN(K ∪ ci) = Ei.
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Claim 6.7. After an isotopy, f sends Kc1,p1 and c1,p1 to Kc2,p2 and c2,p2 ,
respectively. Hence, Kc1,p1 ∪ c1,p1 is isotopic to Kc2,p2 ∪ c2,p2 as ordered links.

Proof of Claim 6.7. By Lemmas 6.5(1), 6.6(1), for each i = 1, 2 the torus decompo-
sition pieces of S3 − intN(Kci,pi) consist of Pi(− 1

pi
) and the torus decomposition

pieces of Ei except Pi. For simplicity, set P ∗
i = Pi(− 1

pi
).

If P1 is a cable space, then by Lemma 6.5(2) and the fact S3 − intN(Kc1,p1) ∼=
S3−intN(Kc2,p2), a unique exceptional fiber in Seifert fibered pieces in the torus de-
composition of S3− intN(Kc2,p2) has the same index as c1,p1(⊂ P ∗

1 ). Lemma 6.5(2)
also shows that the index of c1,p1 is greater than any other indices of fibers in Seifert
fibered pieces of the torus decomposition of E2. Hence, P ∗

2 is a Seifert fibered piece,
and c2,p2 is an exceptional fiber whose index is equal to that of c1,p1 . It follows
f(P ∗

1 ) = P ∗
2 . Since P ∗

1
∼= P ∗

2 has a unique Seifert fibration up to isotopy, we can
isotope f |P ∗

1 : P ∗
1 → P ∗

2 so that it preserves their Seifert fibrations [50, Theo-
rem VI.18]. Then we have f(c1,p1) = c2,p2 .

If P1 is hyperbolic, then a unique closed geodesic in hyperbolic pieces in the
torus decomposition of S3 − intN(Kc2,p2) has the same length as c1,p1(⊂ P ∗

1 ).
Lemma 6.6(2) shows that P ∗

2 is a hyperbolic piece and c2,p2 is the unique closed
geodesic with the same length as c1,p1 . Using the argument similar to the case
when Pi is a cable space, together with Mostow’s rigidity theorem [70], we isotope
f so that f(c1,p1) = c2,p2 . �(Claim 6.7)

By Claim 6.7, the link obtained from K∪c1 after an n–twist along c1 is isotopic
to the link obtained by twisting Kc2,p2 ∪ c2,p2 (n−p1) times along c2,p2 . Hence, the
Seifert surgery (Kc1,n,mc1,n) is obtained from (Kc1,p1 , mc1,p1) = (Kc2,p2 ,mc2,p2)
after the (n − p1)–twist along c2,p2 . Note that (−p2)–twist along c2,p2 converts
Kc2,p2 ∪ c2,p2 to K ∪ c2, and (Kc2,p2 ,mc2,p2) to (Kc2,0,mc2,0) = (K, m). Setting
n = p1 −p2, we then see that the (p1 −p2)–twist along c1 converts K ∪ c1 to K ∪ c2

as ordered links, and does not change the Seifert surgery (K, m). If p1 6= p2, this
contradicts Theorem 5.1: Sc1(K, m) is a linear tree. If p1 = p2, then K ∪ c1 and
K ∪ c2 are the same ordered links in S3, a contradiction. �(Proposition 6.2)

Example 6.8. Let c be a (1,−2) cable of a meridian of a torus knot K = Tp,q,
and take a meridional seiferter cµ for K so that it is the boundary of a disk in S3−c
meeting K in one point; see Figure 6.1. Then, c is a seiferter for (K, pq − 2) by
Corollary 3.15(7) (If K is a trivial knot, then c is a basic seiferter s1 for K = T1,−2.)

cm

K =Tp, q c

Figure 6.1
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Then 1–twist along c converts (K, pq − 2) to the Seifert surgery (K, pq + 2),
and 4–twist along cµ converts (K, pq − 2) to the Seifert surgery (K, pq + 2). Thus
the two S–linear trees Scµ(K, pq−2) and Sc(K, pq−2) intersect in the two vertices
(K, pq − 2) and (K, pq + 2).

m

S  (K, pq-2)

(K, pq-2)

c

(K , pq+2)

c

S (K, pq-2)

Figure 6.2. Two S–linear trees intersect in two vertices.

Question 6.9. Except for the S–linear trees in Example 6.8, are there two
S–linear trees intersecting more than one vertices?

6.2. Cycles in the Seifert Surgery Network

As observed in Section 2.4, the Seifert Surgery Network contains a cycle whose
edges correspond to annular pairs of seiferters. Besides, as shown in Example 6.8
above, there is a cycle whose edges and vertices correspond to seiferters and Seifert
surgeries on torus knots, respectively. In this section, by using a Hopf pair of
seiferters we find a cycle whose edges and vertices correspond to seiferters and
Seifert surgeries on hyperbolic knots.

Regarding a pair of seiferters {c1, c2} for (K,m), we use the following notation
unless otherwise stated. Under a p–twist along ci (i = 1 or 2) the images of c1, c2

are denoted by the same symbol c1, c2, respectively, and the image of (K,m) by
(K, m)(ci;p) or (K(ci;p),m(ci;p)). We write (c, p–twist) for the operation of p–twist
along a trivial knot c. Now, assume that {c1, c2} is a Hopf (resp. split) pair of
seiferters for (K,m). Then, after (ci, p–twist) the link c1 ∪ c2 remains a Hopf (resp.
split) link. Furthermore, {c1, c2} remains a Hopf (resp. split) pair of seiferters after
the twisting. This is because the Seifert fibration of K(m) − intN(ci) in which cj

(j 6= i) is a fiber extends over K(ci;p)(m(ci;p)).
Let us consider a Seifert surgery (K, m) with a Hopf pair of seiferters {c1, c2}.

Let (x
y , s

t ) be a pair of slopes on ∂N(c1) and ∂N(c2). A pair of surgeries on c1 and
c2 along the slopes x

y and s
t respectively is called (x

y , s
t )–surgery on (c1, c2). Then,

p–twist along c1 changes (x
y , s

t ) into ( x
y+px , s+pt

t ) and q–twist along c2 changes (x
y , s

t )
into (x+qy

y , s
t+qs ). Note that the change of slopes by p–twist along c1 corresponds

to a row–addition transformation on the 2 × 2 matrix
(

x t
y s

)
, an addition of the

first row multiplied by p to the second row as below.(
x t
y s

)
−→

(
x t

y + px s + pt

)
Similarly, q–twist along c2 corresponds to adding the second row multiplied by

q to the first row as below.
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(
x t
y s

)
−→

(
x + qy t + qs

y s

)
Claim 6.10. If |xs − yt| = 1, then the following hold.

(1) The matrix M =
(

x t
y s

)
converts to E∗ =

(
ε1 0
0 ε2

)
by a sequence of

row–addition transformations, where εi ∈ {±1}.
(2) The (x

y , s
t )–surgery on (c1, c2) is decomposed into a sequence of twistings

(c1, p1–twist) → (c2, q1–twist) → · · · → (c1, pn–twist) → (c2, qn–twist)

which corresponds to the sequence of row additions in (1).

Proof of Claim 6.10. Since x and y are coprime, applying the Euclidean algorithm
to the pair (x, y) yields (1, 0). Hence, a sequence of row–addition transformations

on the matrix M yields
(

1 t′

0 ε

)
, where ε = xs−yt; a further row–addition transfor-

mation yields E∗. This shows that we can convert the pair of slopes (x
y , s

t ) to ( 1
0 , 1

0 )
by the sequence of twistings along c1 and c2 that corresponds to the sequence of row
additions converting M to E∗. The ( 1

0 , 1
0 )–surgery on (c1, c2) is a trivial surgery, so

that the (x
y , s

t )–surgery on (c1, c2) is equivalent to the sequence of twistings along
c1, c2 corresponding to the row additions. �(Claim 6.10)

For a 2 × 2 unimodular matrix, there are many sequences of row–addition
transformations that convert it to E∗. These sequences correspond to paths with
common end points in the Seifert Surgery Network. A closed path is obtained by
joining two such paths. We find a cycle in the closed path. A simple example is as
follows.

Lemma 6.11. Let {c1, c2} be a Hopf pair of seiferters for a Seifert surgery
(K, m) such that each ci is a relevant seiferter. Then the following hold.

(1) If n1n2 = −2, then the two sequences of twistings on (K, m) below pro-
duce the same Seifert surgery (K ′,m′); thus these sequences yield two
paths connecting (K, m) and (K ′, m′).

(c1, n1–twist) → (c2, n2–twist) and (c2, (−n2)–twist) → (c1, (−n1)–twist)

(2) Let C be the closed path obtained by joining the two paths in (1). If c1

and c2 are distinct seiferters for (K, m), then C contains a cycle.

In this paper, we deal with relevant seiferters (Convention 2.15), but allow a
pair of seiferters to contain an irrelevant seiferter (Section 2.3). In Lemma 6.11
we consider twistings along the seiferters c1, c2. Thus, by Convention 2.15 ci are
assumed be be relevant.

Proof of Lemma 6.11. (1) Observe the two sequences of row addition transforma-
tions below. (

1 n2

−n1 1

)
→

(
1 n2

0 1 + n1n2

)
=

(
1 n2

0 −1

)
→

(
1 0
0 −1

)
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c
1

c2 c2

n1

-n1

n2-n2

V V1

V2 V’

c1

Figure 6.3. {c1, c2} is a Hopf pair of seiferters for V = (K, m),
where n1n2 = −2.

(
1 n2

−n1 1

)
→

(
1 + n1n2 0
−n1 1

)
=

(
−1 0
−n1 1

)
→

(
−1 0
0 1

)
The first sequence shows that (−1

n1
, 1

n2
)-surgery on (c1, c2) is decomposed into

the sequence of twistings (c1, n1–twist) → (c2, n2–twist). The second sequence
shows that (−1

n1
, 1

n2
)–surgery on (c1, c2) is decomposed into the sequence of twistings

(c2, (−n2)–twist) → (c1, (−n1)–twist).
(2) For simplicity, denote V = (K, m), V1 = (K,m)(c1;n1), V2 = (K,m)(c2;−n2),

and V ′ = (K ′, m′). The closed path C consists of portions of the S–linear trees
Sc1V , Sc2V , Sc1V2, and Sc2V1. We use the following fact to detect a cycle in a
given closed path. A closed path v1e1v2e2 · · · en−1vn, where vi are vertices, ei are
edges, and v1 = vn, is said to be folded at a vertex vj if the adjacent edges ej−1

and ej (or en−1 and e1 when j = n) coincide. Then, a closed path folded at no
vertices contains a cycle.

If C is folded at some vertex V0, then V0 is V , V1, V2, or V ′, and Sc1V0 = Sc2V0.
Since c1 and c2 are distinct seiferters for V , we see V0 = V1, V2, or V ′. We only
consider the case when V0 = V1, and show that C contains a cycle. In the remaining
cases we can derive the same conclusion in a similar manner.

We assume that C is folded at V1. Then V , V1, and V ′ are on Sc1V , and
V ′ = V(c1;n1)(c2;n2) is obtained from V by (n1+n2)–twist along c1; note |n1+n2| = 1.
By deleting the vertex V1 and its incident edge from C, we obtain a “triangle” C ′

which consists of portions of Sc1V , Sc2V , and Sc1V2; see Figure 6.4. If C ′ is folded
at no vertices, then C ′ contains a cycle as claimed. Otherwise, C ′ is folded at one
of V ′ and V2; accordingly, Sc1V2 coincides Sc1V or Sc2V . If C is folded at V ′ and
n1 = ±1, then Figure 6.4(a) implies V = V2; this contradicts the fact that Sc2V
is a linear tree. In the other cases, consider the closed path C ′′ obtained from
C ′ by deleting the folded vertex and its incident edge. Then C ′′ consists of two
vertices and edges of Sc1V and Sc2V . Since c1 and c2 are distinct seiferters for V ,
the S–linear trees Sc1V and Sc2V have no edge in common. Hence C ′′ is a bigon.

�(Lemma 6.11)
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c1

1 2

V V1

V2

V’

n  + n

S   V c1

1 2

V V1

V2

V’

n  + n

S   V

(a)                                                                   (b)

c1
S   V2 c1

S   V2

c2
S   V c2

S   V

Figure 6.4. (a) (n1, n2) = (1,−2), (−1, 2) (b) (n1, n2) = (2,−1), (−2, 1)

A slight modification of Lemma 6.11 enables us to find infinitely many cycles
each vertex of which is a Seifert surgery on a hyperbolic knot. Choose orientations
of c1 and c2 so that lk(c1, c2) = 1; put li = lk(ci, K).

Theorem 6.12. Let (K, m) be a Seifert surgery with a hyperbolic, Hopf pair
of seiferters {c1, c2} with l1 6= 0. Then there is a constant D such that if p, q > D
then the Seifert surgery (K, m)(c1;p)(c2;q) is on a cycle whose vertices are Seifert
surgeries on hyperbolic knots.

Proof of Theorem 6.12. We start with the following observation.

Claim 6.13. There is a constant D such that for p > D, c1 and c2 are distinct,
relevant seiferters for (K, m)(c1;p)(c2;q).

Proof of Claim 6.13. We see from Figure 6.5 that lk(c1,K(c1;p)) = l1, lk(c2,K(c1;p)) =
l2 + pl1, and furthermore lk(c1,K(c1;p)(c2;q)) = l1 + q(l2 + pl1), lk(c2,K(c1;p)(c2;q)) =
l2 +pl1. For sufficiently large p, since l1 6= 0, we have |l2 +pl1| > |l1| > 0. Take such
p. Then l1 is not a multiple of l2 + pl1. Hence the linking number between ci and
K(c1,p)(c2,q) is not zero for any q and i = 1, 2. This implies that c1 and c2 are relevant
seiferter for (K, m)(c1;p)(c2;q) as claimed. Also note that |l1 + q(l2 +pl1)| 6= |l2 +pl1|
for any q. This shows that |lk(c1,K(c1;p)(c2;q))| 6= |lk(c2,K(c1;p)(c2;q))|, so that c1

and c2 are distinct seiferters for (K, m)(c1;p)(c2;q). �(Claim 6.13)

For simplicity, we denote by Kx,y,s,t the knot obtained from K by (x
y , s

t )–
surgery on (c1, c2). Since S3−K∪c1∪c2 is hyperbolic, due to Thurston’s hyperbolic
Dehn surgery theorem [81, 82, 4, 75, 10] there exists a constant D such that
Kx,y,s,t is a hyperbolic knot if |x|+|y| > D and |s|+|t| > D. Furthermore we assume
that D is greater than “D” in Claim 6.13. Choose integers p, q so that p, q > D.
By Claim 6.13 c1 and c2 are distinct, relevant seiferters for (K, m)(c1;p)(c2;q). Then,
applying Lemma 6.11 with (n1, n2) = (1,−2) to (K,m)(c1;p)(c2;q) and its Hopf pair
of seiferters {c1, c2}, we obtain a closed path containing a cycle; see Figure 6.6.

To complete the proof we prove that the vertices on the closed path are Seifert
surgeries on hyperbolic knots by showing that each knot in the vertices is expressed
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p-twist

along c1

c2

K

K

c2

K

K

}
p

c1
c1

Figure 6.5

1

-22

-1

c1

c1

c2

(K, m)
c1

c2

(K, m)(c , p)(c , q)1 2

p

q

Figure 6.6

as Kx,y,s,t with |x| + |y| > D and |s| + |t| > D. By Claim 6.10 the sequence of
row–addition transformations below shows that K(c1;p)(c2;q) = K−1,p,−1−pq,q.(

−1 q
p −1 − pq

)
→

(
−1 q
0 −1

)
→

(
−1 0
0 −1

)
In the same manner, we can check the following.

• K(c1;p)(c2;q+1) = K−1,p,−1−p−pq,1+q

• K(c1;p)(c2;q+2) = K−1,p,−1−2p−pq,2+q

• K(c1;p)(c2;q)(c1;1) = K−1−q,1+p+pq,−1−pq,q

• K(c1;p)(c2,q)(c1;1)(c2;−1) = K−1−q,1+p+pq,−p,1

• K(c1;p)(c2;q)(c1;1)(c2;−2) = K−1−q,1+p+pq,−1−2p−pq,q+2

It is not difficult to see that these six knots satisfy |x|+|y| > D and |s|+|t| > D.
Thus each knot appearing on the closed path is a hyperbolic knot. �(Theorem 6.12)
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Corollary 6.14. The Seifert Surgery Network contains infinitely many cycles
whose vertices are Seifert surgeries on hyperbolic knots.

Proof of Corollary 6.14. If there is a Seifert surgery which has a hyperbolic, Hopf
pair of seiferters satisfying the condition in Theorem 6.12, then by varying p, q(> D)
given in Theorem 6.12, we can find infinitely many cycles whose vertices are Seifert
surgeries on hyperbolic knots. Example 6.15 below shows that (T−3,2,m) has such
a hyperbolic, Hopf pair of seiferters. �(Corollary 6.14)

Example 6.15 (hyperbolic, Hopf pairs of seiferters). Let K be the torus
knot T−3,2. Take the Hopf link c1 ∪ c2 (⊂ S3 − K) as in Figure 6.7. Then {c1, c2}
is a hyperbolic, Hopf pair of seiferters for (T−3,2,m) with l1 6= 0.

c2 c
1

K

m+3

twist

Figure 6.7. {c1, c2} is a Hopf pair of seiferters for (K,m).

Proof of Example 6.15. Recall that the link K ∪ c1 ∪ c2 is exactly the same as
T−3,2 ∪ cµ ∪ c in Figure 2.11. Hence, {c1, c2} is a Hopf pair of seiferters for (K, m)
for any integer m. It remains to show that S3 − T−3,2 ∪ c1 ∪ c2 is hyperbolic.

In Figure 6.7, −(m + 3)–twist on K ∪ c2 along c1 induces a homeomorphism
from the exterior of the link K ∪ c1 ∪ c2 with m arbitrary to that with m = −3, i.e.
the exterior of K ∪ cµ ∪ c in Figure 2.13. Thus, to prove that S3 − T−3,2 ∪ c1 ∪ c2

is hyperbolic, it is enough to show that K ∪ c1 ∪ c2 with m = −3 is a hyperbolic
link. As shown in Example 2.27(1) c1 ∪ c2 is isotopic to cµ ∪ s−3 in T−3,2(−3), a
Seifert fiber space over the base orbifold S2(2, 3, 3). It follows that c1 and c2 are
exceptional fibers of indices 3 in T−3,2(−3). Then, by Theorem 3.24 {c1, c2} is a
hyperbolic, Hopf pair of seiferters or a basic annular pair of seiferters. The latter is
not the case because each ci has linking number one with T−3,2. �(Example 6.15)

Remark 6.16. The link T−3,2∪cµ∪c in Figure 2.13 is isotopic to the Montesinos
link M( 1

2 ,−2
3 , 1

2 ,−1
2 ), which is hyperbolic by [73, Corollary 5].

Remark 6.17. Suppose that (K,m) has a split pair of seiferters {c1, c2}. Then
for arbitrary n1, n2 the two sequences of twistings on (K,m) (c1, n1–twist) →
(c2, n2–twist) and (c2, n2–twist) → (c1, n1–twist) produce the same Seifert surgery
(K ′,m′). By joining the two paths connecting (K,m) and (K ′,m′) we obtain a
closed path; see Figure 6.8.

In the rest of this section we show that the Seifert Surgery Network contains a
loop edge, which corresponds to an annular pair of seiferters.
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(K, m)
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1

2 c2

c1

n1

Figure 6.8. {c1, c2} is a split pair of seiferters for (K, m).

Proposition 6.18. There exists a Seifert surgery (K, m) with an annular pair
of seiferters (c1, c2) with the following properties.

(1) The edge corresponding to (c1, c2) connects (K,m) and (K, m), i.e. a
loop edge.

(2) Let (c′1, c
′
2) be the image of (c1, c2) under the 1–twist along (c1, c2). Then

(c1, c2) and (c′2, c
′
1) corresponds to the same edge.

(3) Let (Kp,mp) be the Seifert surgery obtained from (K, m) by p–twist along
(c1, c2). Then, (Kp,mp) = (K−p+1, m−p+1) for any integer p.

Proof of Proposition 6.18. Let K ∪ c1 ∪ c2 be the link in Figure 6.9(a); each
component is a trivial knot in S3.

Claim 6.19. (c1, c2) is an annular pair of seiferters for (K, 1).

Proof of Claim 6.19. Performing the 1–surgery on K, we obtain S3. The images
of c1 ∪ c2 in the 3-sphere K(1) are depicted in Figure 6.9(b), where the images of
c1, c2 are also denoted by c1, c2.

c1

c2

K

c2

c1

S  = K(1)

(-1)-twist along K

3

(a) (b)

Figure 6.9

Clearly the resulting link c1 ∪ c2 consists of fibers in a Seifert fibration of
K(1) ∼= S3; c1 is a regular fiber and c2 is an exceptional fiber in K(1). Isotope
K ∪ c1 ∪ c2 as in Figure 6.10.

Figure 6.10 shows that c1 and c2 span an annulus. Since lk(c1, c2) = 3, the
annulus is uniquely determined up to isotopy in S3 (Lemma 2.30(1)). Let us show
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Figure 6.10

that the annulus intersects K. Suppose for a contradiction that c1 and c2 cobound
an annulus which is disjoint from K. Then after 1–surgery on K, c1 and c2 still
cobound the annulus in K(1) = S3. However this is impossible because c1 is a
trivial knot and c2 is a trefoil knot in K(1) as in Figure 6.9. Since lk(c1, c2) = 3,
there is no 2–sphere separating K ∪ ci and cj ({i, j} = {1, 2}). Thus {c1, c2} is an
annular pair of seiferters for (K, 1) as desired. �(Claim 6.19)

Claim 6.20. The 1–twist along (c1, c2) does not change (K, 1).

Proof of Claim 6.20. After the 1–twist along (c1, c2), following the sequence of
isotopies given in Figure 6.11, we see K1 = K. Since lk(K, c1) = lk(K, c2) = 0
the resulting surgery coefficient m1 equals 1 by Proposition 2.33(2). It follows
(K1,m1) = (K, 1). �(Claim 6.20)

Claim 6.20 shows that the edge corresponding to (c1, c2) is a loop connecting
(K, 1) and (K, 1). Figure 6.11 also shows that the 1–twist along (c1, c2) does not
change the link K ∪ c1 ∪ c2 except for exchanging the positions of c1 and c2, so that
the image of (c1, c2) under the 1–twist along (c1, c2) is (c2, c1). Thus assertion (2)
follows. Since the annular pair (c1, c2) for (K1,m1) is the same as the annular pair
(c2, c1) for (K,m), p–twist along (c1, c2) on (K1,m1) is the same as p–twist along
(c2, c1) on (K,m), and also the same as (−p)–twist along (c1, c2) on (K, m). Hence
we see that (Kp+1,mp+1) = (K−p,m−p). In particular, the S–family S(c1,c2)(K, 1)
is as described in Figure 6.12, where (Kp, 1) and (Kq, 1) are possibly the same
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c1 c2
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1-twist

along

( , )c c1 2

Figure 6.11. 1–twist along (c1, c2) does not change (K, 1).

vertex for some p > q ≥ 0. �(Proposition 6.18)

1-twist

along ( , )c c1 2
(K , 1) (K  , 1)

(K   , 1)

(K   , 1)

(K    , 1)(K, 1) 1-twist

along ( , )c c1 2

1-twist

along ( , )c c1 2

1-twist

along ( , )c c1 2

1-twist

along ( , )c c1 2
1 2

-1

3

-2

Figure 6.12. S–family S(c1,c2)(K, 1), where K∪c1∪c2 is the link
in Figure 6.10.

6.3. Local infiniteness of the Seifert Surgery Network

A 1–dimensional complex is locally finite if it has no vertex with which infinitely
many edges are incident. The Seifert Surgery Network is locally finite if and only if
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every Seifert surgery has only finitely many seiferters. Although we cannot expect
that arbitrary vertex is incident with infinitely many edges, we have:

Theorem 6.21. The Seifert Surgery Network is not locally finite. Actually, for
any integer m, the Seifert surgery (O, m) has infinitely many hyperbolic seiferters
as well as infinitely many basic seiferters.

Thus we have a local picture around Scµ(O, 0) as in Figure 6.13. For each
vertex (O,m), there are infinitely many S–linear trees containing (O, m); moreover
Proposition 5.11 implies that for each hyperbolic seiferter c for (O, m), all the
vertices on Sc(O, m) except for at most three vertices (O, m), (O±1, m±1) are Seifert
surgeries on hyperbolic knots.

(O, -1)                                        (O, 0)                                             (O, m)

S    (O, 0)cm

Figure 6.13. A portion of the Seifert Surgery Network around Scµ(O, 0)

Proof of Theorem 6.21. The trivial knot O can be regarded as a torus knot T1,p

for any integer p, so that (O, m) has a basic seiferter s1 for any integer m. Since
the linking number between s1 and O = T1,p is p, (O, m) has infinitely many basic
seiferters.

Let us show that (O, m) has also infinitely many hyperbolic seiferters. Consider
the link consisting of a torus knot Tp,2 (|p| ≥ 3) and its basic seiferter s2. Then
regard s2 as the trivial knot O; then Tp,2 is a regular fiber in Seifert fibrations of
S3 − intN(O) and the surgered manifold O(m). Let αm be a simple closed curve
on ∂N(O) with slope m, and b the band described in Figure 6.14. Then as shown
in Figure 6.14, the knot cp ⊂ S3 − N(O) obtained from Tp,2 by an m–move using
the band b is a trivial knot in S3. Since cp is m–equivalent to the regular fiber Tp,2,
by Proposition 2.19(1) cp is isotopic to the regular fiber Tp,2 in O(m). Thus cp is a
seiferter for (O, m) if O ∪ cp is not a trivial link.

Let us consider when O∪cp is a hyperbolic link. Figure 6.15 shows that O∪cp is

a 2–bridge link associated to the rational number −p+
1

−p + 2m
=

p(p − 2m) + 1
−p + 2m

,

and in particular, it is an alternating link. Hence, by [60] O ∪ cp is a hyperbolic
link or a torus link.

The two–fold branched covers of S3 branched along O ∪ cp and T2,2x are lens
spaces L(p(p − 2m) + 1,−p + 2m) and L(2x, 1), respectively. It follows from the
classification of lens spaces [76, 15] that L(p(p−2m)+1,−p+2m) and L(2x, 1) are
homeomorphic if and only if |p(p − 2m) + 1| = |2x| and −p + 2m ≡ ±1 mod p(p −
2m) + 1. Since |p| ≥ 3, we have |p− 2m± 1| ≤ |p− 2m|+ 1 < |p(p− 2m) + 1|. This
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Figure 6.15. Continued from Figure 6.14

implies O ∪ cp is a torus link if and only if p − 2m = ±1. Furthermore, since the
linking number lk(O, cp) = p − m, if cp and cq are the same seiferters for (O,m),
then we have |p−m| = |q−m|. Hence cp where p ≥ m and p 6= 2m± 1 are distinct
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hyperbolic seiferters for (O,m). �(Proposition 6.21)

Remark 6.22. (1) If m = 1 (resp. m = −1), then Proposition 2.19
shows that cp and Tp,2 are isotopic in S3 ∼= O(1) (resp. O(−1)). Since
O is the basic seiferter s2 for Tp,2, Tp,2 and hence the trivial knot cp

become a torus knot Tp,2−p in O(1) (resp. Tp,2+p in O(−1)). This fact is
also shown in [31, 32], in which the authors consider the mirror image
of O ∪ cp.

(2) If m ≥ 2, then (O,m) has yet another hyperbolic seiferter. Consider the
link T3,2 ∪ s3 instead of the link Tp,2 ∪ s2. Regard s3 as the trivial knot
O, and let αm be a simple closed curve on ∂N(O) with slope m. Take
the band b as in Figure 6.16; then the knot c′m ⊂ S3 − N(O) obtained
from T3,2 by an m–move using the band b is a trivial knot in S3. The
link O ∪ c′m is hyperbolic for m ≥ 2, so that c′m (m ≥ 2) is a hyperbolic
seiferter for (O,m). Compare the linking numbers lk(O, c′m) = m − 2
and lk(O, cp) = p − m. Since p is an odd integer, they have distinct
parity. Thus c′m and cp are distinct seiferters for (O,m).

T3, 2

O

b

am

O

c’m

m-move

and

isotopy

(m-1)-twist

Figure 6.16

We close this section with the following question.

Question 6.23. If K is a nontrivial knot and (K, m) is a Seifert surgery, then
are there only finitely many edges incident to (K, m)?



CHAPTER 7

Asymmetric seiferters and Seifert surgeries on
knots without symmetry

By definitions, the knots obtained by Berge’s primitive/primitive constructions
and Dean’s primitive/Seifert–fibered constructions are contained on a genus 2 Hee-
gaard surface of S3; furthermore, they have tunnel numbers one, and thus are
strongly invertible. (We recall that all known lens surgeries are obtained by primi-
tive/primitive constructions, and primitive/Seifert–fibered constructions yield small
Seifert fibered surgeries.) A small Seifert fibered surgery that cannot be obtained
by Dean’s constructions is first found in [59]: all Seifert surgeries in some two
S–linear trees through the Seifert surgery (P (−3, 3, 5), 1) are such examples; see
Example 7.8 and Figure 7.9. The knots in these S–linear trees are not strongly
invertible, but periodic of period 2 and contained on a genus 2 Heegaard surface of
S3. Then, it is natural to ask:

Question 7.1 ([39, 59]). If a knot K admits a Seifert fibered surgery, then is
K embedded in a genus 2 Heegaard surface of S3?

In this chapter, we answer this question in the negative (Theorem 7.2). We
find an asymmetric seiferter for (P (−3, 3, 5), 1) and show that all but finitely many
knots in the S–linear tree generated by the asymmetric seiferter give the negative
answer to Question 7.1. We also see that the Seifert surgery (P (−3, 3, 5), 1) is
obtained from (O, 1) by a single twist along an annular pair of seiferters.

Theorem 7.2. There is an infinite family of hyperbolic knots K each of which
enjoys the following properties:

(1) K admits a small Seifert fibered surgery.
(2) K has no symmetry.
(3) K can be embedded not in a genus 2 Heegaard surface, but in a genus 3

Heegaard surface of S3.

Knots contained in a genus 2 Heegaard surface of S3 have either cyclic period
2 or strong inversions (Lemma 7.4 below). Hence the first part of assertion (3) is a
direct consequence of assertion (2).

Before proving Theorem 7.2, we prepare some general results. Recall that
a seiferter c for a Seifert surgery (K, m) is said to be symmetric if we have an
orientation preserving diffeomorphism f : S3 → S3 of finite order with f(K) =
K, f(c) = c; otherwise, c is called an asymmetric seiferter (Section 5.3).

The proof of Theorem 7.2 is based on the following result.

Theorem 7.3. Let (K, m) be a Seifert fibered surgery on a simple (i.e. torus
or hyperbolic) knot with an asymmetric seiferter c which becomes an exceptional
fiber. Then there is a constant N such that Kn, the knot K twisted n times along
c, is a hyperbolic knot with no symmetry if |n| > N .

83
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Proof of Theorem 7.3. Since basic seiferters for torus knots and sp,ε for Tp,2 are
symmetric seiferters, Corollaries 3.14 and 3.15 show that the link K∪c is hyperbolic.
Following Lemma 6.6, we take a constant N so that S3 −Kn = (S3 −K)(c;− 1

n ) is
hyperbolic and the core cn of the filled solid torus is the unique shortest geodesic
in S3 − Kn. Assume for a contradiction that Kn has a symmetry for some n
with |n| > N . Then there is an orientation preserving, periodic diffeomorphism
f : S3 → S3 sending Kn to Kn. Take an 〈f〉–invariant tubular neighborhood
N(Kn) and set X = S3 − intN(Kn). We obtain a periodic diffeomorphism f |X of
X. By Mostow’s rigidity theorem [70], we may assume (after an isotopy) that f |X
is an isometry ϕ. Since cn is the unique shortest geodesic, ϕ(cn) = cn. Thus for
a 〈ϕ〉–invariant tubular neighborhood N(cn), we have a periodic diffeomorphism
ϕ|(X− intN(cn)) of X− intN(cn) = S3− int(N(K)∪N(c)). Note that the periodic
diffeomorphism ϕ preserves meridians of Kn. Since a meridian of Kn is that of
K, we can extend ϕ periodically to a periodic diffeomorphism ϕ̄ of S3 − intN(c)
which leaves K invariant. Now let (µ, λ) be a preferred meridian–longitude basis of
H1(∂N(c)). Then ϕ̄∗(λ) = ελ and ϕ̄∗(µ − nλ) = ε′(µ − nλ). Since ϕ̄ preserves an
orientation, ε′ = ε and thus ϕ̄∗(µ) = εµ. Hence we can periodically extend ϕ̄ over
S3 so that the resulting periodic diffeomorphism leaves K and c invariant. Therefore
c is symmetric for (K, m), a contradiction to the assumption. �(Theorem 7.3)

It is well known that knots with no symmetry cannot be embedded in genus 2
Heegaard surface of S3. For convenience of readers, we give the proof.

Lemma 7.4. Let K be a knot on a genus 2 Heegaard surface F of S3. Then we
have:

(1) If K separates F , then K has cyclic period 2.
(2) If K does not separate F , then K is strongly invertible.

Proof of Lemma 7.4. Note that there is an involution of S3 which restricts to a
hyperelliptic involution τ on the Heegaard surface F ; the fixed point set Fix(τ)
consists of six points.

cs

cn t

Figure 7.1. Hyperelliptic involution

Let C denote the separating circle Cs in F or the non-separating circle Cn in
F as shown in Figure 7.1, according as K is separating or non-separating in F .
We note that both Cs and Cn are invariant under the hyperelliptic involution τ .
Furthermore, τ is a periodic map for Cs, and a strong inversion for Cn. Let h be
a diffeomorphism of F sending K to the circle C in F . Since F has genus 2, by
isotoping h we have h ◦ τ = τ ◦ h [83]. Then, by isotoping K in F to h−1(C), we
have τ(K) = τ(h−1(C)) = h−1(τ(C)) = h−1(C) = K. Hence, if K is separating in
F , then τ is a free periodic map for K of period 2; otherwise, τ is a strong inversion
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for K. �(Lemma 7.4)

Proof of Theorem 7.2. In [59], it is proved that 1–surgery on the pretzel knot
P (−3, 3, 5) yields a Seifert fiber space over S2 with three exceptional fibers of
indices 3, 4, 5; c1 in Figure 7.2(a) becomes an exceptional fiber of index 4 and c2 in
Figure 7.2(b) becomes an exceptional fiber of index 5 in P (−3, 3, 5)(1). Thus the
Seifert surgery (P (−3, 3, 5), 1) has seiferters c1, c2. (By Proposition 2.14 c1, c2 are
not irrelevant seiferters.) An obvious involution giving cyclic period 2 for P (−3, 3, 5)
leaves ci (i = 1, 2) invariant, and hence, c1 and c2 are symmetric seiferters for
(P (−3, 3, 5), 1).

To apply Theorem 7.3, we show an existence of an asymmetric seiferter for the
Seifert surgery (P (−3, 3, 5), 1) on the hyperbolic knot P (−3, 3, 5).

Lemma 7.5. The knot c′1 in Figure 7.2 (c) is an asymmetric seiferter for the
Seifert fibered surgery (P (−3, 3, 5), 1).

c1 c’1

(a)                                                           (b)                                                          (c)

c2

1

Figure 7.2. c1, c2 are symmetric seiferters, but c′1 is an asymmet-
ric seiferter for (P (−3, 3, 5), 1).

Proof of Lemma 7.5. Set K = P (−3, 3, 5) for simplicity.

Claim 7.6. The knot c′1 is 1–equivalent to the symmetric seiferter c1 for (K, 1).

Proof of Claim 7.6. The band b in Figure 7.3 connects c′1 and a simple closed curve
on ∂N(K) with slope 1. Figure 7.3 shows that applying the 1–move to c′1 via the
band b yields the seiferter c1. �(Claim 7.6)

Proposition 2.19, together with Claim 7.6, shows that c′1 is a seiferter for (K, 1)
which is an exceptional fiber of index 4 in the Seifert fiber space K(1).

Assume for a contradiction that c′1 is a symmetric seiferter. Then there is
an orientation preserving, periodic diffeomorphism f of S3 which leaves K and c′1
invariant. It follows from [11, Section 3] that the pretzel knot P (−3, 3, 5) has cyclic
period 2 and no other symmetries. Hence f gives a periodic map for K of period
2. By Smith conjecture [68] f is the π–rotation about the unknotted circle Fix(f).
Let us choose an 〈f〉–invariant Seifert surface S of K [23]; we may assume by an
〈f〉–equivariant isotopy that S intersects c′1 transversely. Then f(S ∩ c′1) = S ∩ c′1
consists of odd number of points because the linking number between K and c′1
is one. Since f has period two, there is a point x ∈ S ∩ c′1 which is fixed by f ,
so that c′1 ∩ Fix(f) either equals c′1 or consists of two points. On the other hand,
since f gives the cyclic period 2, the rotation axis Fix(f) is disjoint from K and
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c’
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1

b

c1
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K

a1

Figure 7.3. 1–move converting c′1 into c1

lk(Fix(f),K) is odd. Thus Fix(f) intersects S transversely in odd number of points.
It follows that f does not exchange the sides of S. This implies that c′1 = Fix(f).

Take an 〈f〉–invariant tubular neighborhoods N(K) and N(c′1), and extend
f |(S3 − intN(K)) over the surgered manifold K(1) periodically. Let f̄ be the
resulting periodic map. Since c′1 is a seiferter for (K, 1), we can choose a Seifert
fibration of K(1) so that c′1 is a fiber and N(c′1) is a fibered neighborhood. Then
the restriction f |V , where V = S3 − intN(c′1), is a free involution. Denote by Vf

the solid torus V/〈f〉 which contains Kf = K/〈f〉. The argument in case (1) in
the proof of [65, Proposition 5.1] shows that Kf is a core of Vf or a cable of a
0–bridge braid in Vf . Thus K is either a trivial knot, a torus knot, or a cable of
a torus knot. This contradicts the fact that K = P (−3, 3, 5) is a hyperbolic knot.

�(Lemma 7.5)

Let Kn be the knot obtained from K = P (−3, 3, 5) by twisting n times along c′1.
Since lk(K, c′1) = 1, n–twist on (K, 1) yields a Seifert surgery (Kn, n+1). We show
that an infinite subfamily of {Kn}n∈Z has properties (1)–(3) stated in Theorem 7.2.
Since K(1) is a small Seifert fiber space and c′1 is an exceptional fiber in K(1), Case
1 in the proof of Lemma 5.7 shows that the S–linear tree Sc′1

(K, 1) is of type SLD,
SLL, SL, or S. Hence, (Kn, n + 1) is a small Seifert fibered surgeries except for at
most three values of n. Now let N be the constant given in Theorem 7.3; we choose
N so that it is greater than the absolute values of these three exceptional values.
If |n| > N , then Kn is a hyperbolic knot with no symmetry and thus cannot be
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embedded in a genus 2 Heegaard surface of S3 by Lemma 7.4. On the other hand,
since c′1 is not a meridian of K (Proposition 2.16), {Kn}|n|>N contains infinitely
many distinct hyperbolic knots [55]. Therefore, the following claim completes the
proof of Theorem 7.2. �(Theorem 7.2)

Claim 7.7. Kn can be embedded in a genus 3 Heegaard surface of S3.

Proof of Claim 7.7. Let us take a genus 2 Heegaard splitting V ∪ V ′ of S3 so that
the Heegaard surface F = ∂V = ∂V ′ carries K = P (−3, 3, 5) as in Figure 7.4(a).
Attach a 1–handle h to V so that the genus 3 handlebody W = V ∪ h contains
the seiferter c′ (Figure 7.4(b)), and isotope W as in Figure 7.4; the knot K after
the isotopy is not indicated in Figure 7.4(c). Since c′1 bounds a disk D such that
D∩ (S3 − intW ) is a meridian disk of the genus 3 handlebody S3 − intW , arbitrary
twisting along c′1 keeps the Heegaard splitting W ∪ (S3 − intW ) of S3. It follows
that Kn can be embedded in a genus 3 Heegaard surface of S3 for any integer n.

�(Claim 7.7)

c’1

D

(a)                                                   (b)                                                       (c)

c’11

V

h W=V hU

KVK

Figure 7.4

Recently, Teragaito [80] has also found other families of Seifert surgeries knots
without symmetry. His example is obtained by twisting a Seifert surgery along an
annulus, but the boundary of the annulus does not consist of seiferters. In fact, it
is not known whether the Seifert surgeries found in [80] admit seiferters or not.

Example 7.8. We summarize what is known about seiferters for (P (−3, 3, 5), 1)
in our previous paper [59] and the arguments in this section. In the following K
denotes P (−3, 3, 5).

(1) ([59]). The trivial knots c1 and c2 in Figure 7.2 are hyperbolic seiferters
for (K, 1); c1, c2 are exceptional fibers of indices 4, 5 in K(1), respec-
tively. All knots in the S–linear tree Sci(K, 1) (i = 1, 2) are hyperbolic
knots contained in a genus 2 Heegaard surface of S3. However, no Seifert
surgeries in Sci(K, 1) are obtained by primitive/Seifert–fibered construc-
tion.

(2) The trivial knot c′1 in Figure 7.2 is a hyperbolic seiferter for (K, 1) which
is an exceptional fiber of index 4 in K(1). For all but finitely many n,
Kn in Sc′1

(K, 1) is a hyperbolic knot, c′1 is the unique shortest geodesic
in S3 − Kn, and thus Kn has no symmetry. Experiments via computer
program SnapPea [85] suggest that the exceptions are only when n = 0.
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(3) Experiments via SnapPea [85] also suggest that c1, c2, and c′1 are the
third, first, and 10th shortest geodesics in S3 − K, respectively.

(4) Comparing surgery coefficients and indices of exceptional fibers in Seifert
fiber spaces obtained by surgeries, we see that any pair of the linear trees
Sc1(K, 1), Sc2(K, 1), and Sc′1

(K, 1) intersect only at (K, 1).

Now where is the Seifert surgery (P (−3, 3, 5), 1) in the Seifert Surgery Net-
work? As shown in the proposition below, (P (−3, 3, 5), 1) is surprisingly close to
the simplest Seifert surgery (O, 1).

Proposition 7.9. Let O ∪ c1 ∪ c2 be the link in Figure 7.5. Then (c1, c2)
is a hyperbolic annular pair of seiferters for (O, 1), and the 1–twist along (c1, c2)
(equivalently, (−1)–twist along (c2, c1)) converts (O, 1) to (P (−3, 3, 5), 1). Further-
more, after the twisting the seiferters c1, c2 for (O, 1) become the seiferters c1, c2

for (P (−3, 3, 5), 1) depicted in Figure 7.2(a), (b).

c
1

c
2

O

Figure 7.5. (c1, c2) is an annular pair of seiferters for (O, 1).

Proof of Proposition 7.9. The link O ∪ c1 ∪ c2 is the same as K1 ∪ c1 ∪ c2 in
Figure 6.11 as ordered links, which is also the same as K ∪ c2 ∪ c1 as ordered links.
Hence, Claim 6.19 implies that (c1, c2) is an annular pair of seiferters for (O, 1).
Since lk(c1, O) = lk(c2, O) = 0, after arbitrary twistings along (c1, c2) the surgery
coefficient 1 is not changed (Proposition 2.33(2)). Figures 7.6 and 7.7 describe the
1–twist on O along (c1, c2). Then, O becomes the pretzel knot P (−3, 3, 5), and
furthermore each ci becomes the seiferter ci for (P (−3, 3, 5), 1) given in Figure 7.2.
See Figure 7.8 for further isotopy showing that c2 in Figure 7.7 is actually c2 in
Figure 7.2.

Let us check that (c1, c2) is hyperbolic. Since the 1–twist along (c1, c2) de-
forms O into K = P (−3, 3, 5), it is enough to show that (c1, c2) in Figure 7.6 is
a hyperbolic annular pair for (K, 1). Example 7.8(1) then implies that the small
Seifert fiber space K(1) over S2(3, 4, 5) has a Seifert fibration in which c1 and c2

are exceptional fibers. Then, by Corollary 3.26 (c1, c2) is a hyperbolic annular pair
for (K, 1). �(Proposition 7.9)

Remark 7.10. Since the S–family described in Figure 6.12 is the same as the S–
family generated by the annular pair (c1, c2) for (O, 1) = (K1, 1) in Proposition 7.9.
In Figure 6.12, we have (K2, 1) = (K−1, 1). This shows that the (−2)–twist along
(c1, c2) also converts (O, 1) to (P (−3, 3, 5), 1).

Figure 7.9 below gives a portion of the Seifert Surgery Network around (P (−3, 3, 5), 1).
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Figure 7.8. The seiferter c2 is the same as the seiferter c2 in Figure 7.2(b).
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Figure 7.9. c2 is the shortest geodesic in S3 − P (−3, 3, 5), c1 is
the third shortest, and c′1 is the 10th shortest.





CHAPTER 8

Seifert surgeries on torus knots and graph knots

Denote by T the subnetwork whose vertices and edges correspond to the inte-
gral surgeries on torus knots and their basic seiferters, respectively. In the Seifert
Surgery Network, T is a central subnetwork consisting of the most basic Seifert
surgeries. We first show that T is connected (Proposition 8.3). In Section 8.2, we
show that the subnetwork T ′ consisting of the Seifert surgeries on graph knots and
the edges corresponding to the basic seiferters for companion torus knots (which
turn out to be seiferters for Seifert surgeries on graph knots) is also connected
(Theorem 8.10).

8.1. Subnetwork of Seifert surgeries on torus knots

For a Seifert surgery (Tp,q,m), we have three basic seiferters sp, sq and a merid-
ional seiferter cµ as in Figure 2.1. Note that sp (resp. sq) has linking number q
(resp. p) with Tp,q. An n–twist along sp (resp. sq) converts Tp,q into Tp+nq,q (resp.
Tp,q+np) and changes the surgery slope m to m + nq2 (resp. m + np2). We thus
obtain the following lemma.

Lemma 8.1. For any Seifert surgery (Tp,q,m) ∈ T and any integer n, the
S–linear tree generated by sp (resp. sq) is entirely contained in T and connects
(Tp,q,m) and (Tp+nq,q,m + nq2) (resp. (Tp,q+np,m + np2)).

On the other hand, an (n − m)–twist along a meridional seiferter cµ does not
change the knot type of Tp,q, but change the surgery slope m to m + (n−m) = n.
Thus we have:

Lemma 8.2. For any Seifert surgery (Tp,q, m) ∈ T and any integer n, the S–
linear tree generated by the meridional seiferter cµ is entirely contained in T and
connects (Tp,q, m) and (Tp,q, n).

For any nontrivial torus knot Tp,q, where |p|, |q| ≥ 2, each vertex (Tp,q,m) is
incident with at least six edges in the Seifert Surgery Network; see Figure 8.1.

Proposition 8.3. The subnetwork T is connected.

Proof of Proposition 8.3. Given a pair (p, q) of coprime integers, the Euclidean
algorithm converts (p, q) to (0,±1) or (±1, 0). Hence, by Lemma 8.1 we can convert
any torus knot Tp,q to a trivial knot O by twisting along its basic seiferters sp and
sq alternately several times. This implies that there is a path in T from (Tp,q,m) to
(O, m′). Then apply Lemma 8.2 to get a path in T from (O, m′) to (O, 1). Joining
these paths, we obtain a path in T from (Tp,q,m) to (O, 1) as desired (Figure 8.2).

�(Proposition 8.3)

Specifically, for lens surgeries and (lens)](lens) surgeries on torus knots we have
the results below.
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Figure 8.1. Basic seiferters and corresponding S–linear trees
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Lemma 8.4. If (Tp,q, m) is a lens surgery, then the S–linear trees Ssp(Tp,q,m)
and Ssq (Tp,q,m) entirely consist of lens surgeries.

Proof of Lemma 8.4. Moser [69] ([34, Corollary 7.4]) shows that (Tp,q,m) is a lens
surgery if and only if m = pq±1. An n–twist of (K, m) along sp yields (Tp+nq,q,m+
nq2). This is a lens surgery because m + nq2 = (pq ± 1) + nq2 = (p + nq)q ± 1.
Similarly we obtain the required result for the seiferter sq. �(Lemma 8.4)
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[69] ([34, Corollary 7.4]) also shows that Tp,q(m) is a degenerate Seifert fiber
space if and only if m = pq, and that Tp,q(pq) is a connected sum of two lens spaces.

Lemma 8.5. For a nontrivial torus knot Tp,q, the S–linear trees Ssp(Tp,q, pq)
and Ssq (Tp,q, pq) consist of (lens)](lens) surgeries and possibly lens surgeries on
trivial knots (T±1,q,±q), (Tp,±1,±p).

Proof of Lemma 8.5. After an n–twist along sp, we obtain (Tp+nq,q, pq + nq2) =
(Tp+nq,q, (p + nq)q), which is a (lens)](lens) surgery if |p + nq| 6= 1, and otherwise
a lens surgery. The required result for the seiferter sq follows from the similar
argument. �(Lemma 8.5)

8.2. Subnetwork of Seifert surgeries on graph knots

A knot in S3 is called a graph knot if its exterior is a graph manifold, i.e. the
exterior E contains a family of tori which decompose E into Seifert fiber spaces. It
is known that any graph knot is obtained from a trivial knot by a finite sequence of
taking cablings and connected sums. We denote the (pk, qk) cable of the (pk−1, qk−1)
cable of · · · the (p1, q1) cable of Tp,q by Cpk,qk

(Cpk−1,qk−1(· · · (Cp1,q1(Tp,q)) · · · )).
We begin by classifying Seifert surgeries on non-torus, graph knots.

Lemma 8.6. Let (K,m) be a Seifert surgery on a non-torus, graph knot K.
Then (K, m) is one of the following.

(1) (Cr,s(Tp,q), rs ± 1)
(2) (C2pq±1,2(Tp,q), 4pq)
(3) (C2rs−ε,2(Cr,s(Tp,q)), 4rs − ε), where ε = ±1.
(4) (Tp,q]Tr,s, pq + rs)
(5) (Cr,s(Tp,q), rs), where r = pqs ± 1.

In (1)–(4) K(m) is a (non-degenerate) Seifert fiber space; in (5) K(m) is a degen-
erate Seifert fiber space L(r, sq2)]L(s, r).

Proof of Lemma 8.6. Suppose that K(m) is a (non-degenerate) Seifert fiber space.
If K(m) is a non-simple manifold (i.e. K(m) contains an essential torus), then by
[63, Theorem 1.2] (K, m) is either (C2pq±1,2(Tp,q), 4pq) or (Tp,q]Tr,s, pq + rs); these
are parts (2) and (4) in Lemma 8.6.

Assume that K(m) is a simple, Seifert fiber space. Then, by (the proof of)
Theorem 1.4 in [63] there is a solid torus V in S3 such that K is a 0– or 1–bridge
braid of V , V (K; m) ∼= S1×D2, and S3− intV is a simple manifold. Since S3− intV
is a graph manifold, S3 − intV is a Seifert fiber space, so that the core of V is a
torus knot Tp,q. Hence, if K is a 0–bridge braid in V and V (K; m) ∼= S1×D2, then
K is an (r, s) cable of V and m = rs ± 1 [34, Lemma 7.2]; this implies part (1)
in Lemma 8.6. Now the remaining possibility is that K is a 1–bridge braid of V
and V (K; m) ∼= S1×D2. Since V − intN(K) is a graph manifold, this implies that
V − intN(K) contains an essential torus. It then follows from Lemma 3.16 that K
is a (2rs − ε, 2) cable of (r, s) cable of V and m = 4rs − ε, where ε = ±1; part (3)
in Lemma 8.6 holds.

Suppose that K(m) is a degenerate Seifert fiber space. Then it follows from
Proposition 3.18 that K is Cr,s(Tp,q) (r = pqs ± 1) and m = rs; part (5) in
Lemma 8.6 holds. �(Lemma 8.6)
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Let K be a graph knot given in Lemma 8.6 other than Tp,q]Tr,s. Then K is a
cable or an iterated cable of a nontrivial torus knot Tp,q. We assume that K lies in a
tubular neighborhood V of Tp,q, and take a basic annular pair of seiferters {sp, sq}
for Tp,q so that sp ∪ sq ⊂ S3 − intV . We call sp and sq basic seiferters for the
companion torus knot of K. If K ∼= Tp,q]Tr,s, then K has two torus knots Tp,q and
Tr,s as its companions. The exterior E(K) contains a properly embedded annulus
A such that ∂A consists of two meridians of K and A splits E(K) into E(Tp,q)
and E(Tr,s). Take basic annular pairs of seiferters {sp, sq} for Tp,q and {sr, ss} for
Tr,s so that they lie in E(Tp,q) and E(Tr,s), respectively; see Figure 2.17. We call
sp, sq, sr and ss basic seiferters for the companion torus knots of K ∼= Tp,q]Tr,s.

Proposition 8.7. Let (K,m) be a Seifert surgery on a non-torus, graph knot
K. Then basic seiferters for the companion torus knot(s) of K are seiferters for
(K, m).

Proof of Proposition 8.7. Case (1). (K,m) = (Cr,s(Tp,q), rs ± 1).
Since K(m) = Tp,q( m

s2 ) [34], the basic seiferters sp, sq for the companion torus
knot Tp,q are also seiferters for (K, m).

Case (2). (K, m) = (C2pq±1,2(Tp,q), 4pq).
As shown in [63, Example 8.2], (K, m) has a Seifert fibration over RP 2 with

two exceptional fibers of indices |p|, |q|, in which the basic seiferters sp and sq for the
companion knot Tp,q become exceptional fibers of indices |p| and |q|, respectively.
Hence sp and sq are also seiferters for (K,m).

Case (3). (K, m) = (C2rs−ε,2(Cr,s(Tp,q)), 4rs − ε), where ε = ±1.
We then have K(m) = Tp,q( m

4s2 ) (Case 3 in the proof of [34, Theorem 7.5]).
Thus the seiferters sp and sq are still seiferters for (K, m).

Case (4). (K, m) = (Tp,q]Tr,s, pq + rs).
First we note that the exterior of K = Tp,q]Tr,s is the union of the exteriors

E(Tp,q), E(Tr,s), and M = (a disk–with–2–holes) × S1, so that ∂M = ∂E(Tp,q) ∪
∂E(Tr,s)∪∂N(K). We then observe that there is a disk–with–2–holes F embedded
in M such that ∂F consists of regular fibers tpq ⊂ ∂E(Tp,q) and trs ⊂ ∂E(Tr,s)
and a simple loop αpq+rs ⊂ ∂N(K) representing (pq + rs)–slope. Note that M is a
surface bundle over the circle with F a fiber.

After the (pq + rs)–surgery on K, the union of F and a meridian disk of the
filled solid torus V is an annulus connecting tpq and trs. This implies M ∪ V ∼=
S1 × S1 × [0, 1]. Thus Seifert fibrations of E(Tp,q) and E(Tr,s) extend to the same
Seifert fibration of M ∪ V . Hence K(m) is a Seifert fiber space over S2 with four
exceptional fibers of indices |p|, |q|, |r| and |s|. In particular, sp, sq, sr and ss are
seiferters for (K, m).

In each of Cases (1)–(4) above, the Seifert fibration on the exteriors of the
companion torus knot(s) of K extends over K(m). Thus, the basic seiferters for
the companion torus knot(s) are seiferters for (K, m). Furthermore, {sp, sq} is a
pair of seiferters for (K, m) in Cases (1)–(3), and {sα, sβ} is a pair of seiferters for
(K, m) in Case (4), where α, β are distinct elements in {p, q, r, s}.
Case (5). (K, m) = (Cr,s(Tp,q), rs), where r = pqs ± 1.

The lemma below shows that the basic seiferter sp and sq are seiferters for
(K, m), and Proposition 8.7 is thus proved. �(Proposition 8.7)
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Lemma 8.8. Let K be a cable knot Cr,s(Tp,q), where r = pqs ± 1. Then the
following hold for the basic seiferters sp and sq for the companion torus knot Tp,q.

(1) Each of sp and sq is a seiferter for the Seifert surgery (K, rs).
(2) {sp, sq} is not a pair of seiferters for (K, rs), i.e. K(rs) has no degen-

erate Seifert fibrations in which sp ∪ sq is the union of fibers.

Proof of Lemma 8.8. Take α so that α ∈ {p, q}. Let V be a tubular neighborhood
of the companion knot Tp,q such that K is an (r, s) cable of V , and set V ′ =
S3−intN(sα). We may assume that the solid torus V ′ contains V in its interior and
that the core k (say) of V is the (p, q) (resp. (q, p)) cable of V ′ if α = p (resp. α = q).
Then, V ′(K; rs) ∼= V ′(k; r

s )]L(s, r). Furthermore, it follows from the assumption
r = pqs ± 1 that V ′(k; r

s ) is a solid torus. Then, K(rs) − intN(sα) = V ′(K; rs), a
connected sum of a solid torus V ′(k; r

s ) and the lens space L(s, r), is a degenerate
fiber space by Lemma 2.7(2). Hence each of sp and sq is a Seifert fiber in K(rs) as
claimed in part (1).

Set α = p. We then see that sq is a core of the solid tori V ′ and thus V ′(k; r
s ),

so that K(rs) − intN(sp ∪ sq) ∼= (V ′(k; rs) − intN(sq))]L(s, r) is the connected
sum of S1 × S1 × [0, 1] and L(s, r). Now assume for a contradiction that both sp

and sq are fibers in a degenerate Seifert fibration of K(rs), which is a connected
sum of two lens spaces. It follows from Proposition 2.8 that K(rs) has exactly one
degenerate fiber whose exterior is a (non-degenerate) Seifert fiber space over the
disk with two exceptional fibers. Since K(rs) − intN(sp) is a connected sum of a
solid torus and a lens space, sp is a non-degenerate exceptional fiber in K(rs). If sq

is a degenerate fiber in K(rs)−intN(sp), then K(rs)−intN(sp∪sq) is a Seifert fiber
space over the annulus with one exceptional fiber, and so a cable space; this is a
contradiction. If sq is a non-degenerate exceptional fiber in K(rs)− intN(sp), then
K(rs)− intN(sp ∪ sq) is a connected sum of two solid tori, a contradiction. Finally
assume that sq is a regular fiber in K(rs)− intN(sp). Then K(rs)− intN(sp∪sq) is
a connected sum of two solid tori and a lens space, a contradiction. This completes
the proof of (2). �(Lemma 8.8)

Remark 8.9. Lemma 8.8(1) shows that conclusion (iii) in Theorem 3.19(2) is
not vacant.

Let (K, m) be a Seifert surgery on a graph knot K, and c a basic seiferter for
the companion torus knot(s) of K. Then, since p–twist along c converts K to a
graph knot Kp, the Seifert surgery (Kp,mp) obtained from (K, m) by twisting p
times along c is also a Seifert surgery on a graph knot. Denote by T ′ the subnetwork
whose vertices and edges correspond to the Seifert surgeries on graph knots and
the basic seiferters for their companion torus knots.

Theorem 8.10. The subnetwork T ′ is connected.

Proof of Theorem 8.10. Let K be a graph knot, and (K, m) a Seifert surgery. Then
by Proposition 8.3, it is sufficient to show that there exists a path in T ′ from (K, m)
to some vertex in T . We may assume K is a non-torus, graph knot.

Assume that (K, m) is a Seifert surgery on a graph knot where K ∼= Cr,s(Tp,q),
a cable of a torus knot described in Lemma 8.6(1), (2) or (5). Then as shown in
Proposition 8.3, we convert the companion torus knot Tp,q to a trivial knot O by
twisting along sp and sq alternately several times; the cable knot K then becomes
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a torus knot Tr′,s for some integer r′. Thus there is a path in T ′ from (K, m) to
(Tr′,s,m

′) ∈ T for some integer m′.
Let us assume that K ∼= C2rs−ε,2(Cr,s((Tp,q)), a cable of a cable of a torus knot

described in Lemma 8.6(3). Then twisting K along sp and sq several times, we can
untie the companion knot Tp,q and then obtain an (r′, 2) cable of Tr′′,s for some
integers r′ and r′′. Hence, there is a path in T ′ from (K, m) to a Seifert surgery
(Cr′,2(Tr′′,s),m′) for some integer m′. It then follows from the preceding paragraph
that there is a path in T ′ from the latter surgery to a vertex in T . We thus obtain
a desired path in T ′ from (K, m) to the vertex in T .

Finally assume that K ∼= Tp,q]Tr,s, a connected sum of two nontrivial torus
knots described in Lemma 8.6(4). Then untie the connected summand Tp,q by a
sequence of twisting along seiferters sp and sq; then K is changed to Tr,s. This
sequence gives a path in T ′ from (Tp,q]Tr,s, pq + rs) to (Tr,s,m

′) ∈ T for some
integer m′.

The proof of Theorem 8.10 is then completed. �(Theorem 8.10)

We close this section with the following.

Lemma 8.11. If (K, m) is a (lens)](lens) surgery on a graph knot K, then the
S–linear tree generated by an arbitrary basic seiferter for K or its companion torus
knot(s) consists of (lens)](lens) surgeries on graph knots and possibly lens surgeries
on a trivial knot.

Proof of Lemma 8.11. By Lemma 8.6 (K, m) is either (Tp,q, pq) or (Cr,s(Tp,q), rs),
where r = pqs ± 1. Let sp, sq be the basic seiferters for K in the former case, and
for the companion torus knot of K in the latter case.

If K is a torus knot, then the result follows from Lemma 8.5. So assume K
is a cable knot Cr,s(Tp,q), where q ≥ 2, s ≥ 2 and r = pqs ± 1. For any integer
n, the n–twist along sp changes (K, m) to (Cr+nq2s,s(Tp+nq,q), rs + nq2s2). Since
|r + nq2s − (p + nq)qs| = |r − pqs| = 1 and the surgery slope is (r + nq2s)s, by
Proposition 3.18 the resulting surgery yields L(r+nq2s, sq2)]L(s,±1). Replacing r
by pqs± 1, we have |r +nq2s| = |pqs± 1+nq2s| = |qs(p+nq)± 1|. Since (p, q) = 1
and q ≥ 2, p + nq 6= 0 for any integer n, and furthermore since s ≥ 2 and qs ≥ 4,
|r + nq2s| = |qs(p + nq)± 1| cannot be 1 for any integer n. Thus all the vertices on
Ssp(K, m) are (lens)](lens) surgeries. Similarly, we obtain the required result for
the seiferter sq. �(Lemma 8.11)



CHAPTER 9

Paths from various known Seifert surgeries to
those on torus knots

The aim of this chapter is to find paths from various examples of Seifert surg-
eries to those on torus knots. There are several methods of obtaining Seifert surg-
eries: Berge’s primitive/primitive construction [5] producing lens surgeries, Dean’s
primitive/Seifert–fibered construction [17, 18] producing small Seifert surgeries,
and Montesinos trick [8, 12, 25, 26]. In Sections 9.1–9.3, we demonstrate that
Seifert surgeries obtained by each method are surely connected to the subnetwork
T . As for toroidal Seifert fibered surgeries (K,m), not many examples are known;
in particular, there is no example such that K is a hyperbolic knot and the base
space of K(m) is S2. We give examples of toroidal Seifert surgeries (K, m) con-
nected to T : the case where the base space of K(m) is S2 and K is a satellite
knot with positive Gromov volume (i.e. K is not a graph knot) is dealt with in
Section 9.4, and the case where the base space is RP 2 and K is hyperbolic is in
Section 9.5.

9.1. Lens surgeries given by primitive/primitive construction

We first recall Berge’s primitive/primitive construction that produces lens surg-
eries. A knot K on the boundary of a genus two handlebody H is said to be primitive
if K represents a generator of π1(H) = Z ∗Z; in other words, the manifold H ∪K h
obtained by attaching a 2–handle h to H along K is a solid torus. Let K be a
knot contained in a genus two Heegaard surface F of S3, and S3 = H ∪F H ′ the
genus two Heegaard splitting of S3 given by F . A regular neighborhood N(K) in
S3 is chosen so that N(K) ∩ F is a regular neighborhood of K in F . The isotopy
class of a component of ∂N(K)∩F in ∂N(K) is called the surface slope of K with
respect to F , and denoted by γ. If K is primitive with respect to both H and H ′,
K is said to be primitive/primitive with respect to the Heegaard surface F . Then,
performing Dehn surgery on a primitive/primitive knot K ⊂ F along the surface
slope γ, we obtain a union of two solid tori (H ∪K h)∪ (H ′∪K h′), a lens space. We
say that the lens surgery (K, γ) is obtained by a primitive/primitive construction
or Berge’s construction. In [5], Berge gave twelve explicit families of lens surgeries
given by primitive/primitive constructions; the lens surgeries in these families are
called Berge’s lens surgeries.

Conjecture 9.1 (Gordon [35]). If (K, m) is a lens surgery, then this surgery
is one of the Berge’s lens surgeries.

If K is a satellite knot and K(m) is a lens space, then K is a (2pq ± 1, 2) cable
of Tp,q and m = 4pq ± 1 [9, 84, 86]. These surgeries are studied in Section 8.2. In
our previous paper [20], we locate all Berge’s lens surgeries on hyperbolic knots in
the Seifert Surgery Network, and find that they are close to the subnetwork T .
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Theorem 9.2 (Theorem 1.4 in [20]). Let (K, m) be a Berge’s lens surgery on a
hyperbolic knot K. Then (K,m) is connected to either a lens surgery (T2n±1,εn, εn(2n±
1) − ε) for some n and ε = ±1 or a (lens)](lens) surgery (Tp,q, pq) by a path going
along at most two S–linear trees; hence c(K,m) = 1 or 2.

Here we give an example of a Berge’s lens surgery together with a path in the
Seifert Surgery Network connecting to a Seifert surgery on a torus knot.

Example 9.3 (Berge’s lens surgery). Let K be the knot contained in a
genus two Heegaard surface F of S3 as described in Figure 9.1. Then K is prim-
itive/primitive with respect to F , and has surface slope 18. The knot K is called
Type III in Berge [5], and denoted by III11[1] in [20]. Actually III11[1] is the (−2, 3, 7)–
pretzel knot. The lens surgery (P (−2, 3, 7), 18) is known as Fintushel–Stern exam-
ple [27].

K

x y

u v

Figure 9.1. Primitive/primitive description of K

We fix bases (u, v) and (x, y) of π1(H) = 〈u, v〉 and π1(H ′) = 〈x, y〉, respectively
as in Figure 9.1. Then K with orientation given in Figure 9.1 represents vu−1v3u−1v
in π1(H) which is conjugate to (v2u−1)2v, and y4x in π1(H ′). This shows that K
is primitive with respect to both H and H ′.

Let c be a core of H as in Figure 9.2(a). Then we can show that c is a seiferter
for the lens surgery (K, 18). The key idea is the following lemma.

Lemma 9.4 (Lemma 3.5 in [20]). Let S3 = H ∪F H ′ be a genus two Heegaard
splitting of S3, and k a knot in the Heegaard surface F . Assume that k ⊂ F is
primitive/primitive with surface slope γ. Then a knot c in intH becomes a regular
fiber in some Seifert fibration of the lens space k(γ) if the following two conditions
hold.

(1) c is isotopic in S3 − k to a simple closed curve c′ ⊂ F − k.
(2) c′ does not bound a disk in either H ∪k h or H ′ ∪k h′.

The knot c in Figure 9.2(a) is isotopic to the simple closed curve c′ ⊂ F in
Figure 9.2(b). Using a simple, group theoretic argument, we can check that c
bounds a disk in neither H ∪K h nor H ′ ∪K h′; see [20] for details. Hence by
Lemma 9.4, c is a seiferter for (K, 18) as desired.
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K

c’

K

c

(a)                                                                                      (b)

Figure 9.2. c is isotopic to c′.

Now let us show that K is the (−2, 3, 7)–pretzel knot and depict the seiferter c
together with the pretzel knot. To do this, we first put K in a solid torus as a 1–
bridge braid. See Figure 9.3. Applying to K∪c a sequence of isotopies in Figures 9.4
and 9.5, we realize that K is the (−2, 3, 7)–pretzel knot P (−2, 3, 7) and clarify the
position of c. It is interesting to compare the two seiferters for (P (−2, 3, 7), 18): c
in Figure 9.5 and c′ in Figure 1.1. The former seiferter has linking number four
with P (−2, 3, 7) and the latter one has linking number five with P (−2, 3, 7). Thus
they are distinct seiferters for (P (−2, 3, 7), 18).

K

c

K

c
isotopy

Figure 9.3. 1–bridge braid position of K.

Finally we demonstrate that (−1)–twist along c converts K to a trivial knot.
(−1)–twist along c converts K in Figure 9.2 into K−1 in Figure 9.6, which is a
trivial knot O. Since lk(K, c) = 4, the surgery slope 18 becomes 2 = 18 + (−1)42

after the twist. We thus have an edge connecting (K, 18) and (O, 2).

Remark 9.5. In [21], we show that (P (−2, 3, 7), 18) is connected to (T−3,2,−7)
by the edge corresponding to the seiferter c′ in Figure 1.1. Note that 1–twist along
the basic seiferter s−3 for (T−3,2,−7) converts (T−3,2,−7) into (O, 2). Hence, we
have a triangle with vertices (P (−2, 3, 7), 18), (O, 2), and (T−3,2,−7) as in Fig-
ure 9.7.

9.2. Seifert surgeries given by primitive/Seifert–fibered construction

Dean [17, 18] made a natural modification to Berge’s construction in Sec-
tion 9.1. A knot K on the boundary of a genus two handlebody H is said to be
(m,n) Seifert–fibered or simply Seifert–fibered with respect to H if π1(H ∪K h) has
a presentation 〈u, v|umvn = 1〉, where m,n ≥ 2. As shown in [17, 18] K is (m,n)
Seifert fibered if and only if H ∪K h is a Seifert fiber space over the base orbifold
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2

2

c c

c

c

c
c

Figure 9.4. Continued from Figure 9.3.

5

5

2

7 c

7

4

7

c c

c

c
c

Figure 9.5. Continued from Figure 9.4.
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cK-1 K-1

K-1

Figure 9.6. K−1 is a trivial knot in S3.

(P(-2,3,7), 18)

(T      , -7)-3,2 (O, 2)

(c, (-1)-twist)(c , 1-twist)’

Figure 9.7. c is the seiferter for (P (−2, 3, 7), 18) in Figure 9.5; c′

is the seiferter for (T−2,3,−7) in Figure 1.1.

D2(m,n). Suppose that a knot K on a genus two Heegaard surface F is primitive
with respect to H ′ and Seifert–fibered with respect to H, where H ∪F H ′ = S3

is a Heegaard splitting of S3. Then for the surface slope γ of K ⊂ F , K(γ) is a
Seifert fiber space over S2 with at most three exceptional fibers or a connected sum
of two lens spaces. (In fact the latter case does not occur if K is hyperbolic and
the cabling conjecture [33] holds.) This construction of Seifert surgeries is called
Dean’s construction or the primitive/Seifert–fibered construction, and K is said to
be primitive/Seifert–fibered with respect to F .

In [17, 18], Dean introduced twisted torus knots K(p, q, r,m, n), which is,
loosely speaking, obtained by adding n twists to r parallel strands of a torus knot
Tp,q. He studied in detail when K(p, q, r, 1,±1) are primitive/Seifert–fibered.

Example 9.6 (Dean’s twisted torus knots). The Dean’s twisted torus knot
K(5, 7, 4, 1, 1) is obtained from T5,7 by 1–twist along τ in Figure 9.8. In the following
we write D(5, 7, 4) for K(5, 7, 4, 1, 1) for simplicity.
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t

Figure 9.8. Torus knot T5,7

The knot D(5, 7, 4) is naturally embedded in a genus 2 Heegaard surface of S3

as in Figure 9.9. We denote by H and H ′ the genus 2 handlebodies inside of the
Heegaard surface and outside of the surface, respectively.

t

t

x y

u v

H

H’

Figure 9.9. Twisted torus knot D(5, 7, 4)

We fix bases (u, v) and (x, y) of π1(H) = 〈u, v〉 and π1(H ′) = 〈x, y〉 as in Fig-
ure 9.9. Then D(5, 7, 4) (with orientation given in Figure 9.9) represents (u(uv)2)3(uv)−2

in π1(H), and (xy)4x in π1(H ′). This shows that D(5, 7, 4) is primitive with respect
to H ′ and (3,−2) Seifert–fibered with respect to H. The surface slope of K in ∂H
is 5 · 7 + 42 = 51. Thus (D(5, 7, 4), 51) is a Seifert surgery.

The (−1)–twist along τ converts D(5, 7, 4) into the torus knot T5,7. However,
we have:

Claim 9.7. The twisting circle τ is not a seiferter for (D(5, 7, 4), 51).

Proof of Claim 9.7. For simplicity we set K = D(5, 7, 4). Assume for a contradiction
that τ is a seiferter for (K, 51). Then (−1)–twist along τ converts the Seifert surgery
(K, 51) to the Seifert surgery (T5,7, 35), a (lens)](lens) surgery. Besides, after 1–
twist along τ the image K ′ of K represents (u(uv)2)3(uv)−2 in π1(H) and (xy2)5y−2

in π1(H ′). This shows that K ′ is Seifert fibered in both π1(H) and π1(H ′). This
then implies that K ′(51+42) = K ′(67) is toroidal. Thus the S–linear tree Sτ (K, 51)
contains both a (lens)](lens) surgery and a toroidal Seifert surgery. This contradicts
Theorem 5.4. Hence τ cannot be a seiferter. �(Claim 9.7)
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Actually, the knots cuv and cxy given in Figure 9.10 are seiferters for (D(5, 7, 4), 51).
Furthermore, we show that:

Lemma 9.8. {cuv, cxy} is a pair of seiferters for the Seifert surgery (D(5, 7, 4), 51)
such that cuv ∪ cxy is the (4, 2) torus link in S3. In fact, (cuv, cxy) is an annular
pair of seiferters for (D(5, 7, 4), 51).

cuv

cxy

Figure 9.10. {cuv, cxy} is a pair of seiferters for (D(5, 7, 4), 51).

We cannot apply Lemma 9.4 to detect a seiferter for (D(5, 7, 4), 51) because
D(5, 7, 4) is not primitive with respect to H. We prove a general lemma to detect
a seiferter for primitive/Seifert–fibered construction.

Let K be a knot on ∂H such that K is (m,n) Seifert–fibered with respect to
H, where H is a genus 2 handlebody standardly embedded in S3. Let c be a core
of H which is a trivial knot in S3. Then after p–twist along c ∂H remains a genus
2 Heegaard surface of S3. We denote the image of K under the p–twist along c by
Kp(⊂ ∂H). We say that c(⊂ intH) is an algebraic exceptional fiber if c represents
a conjugate of x or y in π1(H ∪K h) = 〈x, y | xmyn = 1〉.

Lemma 9.9. Let K,H, c be as above. Assume that c is an algebraic exceptional
fiber in H ∪K h, and that Kp(⊂ ∂H) is Seifert–fibered for some p with |p| > 3.
Then c is an exceptional fiber in both H ∪K h and H ∪Kp h.

Proof of Lemma 9.9. Without loss of generality we assume that c represents a
conjugate of x for some presentation π1(H ∪K h) = 〈x, y | xmyn = 1〉 (m,n ≥ 2).
Let C be the center of G = π1(H ∪K h). The center C is an infinite cyclic group
generated by xm(= y−n). We denote the quotient homomorphism G → G/C by q.
Then, G/C ∼= Zm ∗ Zn, and the image q(x) has order m in G/C.

Claim 9.10. Let F be a Seifert fibration of H ∪K h over D2(m,n). Then, c is
homotopic in H ∪K h to an exceptional fiber (in F) of index m.

Proof of Claim 9.10. The Seifert fibration F induces another presentation of G:
G = 〈t1, t2 | tm1 tn2 = 1〉, where the conjugacy classes of t1, t2 are represented by ex-
ceptional fibers (in F) of indices m, n, respectively. Since the center C is generated
also by tm1 (= t−n

2 ), we have G/C = A ∗ B, where A,B are the cyclic subgroups
of orders m,n generated by q(t1), q(t2), respectively. Since q(x) ∈ G/C has finite
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order, by [57, Corollary 4.1.4] q(x) is conjugate to an element in A or B. This
implies that the conjugacy class of x in G is represented by tki (i = 1 or 2) for
some k. The infinite cyclic group C is generated by any one of xm, tm1 , tn2 , so that
xm = tkm

i is t±m
1 (= t∓n

2 ). If i = 1, then we have k = ±1 and thus x is conjugate
to t±1

1 . This implies that c is homotopic to an exceptional fiber of index m, as
claimed. If i = 2, then x is conjugate to tk2 and km = ±n. Then, adding the
relation tk2 = 1 to G yields 〈t1, t2|tm1 = 1, tk2 = 1〉 ∼= Zm ∗ Zk. On the other hand,
G with x = 1 is isomorphic to Zn. It follows k = 1 and m = n. This implies that
the conjugacy class of x is represented by an exceptional fiber of index m = n, as
desired. �(Claim 9.10)

Claim 9.11. The algebraic exceptional fiber c is not homotopic in H ∪K h to a
loop in ∂(H ∪K h).

Proof of Claim 9.11. Let P be the image of π1(∂(H ∪K h)) → π1(H ∪K h); P is
a free abelian group of rank 2. Since a regular fiber in ∂(H ∪K h) represents a
generator of the center C, the quotient q(P ) is an infinite cyclic group. Hence, if
[c] ∈ P , then q([c]) is trivial or an element of infinite order in G/C. This contradicts
the fact that q(x) = q([c]) is of order m ≥ 2. �(Claim 9.11)

Claim 9.12. H ∪K h − intN(c) is irreducible.

Proof of Claim 9.12. If H ∪K h− intN(c) is reducible, then it contains an essential
sphere S. Since H ∪K h is irreducible, S bounds a 3–ball in H ∪K h containing c.
It follows that x ∈ π1(H ∪K h) is trivial, a contradiction. �(Claim 9.12)

We show that H ∪K h − intN(c) is a Seifert fiber space. Assume not; then
H ∪K h− intN(c) is hyperbolic or toroidal. Note that H ∪Kp h = (H ∪K h)(c;− 1

p ).
Hence, if H∪K h−intN(c) were hyperbolic, then the fact that both (H∪K h)(c;− 1

p )
and H ∪K h = (H ∪K h)(c; 1

0 ) are Seifert fiber spaces would imply that |p| ≤ 3
by [41, Corollary 1.2]. This contradicts the assumption |p| > 3. It follows that
H ∪K h − intN(c) contains an essential torus T .

Since H ∪K h contains no essential torus, T is either compressible in H ∪K h
or parallel to ∂(H ∪K h) in H ∪K h. In the latter case, T and ∂(H ∪K h) cobound
a product space T × [0, 1] containing c. Then c is homotopic to ∂(H ∪K h) in
H ∪K h; this contradicts Claim 9.11. Hence, T is compressible in H ∪K h. Since
H ∪K h (a Seifert fiber space over D2(m,n)) is obtained from two solid tori by
gluing along non-meridional annuli, the Mayer–Vietoris exact sequence shows that
H2(H ∪K h) = {0}. Hence any orientable, closed surface in H ∪K h is separating.
Split H ∪K h along T , and let V be the component containing c. Then T (⊂ ∂V ) is
compressible in V .

Claim 9.13. V is a solid torus, and c is a cable of V .

Proof of Claim 9.13. There are two cases on V : (1) ∂V = T ; (2) ∂V = T ∪∂(H ∪K

h). Let D be a compressing disk for T in V . Since H ∪K h is irreducible, the
2–sphere ∂(V − intN(D)) bounds a 3–ball in H ∪K h. In case (1), V − intN(D)
is a 3–ball, so that V is a solid torus. In case (2), (H ∪K h − intV ) ∪ N(D) is
a 3–ball and so V − intN(D) is homeomorphic to a punctured H ∪K h; hence
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V ∼= S1 × D2](H ∪K h). On the other hand, since H ∪Kp h = (H ∪K h)(c;− 1
p )

is a Seifert fiber space over the disk with two exceptional fibers, it contains no
essential torus. Hence, for some p with |p| > 3 either T is compressible in V (c;− 1

p )
or parallel to ∂(H ∪Kp h) in V (c;− 1

p ).
Assume that T compresses in V (c;− 1

p ). Since |p| > 3, by [87, Theorem 2] c

is isotopic in V to T . Then, in case (1) above c is a cable of the solid torus V
as claimed. In case (2), T is contained in the 3–ball (H ∪K h − intV ) ∪ N(D′) in
H ∪Kp h, where D′ is a compressing disk for T in V (c;− 1

p ). It follows that c is null-
homotopic in H ∪K h, a contradiction to the fact that c is an algebraic exceptional
fiber. Hence T is not compressible in V (c;− 1

p ), so that V (c;− 1
p ) ∼= T × [0, 1]. Then

case (2) holds, and so V ∼= S1 × D2](H ∪K h). Let γ be the slope of ∂D in T ,
and M the Dehn filling on V along the slope γ. It follows M ∼= S1 × S2](H ∪K h).
On the other hand, M(c;− 1

p ) is the union of V (c;− 1
p )(∼= T × [0, 1]) and a solid

torus along T , so that M(c;− 1
p ) ∼= S1 × D2. We thus see that a Dehn surgery on

S1×D2 yields a connected sum of S1×S2 and an irreducible, boundary–irreducible
manifold H ∪K h. This contradicts [79]. �(Claim 9.13)

If H ∪K h− intV contained an essential torus T ′, then let V ′ be the 3–manifold
in H ∪K h such that ∂V ′ = T ′ and c ⊂ V ′. Applying Claim 9.13 to V ′, we see
that T ′ and ∂N(c) would cobound a cable space containing an essential torus T , a
contradiction. It follows that H ∪K h − intV contains no essential torus, and thus
is either hyperbolic or Seifert fibered.

Let s(≥ 2) be the winding number of c in V . We now let cV be a core of the solid
torus V , and γ, γp meridians of the solid tori V , V (c;− 1

p ), respectively. We choose
N(cV ) to be V . Then, we have H ∪Kp h = (H ∪K h)(cV ; γp) and ∆(γ, γp) = s2 ≥ 4.
If H ∪K h − intV is hyperbolic, the fact that the γ– and γp–surgeries of H ∪K h
along cV are both Seifert fiber spaces shows that ∆(γ, γp) ≤ 3 by [41, Corollary 1.2].
This is a contradiction. It follows that H ∪K h− intV is a Seifert fiber space. From
irreducibility of H ∪K h, we see that cV is a fiber in some Seifert fibration F of
H ∪K h.

Claim 9.14. F is a Seifert fibration over the disk with two exceptional fibers
of indices m,n.

Proof of Claim 9.14. If not, F is a Seifert fibration over the Möbius band with
no exceptional fibers. Then H ∪K h − intN(cV ) is a twisted circle bundle over
the Möbius band with a hole, and thus contains an essential torus. This is a
contradiction. �(Claim 9.14)

Now we divide our argument into three cases and derive a contradiction in each
case: (1) cV is a regular fiber; (2) cV is an exceptional fiber of index m; (3) cV is
an exceptional fiber of index n( 6= m).

Let c̃, c̃V be elements of π1(H ∪K h) represented by c, cV up to conjugacy,
respectively. Note that since c is a cable of cV , c̃ is conjugate to c̃s

V in π1(H ∪K h),
where s ≥ 2. The Seifert fibration F induces the group presentation of G =
π1(H ∪K h): G = 〈t1, t2 | tm1 tn2 = 1〉, where the conjugacy classes of t1, t2 are
represented by exceptional fibers in F of indices m,n, respectively. By Claim 9.10
c̃ is conjugate to t1. Thus t1 is conjugate to c̃s

V . Cases (1)–(3) above correspond
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to cases whether c̃V is conjugate to tm1 , t1, or t2. Hence, in case (1) t1 is conjugate
to (tm1 )s, which is contained in the center of G, a contradiction. In case (2), t1 is
conjugate to ts1 in G. Hence [t1], the first homology class represented by t1, has
order at most s − 1(≥ 1) in H1(H ∪K h) = 〈[t1], [t2] | m[t1] + n[t2] = 0〉. This is
impossible. In case (3), t1 is conjugate to ts2. Then, G with the relation t2 = 1 added
becomes a trivial group. This contradicts the fact 〈t1, t2 | tm1 tn2 = 1, t2 = 1〉 ∼= Zm.
We have proved that H ∪K h− intN(c) is neither hyperbolic nor toroidal. It follows
that H ∪K h − intN(c) is a Seifert fiber space.

Now take any Seifert fibration F on H ∪K h − intN(c). Since H ∪K h is
irreducible, F extends to a Seifert fibration F on H ∪K h so that c is a fiber. We
note that the base orbifold of F is either the disk with two cone points or the
Möbius band with no cone points.

Finally let us show that c is an exceptional fiber in both H ∪K h and H ∪Kp h.
Since c represents x (up to conjugacy) which is not contained in the center of
π1(H ∪K h), c is not a regular but exceptional fiber of F . Hence, F is a Seifert
fibration over the disk with two exceptional fibers, so that F is a Seifert fibration
over the annulus with one exceptional fiber. We recall that H ∪Kp h admits a
Seifert fibration over the disk with two exceptional fibers. Then, the irreducibility
of H ∪Kp h shows that F extends to a Seifert fibration Fp on H ∪Kp h. Since the
base space of Fp is the disk, Fp contains two exceptional fibers. It follows that the
image of c under p–twist is an exceptional fiber in Fp. �(Lemma 9.9)

Proof of Lemma 9.8. For simplicity set K = D(5, 7, 4), and recall that H is the
genus 2 handlebody containing K as in Figure 9.10.

First we show that cuv is a Seifert fiber in H ∪K h using Lemma 9.9. Let us
denote by Kuv

p the knot obtained from K by p–twist along cuv. Note that Kuv
p

represents (u(uv)4p+2)3(uv)−3p−2 in π1(H). This means that Kuv
p is (3,−3p − 2)

Seifert–fibered with respect to H for any integer p 6= −1. Since cuv representing uv
up to conjugacy is an algebraic exceptional fiber in H ∪K h, Lemma 9.9 shows that
cuv is an exceptional fiber in a Seifert fibration F of H ∪K h. This then implies
that cuv is a seiferter for (K, 51).

Let us show that cxy is also a Seifert fiber in the Seifert fibration of K(51)
obtained by extending F . It is not difficult to see that the knot Kxy

p obtained
from K by p–twist along cxy represents (xy)4+11px in π1(H ′). It follows that Kxy

p

is primitive with respect to H ′ for any p, and cxy represents the generator xy
of π1(H ∪Kp h). Then the lemma below assures that cxy is a core of the solid
torus H ′ ∪K h′. Hence the Seifert fibration F of H ∪K h extends over K(51) =
(H∪K h)∪(H ′∪K h′) so that the core cxy is a Seifert fiber in K(51). We have shown
that {cuv, cxy} is a pair of seiferters for (K, 51). Figure 9.10 shows that cuv ∪ cxy is
the (4, 2) torus link in S3.

Since cuv ∪ cxy spans an annulus which cannot be disjoint from K (because
lk(cuv,K) = 9 6= 11 = lk(cxy, K)), (cuv, cxy) is an annular pair of seiferters.

�(Lemma 9.8)

Lemma 9.15. Suppose that K is primitive with respect to H and c represents
a generator of π1(H ∪K h). If Kp(⊂ ∂H) is also primitive for some p 6= 0, then
c(⊂ intH) is a core of the solid torus H ∪K h. In particular, c is a Seifert fiber in
any Seifert fibration of H ∪K h.
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Proof of Lemma 9.15. Recall that H ∪Kp h is obtained from H ∪K h by (− 1
p )–

surgery along c. By the assumption H ∪Kp h is also a solid torus. It then follows
from [29] that c is a 0– or 1–bridge braid in H ∪K h. Since c represents a generator
of π1(H ∪K h), c is a core of H ∪K h. �(Lemma 9.15)

The pair of seiferters {cuv, cxy} forms the (4, 2) torus link. Let {c1, c2} =
{cuv, cxy}; then c1 is the (1, 2) cable of the solid torus S3 − intN(c2). Hence, (−1)–
twist along one component converts cuv∪cxy to the (−4, 2) torus link. The resulting
link is a pair of seiferters and we can perform twistings along each component. We
thus obtain the following lemma. For simplicity, we denote the images of cuv, cxy

under twistings along these components by the same symbols cuv, cxy, respectively.

Lemma 9.16. We have sequences of twistings:
• (cuv, (−1)–twist) → (cxy, 1–twist) → (cuv, (−1)–twist) → · · ·
• (cxy, (−1)–twist) → (cuv, 1–twist) → (cxy, (−1)–twist) → · · ·

Applying these sequences, we see that the images of {cuv, cxy} become a sequence of
pairs of seiferters which form the (−4, 2) and (4, 2) torus links alternately.

To see how the sequences in Lemma 9.16 change the knot D(5, 7, 4) in the
handlebody H, we describe the effect of the twistings on H. See Figures 9.11 and
9.12.

(-1)-twist

along c

isotopy

1-twist

along c

xyc

uvc

xyc

xyc xyc

uvc

uvc uvc

uv

xy

Figure 9.11

Lemma 9.17. The sequence (cuv, (−1)–twist) → (cxy, 1–twist) → (cuv, (−1)–twist)
converts (D(5, 7, 4), 51) to (T−3,2,−6).

Proof of Lemma 9.17. Let D−1(5, 7, 4), D−1,1(5, 7, 4), D−1,1,−1(5, 7, 4) be the knots
obtained from D(5, 7, 4) by applying the sequence (cuv, (−1)–twist) → (cxy, 1–twist)
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along c

isotopy

1-twist

xyc

uvc

xyc

uvc

xyc

uvc

xyc

uvc

(-1)-twist

along cxy

uv

Figure 9.12

→ (cuv, (−1)–twist) successively. Since lk(cuv, D(5, 7, 4)) = 9, performing (−1)–
twist on the Seifert surgery (D(5, 7, 4), 51) along the seiferter cuv, we obtain the
Seifert surgery on D−1(5, 7, 4) with the surgery coefficient 51 + (−1)92 = −30.

The diagram of D(5, 7, 4) on ∂H drawn in Figure 9.10 has many parallel lines.
So, for simplicity, we use train tracks to describe knots on ∂H. The diagram of
D(5, 7, 4) on ∂H is recovered from the train track in Figure 9.13(a) by splitting
Y-shaped parts as in Figure 9.13(b). See Figure 9.14 for the recovery.

l uv

(a)                                                                                                              (b)
D(5, 7, 4)

Y-shaped part

splitting

Figure 9.13. Train track presentation of D(5, 7, 4) and luv

By pushing cuv(⊂ intH) to ∂H we obtain the simple closed curve luv described
in Figure 9.13(a) which has surface slope 0 in ∂H. Then D−1(5, 7, 4) is obtained
from D(5, 7, 4) by applying (−1)–Dehn twist along luv, i.e. twisting once to the
right about the curve luv; see Figure 9.15. Applying (−1)–Dehn twist along luv to
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after splitting Y-shaped part

isotopy

Figure 9.14. The right hand side is the diagram of D(5, 7, 4) in Figure 9.10.

the train track of D(5, 7, 4) in Figure 9.13(a), we obtain that of D−1(5, 7, 4) as in
Figure 9.16.

D(5,7,4) D (5,7,4)
-1

luvluv

cuv cuv

Figure 9.15. (−1)–twist along cuv is the same as (−1)–Dehn
twist along luv.

l uv

D (5, 7, 4)
-1

Figure 9.16. The result of (−1)–Dehn twist on D(5, 7, 4) along luv

Isotope D−1(5, 7, 4) along the arrows in Figure 9.16 to obtain Figure 9.17.
Applying 1–twist along cxy (the image of the original cxy after the (−1)–twist along
cuv), we obtain the Seifert surgery on D−1,1(5, 7, 4) with the coefficient −30+72 =
19. The simple closed curve lxy in Figure 9.17 is cxy(⊂ intH ′) pushed into ∂H ′ =
∂H so that its surface slope in ∂H is 0. Note that D−1,1(5, 7, 4) is obtained from
D−1(5, 7, 4) by applying 1–twist along cxy (which corresponds to (−1)–Dehn twist
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along lxy). Figure 9.18 illustrates the train track of D−1,1(5, 7, 4) obtained by the
(−1)–Dehn twist along lxy and isotopies in ∂H. (As we observe in Remark 9.18(2),
D−1,1(5, 7, 4) is the pretzel knot P (−2, 3, 7).)

l xy

D (5, 7, 4)
-1

Figure 9.17

D (5, 7, 4)
-1,1

isotopy

isotopy

Figure 9.18

Applying an isotopy in S3 described in Figure 9.11 to the last figure in Fig-
ure 9.18, we obtain Figure 9.19 below.

Finally we perform (−1)–twist on (D−1,1(5, 7, 4), 19) along cuv, and obtain the
Seifert surgery on D−1,1,−1(5, 7, 4) with the coefficient 19 + (−1)52 = −6. As illus-
trated in Figure 9.15, the (−1)–Dehn twist along luv has the same effect on knots
in ∂H as the (−1)–twist along cuv. In Figure 9.20, the diagram of D−1,1,−1(5, 7, 4)
is obtained from that of D−1,1(5, 7, 4) by the (−1)–Dehn twist along luv.

Figure 9.21 illustrates D−1,1,−1(5, 7, 4)∪cuv ∪cxy obtained from the train track
in Figure 9.20. It follows from Lemma 9.8 and Proposition 2.6 that {cuv, cxy} in
Figure 9.21 is a pair of seiferters for the Seifert surgery (D−1,1,−1(5, 7, 4),−6).

Figure 9.22 shows that D−1,1,−1(5, 7, 4) is the torus knot T−2,3 = T−3,2 and cxy

is the basic seiferter s2. �(Lemma 9.17)
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D (5, 7, 4)
-1,1

cxy

c uv

Figure 9.19

D (5, 7, 4)
-1,1,-1

D (5, 7, 4)
-1,1

(-1)-Dehn twist

along l

D (5, 7, 4)
-1,1,-1

isotopy

l uv

uv

luv

Figure 9.20

D (5, 7, 4)
-1,1,-1

cxy

c uv

Figure 9.21. D−1,1,−1(5, 7, 4) ∪ cuv ∪ cxy
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cxy

D (5, 7, 4) = T       = T
-1,1,-1

-2,3 -3,2

Figure 9.22. D−1,1,−1(5, 7, 4) ∪ cxy
∼= T−3,2 ∪ s2

Remark 9.18. (1) The sequence of isotopies in S3 in Figures 9.23, 9.24
and 9.25 shows that the seiferter cuv for (D−1,1,−1(5, 7, 4),−6) is the
same as the seiferter c′ for (T−3,2,−7) given in Figure 1.1. This shows
that c′ is a seiferter for (T−3,2,−6) as well as (T−3,2,−7). A proof of this
fact is given in [21]. Therefore, D−1,1,−1(5, 7, 4) ∪ cuv ∪ cxy

∼= T−3,2 ∪
c′ ∪ s2.

(2) As indicated in Figure 1.1, 1–twist along the seiferter c′ converts T−3,2

into P (−2, 3, 7); see [21] for a proof. Thus (D−1,1(5, 7, 4), 19)= (P (−2, 3, 7), 19).

D (5, 7, 4)
-1,1,-1

isotopy

isotopy

isotopy

c uv

cxy

c uv

cxy

c uv

cxy

c uv

cxy

Figure 9.23

To indicate the location of (D(5, 7, 4), 51) we give a portion of the network in
Figure 9.26, an expansion of Figure 9.7.



9.2. DEAN’S SEIFERT SURGERIES 115

isotopy

isotopy

isotopy

cxy

c uv

cxy

c uv

cxy

c uv

cxy

c uv

Figure 9.24. Continued from Figure 9.23

cuv

c      c’uv =

Figure 9.25. Continued from Figure 9.24
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(P(-2,3,7), 18)

(T     , -7)-3,2

(O, 2)

(P(-2,3,7), 19)

(T     , -6)
-3,2

(T     , -16)-3,5

(D(5,7,4), 51)

( , (-1)-twist)c uv

( , 1-twist)c xy

( , (-1)-twist)c uv

Figure 9.26. A path from (D(5, 7, 4), 51) to (T−3,2,−6)

9.3. Seifert surgeries given by the Montesinos trick

Using the Montesinos trick, Bleiler and Hodgson [8], Eudave-Muñoz [25, 26],
and Boyer and Zhang [12] have produced many examples of Seifert fibered surgeries
on hyperbolic knots.

In this section, we consider [12, Example 10.3] and explain how to identify a
seiferter for a Seifert surgery obtained via Montesinos trick. In [19], we will study
examples of Seifert surgeries given in [26] from a networking viewpoint.

Example 9.19 (Seifert surgeries arising from Montesinos trick [12]).
Let Kn ∪ cn be the ordered link in S3 obtained from the ordered link K ∪ c in
Figure 9.27(b) after n–twist along c. Then, the surgered manifold Kn(16n− 1) is a
Seifert fiber space over S2 with three exceptional fibers of indices 3, 5, |n− 1|. The
trivial knot cn is a seiferter for (Kn, 16n−1) for any n, and becomes the exceptional
fiber of index |n− 1| in Kn(16n− 1). Since K0 is a trivial knot O, (Kn, 16n− 1) is
obtained from (O,−1) by n–twist along the seiferter c = c0 in Figure 9.27(b).

Proof of Example 9.19. Since lk(K, c) = 4, the manifold obtained from S3 by
performing the (− 1

n )– , and (−1)–surgeries in Figure 9.27(b) is Kn(16n − 1). The
manifold Kn(16− 1) has also the surgery description (K, c, α, β ; 1, 2n−1

n , 1
3 ,−1) as

shown in Figure 9.27(a). After 2n−1
n – , 1

3– , (−1)–surgeries along c, α, β the simple
closed curve K becomes the knot Kn in S3, and a core of the filled solid torus in
the surgery along c becomes cn ⊂ S3 − Kn; cn is unknotted in S3.

Let us show Kn(16n−1) is a Seifert fiber space. First note that K ∪c∪α∪β is
a strongly invertible link with a strong inversion with the axis L in Figure 9.27(a).
The strong inversion induces an involution on Kn(16n − 1), and the quotient of
Kn(16n − 1) by the involution is the 3–sphere with the branched link L′ in Fig-
ure 9.27(c). (Refer to [67, 7] for how to construct the branched link L′ in S3 by
“untangle surgery”.) Since L′ is the Montesinos link M( n

n−1 , −3
5 , 2

3 ), the double
branched cover Kn(16n − 1) of S3 along L′ is a Seifert fiber space over S2 with
three exceptional fibers of indices |n− 1|, 5, 3. As shown in [12], Kn is a hyperbolic
knot if n 6= 0, 1.
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quotient

isotopy

1

2n-1
n

-1

n

1
3

c
-1
nc

-1

KK

=

p

t

L

L’

t

B

n

(c)                                                                                                                    (d)

(a)                                                                   (b)

ba

Figure 9.27

Take a 3–ball B and an arc τ as in Figure 9.27(d). The tangle (B,B ∩ L′)
is a rational tangle, and τ is isotopic to the position in the right hand side figure
in Figure 9.28. It follows that π−1(B) is a solid torus and π−1(τ) is a core of
π−1(B). Note also that π−1(B) is the filled solid torus in the 2n−1

n –surgery along
c in Figure 9.27(a), so that cn = π−1(τ). Recall that π−1(B) is also a tubular
neighborhood of the exceptional fiber of index |n− 1| in Kn(16n− 1). We thus see
that cn(⊂ S3 −Kn) becomes the exceptional fiber of index |n− 1| in Kn(16n− 1).

�(Example 9.19)

Remark 9.20. (1) Note that (K0,−1) = (O,−1). As noticed in [12],
K1 is the (3, 5) torus knot T3,5. Thus c1 is an exceptional fiber of index
0 (i.e. a degenerate fiber) in T3,5(15). Since the linking number between
c1 and T3,5 is 4( 6= 1, |3 ± 5|), c1 is distinct from the meridional seiferter
and the seiferters c+

3,5, c−3,5 given in Section 4.2.
(2) The link K ∪ c in Figure 9.27(b) is isotopic to the link O ∪ cp with

p = 3, m = −1 in Figure 6.15 as ordered links.

9.4. Toroidal Seifert surgeries over S2

In Section 8.2, it is shown that the (pq + rs)–surgeries on Tp,q]Tr,s yields a
Seifert fiber space over S2 with four exceptional fibers of indices |p|, |q|, |r|, |s|, a
toroidal Seifert fiber space. Using basic seiferters sp, sq for the connected summand
Tp,q alternately, we find a path from the toroidal Seifert surgery to a Seifert surgery
on Tr,s; see Theorem 8.10.
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p

t

B

n

solid torus

t

=

cn

Figure 9.28

(P(-2,3,7), 18)

(T     , -7)-3,2
(O, 2)

(O, 3)

(P(-2,3,7), 19)

(T     , -6)-3,2

(T     , -16)-3,5

(O, 1)

(O, -2)

(O, -3)

(D(5,7,4), 51)

(O, -1)(T    , 15)3,5

(T    , 6)3,2

(K  , 16n-1)n (K  , 31)2

( , 1-twist)c( , 1-twist)c( , 1-twist)c

(O, 0)

n-1 1 0

Figure 9.29. A path from (K0,−1) = (O,−1) to (Kn, 16n − 1)
(n > 0) obtained by successive 1–twists along the seiferter c = c0

in Figure 9.27(b).
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In this section we consider toroidal Seifert fibered surgeries on satellite knots
Kp,q(r, s) with positive Gromov volume given in [63].

Example 9.21 (satellite knots with positive Gromov volume). Take
the non-basic seiferter c+

p,q for (Tp,q, pq) (|p| > q ≥ 2) in Figure 4.2. Let V be the
solid torus S3 − intN(c+

p,q) containing Tp,q in its interior. Choose an orientation
preserving embedding f : V → S3 such that f sends a core of V to an (r, s) torus
knot Tr,s and a preferred longitude of V to a regular fiber in ∂E(Tr,s). Denote by
Kp,q(r, s) the image f(Tp,q) ⊂ S3, a satellite knot with Tr,s a companion. If r = 1
(resp. s = 1), Kp,q(r, s) is the twisted torus knot K(p, q, s) (resp. K(p, q, r)) in
Section 4.2. The (pq + rs(p + q)2)–surgery on Kp,q(r, s) yields a Seifert fiber space
over S2 with four exceptional fibers of indices |p|, q, |r|, |s|. Twisting the Seifert
surgery (Kp,q(r, s), pq + rs(p + q)2) alternately along the basic seiferters sr, ss for
the companion torus knot Tr,s, we obtain (Tp,q, pq).

Proof of Example 9.21. In [63, Lemma 9.1] it is shown that V (Tp,q; pq) is a Seifert
fiber space over the disk with two exceptional fibers of indices |p|, q, and a preferred
longitude of V is a regular fiber in V (Tp,q; pq). Since the winding number of Tp,q in
V is p+ q and a regular fiber in ∂E(Tr,s) has slope rs, Kp,q(r, s)(pq + rs(p+ q)2) =
V (Tp,q; pq) ∪ E(Tr,s) is a Seifert fiber space over S2 with four exceptional fibers of
indices |p|, q, |r|, |s|.

The basic seiferters sr, ss for the companion knot Tr,s are seiferters for the
Seifert surgery v = (Kp,q(r, s), pq + rs(p + q)2). Since successive alternate twist-
ings along sr, ss convert Tr,s to the trivial knot T1,0 = T0,1 (Section 8.1), we ob-
tain a path from v to (Kp,q(1, 0), pq) = (Tp,q, pq), a degenerate Seifert surgery.

�(Example 9.21)

In Figure 9.30, we give a portion of the Seifert Surgery Network including
Seifert surgeries (K−11,13(4, 5),−63) and (K−11,13(4, 9), 1).

9.5. Toroidal Seifert surgeries over RP 2

As observed in Proposition 8.7 ([63, Example 8.2]), v = (C2pq±1,2(Tp,q), 4pq)
yields a Seifert fiber space over RP 2 with two exceptional fibers of indices |p|, |q|.
Theorem 8.10 shows that in the Seifert Surgery Network v is connected to a Seifert
surgery on a torus knot along edges corresponding to the basic seiferters sp, sq for
the companion torus knot Tp,q. We show that some of such surgeries are connected
to (O, 0) directly by edges corresponding to an annular pair of seiferters.

Let us take the link O ∪ c1 ∪ c2 as in Figure 9.31. Then we have:

Lemma 9.22. (c1, c2) is an annular pair of seiferters for (O, 0). The seiferter
c1 is a degenerate fiber and c2 is a regular fiber in a degenerate Seifert fibration of
O(0) = S2 ×S1; O(0)− intN(c1) is a Seifert fiber space over the Möbius band with
no exceptional fibers.

Proof of Lemma 9.22. This is essentially shown in [63]. In O(0) ∼= S2 × S1,
c1 intersects S2 × {t} in two points for each t ∈ S1; see Figure 9.32. Hence,
O(0) − intN(c1) is an annulus bundle over S1 where fibers are the annuli At =
S2 × {t} − intN(c1), t ∈ S1. Since each annulus At is foliated by circles parallel
to a meridian of c1, O(0) − intN(c1) is a circle bundle with c2 a fiber. An obvious
Möbius band spanned by c1 in Figure 9.32 intersects each circle fiber in one point.
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(P(-2,3,7), 18)

(T     , -7)-3,2
(O, 2)

(O, 3)

(P(-2,3,7), 19)

(T     , -6)-3,2

(T     , -16)-3,5

(O, 1)

(O, -2)

(O, -3)

(D(5,7,4), 51)

(O, -1)

(T        , -143)-11,13

(T       , -22)-11,2

(K         (4, 9), 1)-11, 13(K         (4,1), -127)-11, 13

(T    , 15)3,5

(T    , 6)3,2

(K  , 16n-1)n (K  , 31)2

(K         (4, 5), -63)-11, 13

(O, 0)

(K         (1,1), -139)-11, 13

Figure 9.30. A path from (K−11,13(4, 9), 1) to (T−11,13,−143);
(K−11,13(4, 5),−63) is also on this path. The arrows indicate (−1)–
twists along basic seiferters for companion torus knots.

c
1

c
2

O

Figure 9.31. Annular pair of seiferters (c1, c2) for (O, 0)

Hence, O(0) − intN(c1) is a circle bundle over the Möbius band. Since c2 is a
meridian of c1, O(0) ∼= S2 × S1 has a degenerate Seifert fibration in which c1 is a
degenerate fiber and c2 is a regular fiber as desired. Since c1 ∪ c2 is a Hopf link
in S3, c1 and c2 cobound an annulus, which cannot be disjoint from O because
lk(O, c1) = 2 6= 0 = lk(O, c2) (Proposition 2.36). Besides, since lk(c1, c2) = 1, there
is no 2–sphere separating O ∪ ci and cj , where {i, j} = {1, 2}. Thus (c1, c2) is an
annular pair of seiferters for (O, 0); see Convention 2.15. �(Lemma 9.22)

Example 9.23 (toroidal Seifert surgeries on cable knots). Twisting
the Seifert surgery (O, 0) n times along the annular pair of seiferters (c1, c2) in
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Seifert fibers

c1

c2

{

A t

Figure 9.32. Degenerate Seifert fibration of O(0) ∼= S2 × S1

Figure 9.31, we obtain the Seifert surgery (C−2n(n−1)+1,2(T−n,n−1),−4n(n − 1)).
The result of the surgery admits a Seifert fibration over RP 2 with two exceptional
fibers which is induced from the degenerate Seifert fibration on O(0) ∼= S2 × S1

described in Lemma 9.22.

Proof of Example 9.23. In Figure 9.33, the first isotopy changes the trivial knot
O to the (1, 2) cable of a trivial knot C. Then after n–twist along the annular
pair (c1, c2), C becomes the torus knot T−n,n−1. For n = 2, see Figure 9.33. By
Proposition 2.6(2), we see that the 0–framing of C becomes (n−n2)–framing after
the n–twist. Hence, the n–twist along (c1, c2) converts O to the iterated torus knot
K = C2(n−n2)+1,2(T−n,n−1), and the surgery slope 0 to 4(n − n2), as claimed.

The surgered manifold K(−4n(n−1)) is obtained from the circle bundle O(0)−
intN(c1) over the Möbius band given in Lemma 9.22 by the ( 1

n − 1)–surgery
along the regular fiber c2 and the (− 1

n − 1)–Dehn filling along ∂N(c1). There-
fore, K(−4n(n− 1)) is a toroidal Seifert fiber space over RP 2 with two exceptional
fibers. �(Example 9.23)

Lemma 9.24. Let (Kp,mp) be the Seifert surgery obtained from (O, 0) by p–
twist along (c1, c2) in Figure 9.31. Then, (Kp,mp) = (Kq,mq) if and only if q = p
or q = −p + 1. In particular, 1–twist along (c1, c2) does not change (O, 0). Thus
the S–family S(c1,c2)(O, 0) is as described in Figure 9.35.

Proof of Lemma 9.24. Figure 9.34 shows that the 1–twist along (c1, c2) does not
change the link K ∪ c1 ∪ c2 except for exchanging the positions of c1 and c2.

It follows that the annular pair (c1, c2) for (K1,m1), the image of (c1, c2) un-
der the 1–twist, is the same as the annular pair (c2, c1) for (O, 0). Hence, p–
twist along (c1, c2) on (K1, m1) is the same as p–twist along (c2, c1) on (O, 0),
which is also the same as (−p)–twist along (c1, c2) on (O, 0). Hence we see that
(Kp, mp) = (K−p+1,m−p+1). Conversely assume that (Kp,mp) = (Kq,mq). Then
Example 9.23 shows that −4p(p − 1) = mp = mq = −4q(q − 1). This implies that
q = p or −p + 1 as desired. Thus the S–family S(c1,c2)(O, 0) is as described in
Figure 9.35. �(Lemma 9.24)
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c2

c1

c1

c2

c1

c2

c1

c2

C=T-2, 1

C

O

C

2-twist

along ( , )c c1 2

c1

c2

O

Figure 9.33. 2–twist along (c1, c2)

1- twist

along ( , )c c1 2

c1

c2

C

c2

c1
C

O

c1

c2

C

c1

c2
C

K1 K1

Figure 9.34. 1–twist along (c1, c2)
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(P(-2,3,7), 18)

(T     , -7)-3,2
(O, 2)

(O, 3)

(P(-2,3,7), 19)

(T     , -16)-3,5

(O, 1)

(O, -2)

(O, -3)

(D(5,7,4), 51)

(O, 0)

(O, -1)

(C                (T        ),  -4n(n-1))-2n(n-1)+1, 2 -n, n-1

(( , ), n-twist)c c1     2

(T    , 15)3,5

(T    , 6)3,2

(K  , 16n-1)n (K  , 31)2

(K         (4, 9), 1)-11, 13(K         (4,1), -127)-11, 13

(K         (1,1), -139)-11, 13

(K         (4, 5), -63)-11, 13

(T     , -6)-3,2

(T        , -143)-11,13

(T       , -22)-11,2

Figure 9.35. The S–family generated by the annular pair (c1, c2)
for (O, 0) in Figure 9.31

Now let us turn to some families of hyperbolic knots given by Eudave-Muñoz
[26], each of which admits a surgery producing a Seifert fiber space over RP 2

with two exceptional fibers. Gordon and Luecke [38] also found examples of such
surgeries.

Here we consider the simplest example K(l, 0, 0) in [26]; general case will be
treated in [19] using different methods. We write k(l, 0, 0) for K(l, 0, 0) to distin-
guish from the twisted torus knots K(p, q, s) in Example 9.21.

Example 9.25 (toroidal Seifert surgeries on hyperbolic knots). Let
k(l, 0, 0) (|l| ≥ 2) be the image of the trivial knot O after the surgeries given
in Figure 9.36(a) [26, Proposition 4.8]. Then, [26, Lemma 4.4 and Proposition 4.5]
shows that k(l, 0, 0)(12l2 − 4l) is a toroidal Seifert fiber space over RP 2 with two
exceptional fibers of indices | − 3l + 1|, |l|, and k(l, 0, 0)(12l2 − 4l − 1) is a small
Seifert fiber space over S2 with three exceptional fibers of indices | − 3l + 2|, 3,
|l + 1|. Furthermore, [26, Proposition 4.6] shows that k(l, 0, 0) is a hyperbolic knot
in S3.

We show that the Seifert surgery (k(l, 0, 0), 12l2 − 4l) is obtained from (O, 0)
by l–twist along some annular pair of seiferters for (O, 0). The 1–twist along c′2 in
Figure 9.36(a) gives another surgery description of k(l, 0, 0) in Figure 9.36(b). The
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1-twist

along c’

-2 +1l

l

-6 +1l

3 -1l
l

1
+3

c1

c’2

2

O O

(a)                                                                                           (b)

c1

c’2

1
+3

l

Figure 9.36. Surgery description of k(l, 0, 0)

new surgery slope on c′2 is
1

1 + −2l+1
3l−1

= −1
l

+ 3,

and the new surgery slope on c1 is
−6l + 1

l
+ 1 · 32 =

1
l

+ 3.

Lemma 9.26. Let O ∪ c1 ∪ c′2 be the link in Figure 9.36(b). Then the following
hold.

(1) (c1, c
′
2) is an annular pair of seiferters for the Seifert surgery (O, 0).

(2) Twisting (O, 0) −l times along the annular pair of seiferters (c1, c
′
2), we

obtain the Seifert surgery (k(l, 0, 0), 12l2 − 4l) given in Example 9.25.
(3) Let (Kp,mp) be the Seifert surgery obtained from (O, 0) by p–twist along

(c1, c
′
2). Then, (Kp,mp) = (Kq,mq) if and only if p = q, i.e. the S–

family S(c1,c′2)
(O, 0) is a linear tree.

Proof of Lemma 9.26. (1) We note that since lk(c1, c
′
2) = 3, c1∪c′2 in Figure 9.36(b)

spans a unique annulus up to isotopy (Lemma 2.30).
Apply a 0–move to c′2 using the band b in Figure 9.37. Figure 9.37 then shows

that c′2 is 0–equivalent to a meridian c2 of c1. Since the band b is disjoint from c1,
two inks c1 ∪ c′2 and c1 ∪ c2 are isotopic in O(0) as ordered links (Lemma 2.25).
Besides, c1 ∪ c2 are fibers in O(0) (Lemma 9.22), and hence c1 ∪ c′2 are also fibers in
some Seifert fibration of O(0). Since lk(O, c1) = 2, lk(O, c′2) = 0 and lk(c1, c

′
2) = 3,

(c1, c
′
2) is not irrelevant (Convention 2.15), and thus it is an annular pair of seiferters

for (O, 0).
(2) Since the linking number between c1 and c′2 is 3, a pair of (1

l + 3)–surgery
on c1 and (−1

l + 3)–surgery on c2 is (−l)–twist along (c1, c
′
2); see Definition 2.32.

We thus see that l–twist on (O, 0) along the annular pair (c1, c
′
2) yields the Seifert

surgery on k(l, 0, 0); the surgery coefficient is 12l2 − 4l by Proposition 2.6(2).
(3) Suppose that (Kp,mp) = (Kq,mq). Then (2) shows that mp = 12p2 +4p =

12q2 + 4q = mq, which implies p = q as desired. �(Lemma 9.26)
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Figure 9.37. Annular pair of seiferters (c1, c
′
2) for (O, 0)
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(P(-2,3,7), 18)
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(O, 2)
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(O, 1)
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(O, -3)

(D(5,7,4), 51)

(O, 0)

(O, -1)

(k(-2,0,0), 56)(k(2,0,0), 40)

(T    , 15)3,5

(T    , 6)3,2

((c , c ), (-2)-twist)’

(k( ,0,0), 12 - 4 )l l l
2

(K  , 16n-1)n (K  , 31)2

(C                (T        ),  -4n(n-1))-2n(n-1)+1, 2 -n, n-1

(( , ), (- )-twist)c   c’ l1 2 1 2 ((c , c ), 2-twist)’1 2
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Figure 9.38. The S–family generated by the annular pair (c1, c
′
2)

for (O, 0) in Figure 9.36(b)
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